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Abstract 
Lower-limb exoskeletons are wearable robotic systems with a kinematic structure closely 
matching that of the human leg. In part, this technology can be used to provide clinical 
assessment and improved independent-walking competency for people living with the 
effects of stroke, spinal cord injury, Parkinson’s disease, multiple sclerosis, and 
sarcopenia. Individually, these demographics represent approximately: 405 thousand, 
100 thousand, 67.5 thousand, 100 thousand, and 5.9 million Canadians, respectively. 
Key shortcomings in the current state-of-the-art are: restriction on several of the human 
leg’s primary joint movements, coaxial joint alignments at the exoskeleton-human 
interface, and exclusion of well-suited parallel manipulator components. A novel 
exoskeleton design is thus formulated to address these issues while maintaining large 
ranges of joint motion. Ultimately, a single-leg unactuated prototype is constructed for 
seven degree-of-freedom joint angle measurements; it achieves an extent of motion-
capture accuracy comparable to a commercial inertial-based system during three levels 
of human mobility testing. 
Keywords:  lower-limb exoskeleton; motion capture; hybrid manipulator; parallel 
manipulator; kinematic analysis; electromechanical motion tracking 
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projection onto a plane normal to the RRP’s passive-revolute-joint 
axes and containing 1m  and 2m  
i
ABCL  ith link of the generalized ABC manipulator 
dl  distal link length of the RUS manipulator 
el  Euclidean distance between ci  and c j  passive spherical-joint centers 
on adjacent i and j branches of the RUS manipulator 
ol  Euclidean distance between the PU manipulator’s 1n  and 2n  points 
pl  proximal link length of the RUS manipulator 
rl  Euclidean distance between the PU manipulator’s 1O
PU  and 1n  points 
1m  center point of the revolute joint adjacent to the RRP’s prismatic joint 
1m
j  position of 1m  represented in terms of the RRP manipulator’s j
th frame 
2m  center point of the revolute joint adjacent to the RRP manipulator’s 
active spherical joint 
2m
j
 position of 2m  represented in terms of the RRP manipulator’s j
th frame 
nˆ  unit vector specifying the ‘normal’ direction of a serial manipulator’s 
end-effector, equivalent to the end-effector frame’s x-axis 
1n  center point of the PU’s universal joint 
1n
j
 position of 1n  represented in terms of the PU manipulator’s j
th frame 
2n  orthogonal projection of 1n  onto the axis of the PU’s prismatic joint 
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2n
j  position of 
2n  represented in terms of the PU manipulator’s j
th frame 
3n  orthogonal projection of 1n  onto the 1yˆ
PU -
1ˆx
PU  plane 
3n
j  position of 
3n  represented in terms of the PU manipulator’s j
th frame 
oˆ  unit vector specifying the ‘orientation’ direction of a serial 
manipulator’s end-effector, equivalent to the end-effector frame’s y-
axis 
iO
ABC  origin of the generalized ABC manipulator’s ith frame 
j
iO
ABC  origin of the generalized ABC manipulator’s ith frame represented in 
terms of its jth frame 
P passive prismatic joint 
p  vector specifying the position of a serial manipulator’s end-effector 
represented in terms of its local reference frame {0}ABC 
 jip TABC  function that extracts the ‘position’ vector (i.e., top three elements of 
column four) from an input homogeneous transform 
3
*pi w  vector extending from iO
LEG  to w*, represented in terms of {3}LEG 
q  column vector containing the active joint variables of a manipulator 
qNEUTRAL  vector containing the angular positions of each active joint in the 
proposed exoskeleton when the wearer’s lower limb is posed in its 
neutral-standing posture 
R passive revolute joint 
R active revolute joint 
j
iR
ABC  rotation matrix that converts vector representation from frame {i}ABC to 
{j}ABC when it is pre-multiplied by this matrix 
j
i NR
ABC  rotation matrix j
iR
ABC  when its elements are numerically known 
j
i SR
ABC  rotation matrix j
iR
ABC  when its elements are expressed symbolically 
(this notation is used to clarify differentiation from j
i NR
ABC ) 
 X R  right-hand elemental rotation matrix acting about the x-axis and 
rotating through angle  ; a prime ( ' ) or double-prime ( '' ) subscript is 
added to indicate first or second intrinsic rotations, respectively 
 Y R  right-hand elemental rotation matrix acting about the y-axis and 
rotating through angle  ; a prime ( ' ) or double-prime ( '' ) subscript is 
added to indicate first or second intrinsic rotations, respectively 
 Z R  right-hand elemental rotation matrix acting about the z-axis and 
rotating through angle  ; a prime ( ' ) or double-prime ( '' ) subscript is 
added to indicate first or second intrinsic rotations, respectively 
 ' ,XY  R  product of  X R  post-multiplied by  'Y R  
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 ' '' , ,XY Z   R  product of  X R  successively post-multiplied by  'Y R  and then 
 ''Z R  
S passive spherical joint 
S active spherical joint 
 s   sine of the generalized input angle   
aˆbis  unit vector directed from a i  towards bi  on the RUS manipulator’s i
th 
branch 
bˆcis  unit vector directed from bi  towards ci  on the RUS manipulator’s i
th 
branch 
ˆ
Ocis  unit vector directed from iO
RUS  towards ci  on the RUS manipulator’s i
th 
branch 
j
iT
ABC  homogeneous transform containing rotation matrix j
iR
ABC  and the 
position j
iO
ABC  to provide both rotational and translational mapping 
from frame {i}ABC to {j}ABC via pre-multiplication by this matrix 
j
i NT
ABC  homogeneous transform j
iT
ABC  when its elements are numerically 
known 
j
i ST
ABC  homogeneous transform j
iT
ABC  when its elements are expressed 
symbolically (this notation is used to clarify differentiation from j
i NT
ABC ) 
 tr A  trace of the generalized matrix A 
uˆ  unit vector identifying the position of the SAE’s passive joint uJ  
relative to 0O
SAE  
U passive universal joint 
vˆ  unit vector identifying the position of the SAE’s passive joint vJ  
relative to 0O
SAE  
wˆ  unit vector identifying the position of the SAE’s passive joint wJ  
relative to 0O
SAE  
*w  center point of the hip joint in the 6R manipulator model of the human 
lower limb (i.e., the spherical ‘wrist’ center when the manipulator is 
regarded in reverse order) 
x  column vector containing a manipulator’s end-effector task space 
coordinates 
1 2x   x-coordinate of 
0 0
2 1O O
PU PU  
2 1x   x-coordinate of 
0 0
1 2O O
PU PU  
ˆ
ix
ABC  x-axis unit vector of the generalized ABC manipulator’s ith frame 
ˆj
ix
ABC  ˆix
ABC  represented in terms of the generalized ABC manipulator’s jth 
frame 
1 2y   y-coordinate of 
0 0
2 1O O
PU PU  
xxi 
2 1y   y-coordinate of 
0 0
1 2O O
PU PU  
ˆ
iy
ABC  y-axis unit vector of the generalized ABC manipulator’s ith frame 
ˆj
iy
ABC  ˆ
iy
ABC  represented in terms of the generalized ABC manipulator’s jth 
frame 
1 2z   z-coordinate of 
0 0
2 1O O
PU PU  
2 1z   z-coordinate of 
0 0
1 2O O
PU PU  
iˆz
ABC  z-axis unit vector of the generalized ABC manipulator’s ith frame 
ˆj
iz
ABC  
iˆz
ABC  represented in terms of the generalized ABC manipulator’s jth 
frame 
  x-axis Euler angle of the SAE manipulator’s end-effector orientation 
derived from its associated rotation matrix using X-Y'-Z'' intrinsic 
ordering of rotations 
1i   link twist Denavit and Hartenberg parameter for the i
th link-frame 
attachment on a serial manipulator 
  y-axis Euler angle of the SAE manipulator’s end-effector orientation 
derived from its associated rotation matrix using X-Y'-Z'' intrinsic 
ordering of rotations 
  z-axis Euler angle of the SAE manipulator’s end-effector orientation 
derived from its associated rotation matrix using X-Y'-Z'' intrinsic 
ordering of rotations 
1  initial intrinsic rotation angle about the x-axis of {1}
PU that produces the 
{1'}PU frame 
2  secondary intrinsic rotation angle about the y-axis of {1'}
PU that 
produces the {2}PU frame 
3  initial intrinsic rotation angle about the y-axis of {2}
PU that produces the 
{2'}PU frame 
4  secondary intrinsic rotation angle about the x-axis of {2'}
PU that 
produces the {1}PU frame 
1  intrinsic rotation angle about the z-axis of {1}
RRP that produces the 
{2}RRP frame 
2  intrinsic rotation angle about the z-axis of {2}
RRP that produces the 
{1}RRP frame 
i  joint angle Denavit and Hartenberg parameter for the i
th link-frame 
attachment on a serial manipulator 
i
ABC  angular position of the generalized ABC manipulator’s ith active joint 
X
RUS  x-axis Euler angle of the RUS manipulator’s end-effector orientation 
derived from its associated rotation matrix using the Tait-Bryan roll-
pitch-yaw convention 
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Y
RUS  y-axis Euler angle of the RUS manipulator’s end-effector orientation 
derived from its associated rotation matrix using the Tait-Bryan roll-
pitch-yaw convention 
Z
RUS  z-axis Euler angle of the RUS manipulator’s end-effector orientation 
derived from its associated rotation matrix using the Tait-Bryan roll-
pitch-yaw convention 
iso  isotropy index for manipulability performance of a parallel manipulator 
  local dexterity performance index of a parallel manipulator 
1  constant z-axis rotation angle that produces 
1
2xˆ
RRP  from the normalized 
position of 1
2m  relative to 
1
2O
RRP  when projected in the 
1yˆ
RRP -
1ˆz
RRP  
plane 
2  constant z-axis rotation angle that produces 
2
1ˆx
RRP  from the 
normalized position of 2
1m  relative to 
2
1O
RRP  when projected in the 
2yˆ
RRP -
2zˆ
RRP  plane 
max  maximum singular value of a Jacobian matrix 
min  minimum singular value of a Jacobian matrix 
r  rotational sensitivity performance index of a parallel manipulator 
pi  angular velocity of the proximal link on the RUS manipulator’s i
th 
branch 
  
*Note: The ABC abbreviation is a generalized representation of the RUS, SAE, RRP, PU, LEG, or SRS manipulator 
abbreviations, which are to be defined in the thesis body. 
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Chapter 1.  
 
Introduction 
1.1. Background and Research Scope 
Pons et al. define exoskeletons as an instance of wearable robots for which the 
robotic manipulator’s kinematic chain closely corresponds to the anatomical structure of 
the human body segment with which it interfaces [1]. For the human to retain the same 
freedom in movement as normally experienced without the exoskeleton, there must be a 
one-to-one correspondence between the degrees-of-freedom (DOFs) of the anatomical 
structure and those permitted by the worn manipulator. This complete kinematic 
compliance is crucial in the design of an ergonomic and non-restrictive exoskeleton. 
Pons et al. also discuss that the mechanical interface and motion-based functionality of 
the exoskeleton-human system evokes an inherent aspect of power transfer between 
the two actors [1]. This presents an opportunity to develop a foundational categorization 
of exoskeleton devices: those which only accept mechanical power from the interfaced 
human; those which only supply mechanical power to the interfaced human; and those 
for which the flux of power transmits in both directions. These categories are intrinsically 
related to the intended application of the exoskeleton. 
Starting with the first-mentioned, an exoskeleton that only receives mechanical 
power from the human wearer is generally employed for motion capture applications. As 
mentioned in [1], this may extend to use in motion control for master-slave robotic 
systems, among other implementations. For these exoskeletons, active joints are 
sensed but unactuated. One exception is a fully-passive exoskeleton that only serves to 
support the weight of a heavy payload, thereby augmenting the wearer’s ability to carry 
materials. Next, exoskeletons that provide mechanical power to the joints of the human 
wearer and not vice versa generally correspond to rehabilitation and personal-use 
mobility aid applications. The last category, for which power transfer occurs in both 
directions, encompasses exoskeletons that augment human strength, conserve the 
wearer’s energy, or provide haptic feedback to the human; rehabilitation use can also 
extend to this group. These latter categories generally incorporate both actuation and 
sensing capabilities at their active joints. In this thesis, active joints are understood to be 
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mechanical joints that consume energy to provide sensing or actuation capability, 
whereas passive joints are both unsensed and unactuated. 
The scope of this thesis is exoskeletons that include an interface with the human 
lower limb; specifically, consideration is limited to those targeting at least one or more of 
the hip, knee, and ankle joints. Moreover, this thesis focuses on the design and 
development of a novel unactuated exoskeleton for motion capture applications. The 
work is done from the perspective that it may lead to the eventual production of an 
actuated variant for strength augmentation, rehabilitation, or mobility assistance. 
Nonetheless, the current focus is a justified starting point. An unactuated exoskeleton 
provides the opportunity for low-cost verification of the designed manipulator’s ability to 
accurately measure and track the wearer’s lower-limb posture. In turn, an actuated 
version’s ability to control fine movements and maintain balance depends on this 
accurate detection of limb posture. More importantly, however, the unactuated 
forerunner precludes the potential to inflict actuator-related injury on the human wearer if 
the posture detection becomes erroneous, since this type of power transmission from 
the device to the user is not possible. The proposed exoskeleton also embodies a 
contribution to the area of motion capture in its own right. As a result, the research 
presented in this thesis is motivated by the benefits associated with the exoskeleton 
applications from all three categories of exoskeleton-human power transfer. 
1.2. Research Importance and Motivations 
The research associated with this thesis is valuable because it contributes to the 
state-of-the-art in exoskeleton technology, and in turn aims to improve the effectiveness 
of exoskeletons in their range of applications. The following subsections outline the 
significance of the applications that motivate this research: motion capture, rehabilitation, 
strength augmentation/energy conservation, and personal-mobility assistance. Therein, 
the exoskeleton usages that may have a positive impact on health and the human 
condition are the focus and taken as the primary sources of motivation. 
1.2.1.  Motion Capture 
To preface the paragraphs that follow, the assumed scope and definition for 
motion capture (MoCap) is clarified. Although various techniques exist for surface motion 
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capture of deformable bodies [2]–[4], this thesis only considers systems intended for 
rigid-body objects. Therefore, MoCap systems are regarded as any technology that 
tracks and records the positional state of one or more objects in three-dimensional (3D) 
space. This state is fully defined by three translational and three rotational degrees-of-
freedom. In some contexts, however, only a subset of these task space coordinates is 
required (e.g., when measuring the angular state of a joint in its socket). An exoskeleton 
can achieve human-body MoCap by combining position sensors at its active joints with a 
knowledge of how the active joint measurements map to the angular states of the 
anatomical joints. 
In a clinical context, lower-limb MoCap exoskeletons can be employed as a tool 
for the assessment of a patient’s sensorimotor functions after the onset of a neurological 
disorder or spinal cord injury. Clinical assessments, including joint mobility tests and gait 
evaluation, are necessary to gauge and track a patient’s health condition over time; this 
can be decisive in the appropriate selection of rehabilitation therapies and, ultimately, 
the level of recovery achieved by the patient. Nevertheless, insufficient accuracy, 
repeatability, and precision in traditional assessment techniques constrain the regularity 
of its practical implementation [5], potentially to the patient’s detriment. In terms of joint 
angle measurements and tracking, exoskeletons can overcome these limitations by 
providing a benchmark for objective, reliable, and sensitive angle quantifications [5]; 
moreover, exoskeleton-based measurements may represent a more time-efficient 
solution, which helps mitigate the administrative constraints on performing the 
assessments. However, the kinematic structure of an exoskeleton determines its 
suitability for this clinical practice. Maggioni et al. note the cruciality that the exoskeleton: 
(a) include sufficient DOFs to avoid restricting physiological movements, especially 
those associated with walking, and (b) support a full range-of-motion in those DOFs to 
prevent artificially saturating diagnostic measurements [5]. 
As a central example, the assessment of walking gait is used in the early 
detection of dementia and identification of fall risk in the elderly population. Several 
studies have found that mild cognitive impairment and cognitive decline syndromes can 
be predicted from walking speed and its variability during gait [6]–[8]. Early detection of 
dementia is imperative because the disorder is reversible for up to 11 percent of 
sufferers, but only if treated in its initial stage; unfortunately, the disorder currently has a 
high rate of underrecognition, and it is often family members, as opposed to physicians, 
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that first detect dementia [9]. The disorder also generates a substantial financial burden 
(e.g., between $157 billion and $215 billion in the United States for 2010) [10], which is 
primarily linked to long-term care provision. This provides further incentive for advances 
in preventative technology. Instrumented assessment of gait can also reveal 
characteristics associated with fall-risk estimation [11]. Avoiding falls is also critical for 
elderly people, due to the potential severity of the immediate physical consequences and 
secondary complications associated with them. Terroso et al. reports hip fracture, 
undifferentiated bone fractures, death or morbidity, and functional decline as the highest-
incidence consequences of falls among the elderly in the literature from 1995–2010 [12]. 
Moreover, the prevalence of dementia and serious falls among the elderly 
provides motivation for the pursuit of improved MoCap technology. Prince et al. report 
that an estimated 35.6 million people worldwide were affected by dementia in 2010 [13]. 
Also in global terms, elderly people require medical attention after a fall approximately 
37.3 million times per year [12]. Given the link between these issues and old age, their 
incidences are also expected to increase with the aging population. This is because 
growth in the older demographic is outpacing that of the younger population and is 
expected to continue doing so into the foreseeable future. In Canada, seniors (i.e., 
people aged 65 years and older) composed 16.9 percent (5.9 million individuals) of the 
population in 2016 [14], and is projected to reach about 24.2 percent (11.6 million) by 
2050 [15]. Correspondingly, the proportion of Canadians aged 64 years and younger is 
experiencing a downward trend. Globally, the United States Census Bureau 
approximates that 8.5 percent (i.e., 617.1 million people) of the world population 
comprised seniors in 2015, and it projects the demographic to become 16.7 percent (i.e., 
1.6 billion) by 2050 [16]. This 150 percent expansion is contrasted by an estimated 25.6 
percent growth in the working-age sector (i.e., people aged 20 to 64 years) [16]. 
Walking gait assessment is also a factor in the appropriate selection of 
rehabilitation therapies for Parkinson’s disease (PD), multiple sclerosis (MS), and 
chronic obstructive pulmonary disease [17]. Aside from clinical use, other secondary 
motivations connected to MoCap include its potential to improve athletic performance via 
exercise analysis, which facilitates customized training on movement technique [18]. 
MoCap technologies are also indispensable for computer animation and video game 
development [19]. Finally, MoCap exoskeletons have the propensity to be a useful tool 
for researchers in fields such as biomedical physiology and kinesiology. 
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1.2.2. Rehabilitation 
Whereas MoCap exoskeletons can be used to objectively assess a patient’s 
health status as discussed in Subsection 1.2.1, actuated lower-limb exoskeletons can be 
used directly in some rehabilitation therapies by guiding the patient’s legs through 
various movements, especially walking gait. In this context, victims of stroke, spinal cord 
injury (SCI), Parkinson’s disease (PD), and multiple sclerosis (MS) represent the 
demographics that could likely benefit the most from advances in the exoskeleton 
technology. Although the present work focuses on an unactuated exoskeleton, which 
precludes its direct application as a rehabilitation tool, the work may be extended to 
provide actuated limb guidance in the future. 
Stroke occurs when blood flow to the brain is interrupted by a blood clot 
(ischemic stroke) or ruptured blood vessel (hemorrhagic stroke) [20]. Though mortality 
rates associated with the disease are high [21], Poli et al. report that hemiparesis and 
hemiplegia (i.e., weakness or slight paralysis and complete paralysis on one side of the 
body, respectively) are the most typical consequences for survivors of stroke [22]. In 
part, these conditions manifest as: weakness in the affected muscles, atypical postural 
adjustments, loss of mobility, atypical movement behaviours, lack of joint coordination, 
and loss of sensation. As its name implies, an SCI is any lesion in the spinal cord’s 
neural elements, resulting in partial loss of motor or sensory functions to complete 
paraplegia or tetraplegia, depending on the severity of the injury [23], [24]. Next, PD and 
MS are both classified as neurodegenerative diseases. The former is caused by a loss in 
brain cells responsible for dopamine production, which is involved in controlling body 
movements; consequently, PD results in tremors, slow and rigid muscle movements, 
and diminished reflexes, which can lead to loss of balance [25]. MS is considered a 
primary autoimmune disease that causes inflammation and damage to the myelin of the 
central nervous system; in terms of mobility, MS can cause difficulty in walking, loss of 
coordination, weakness, and diminished sensation [26]. As chronic, progressive 
diseases, the symptoms of PD and MS continually exacerbate with time. 
In 2016, there were about 405,000 Canadians living with stroke-related 
disabilities, with an incidence of 62,000 strokes each year [20]. Meanwhile, the 
prevalence and incidence of SCI in Canada for 2010 are respectively estimated at 
85,556 people living with their effects and 3,675 new injuries per year [27]. In the United 
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States, these statistics for 2017 are as follows. First, approximately 7.2 million people 
are survivors of stroke, where roughly 795,000 new or recurrent attacks take place each 
year [21]. Next, an estimated 285,000 people are living with SCI and about 17,500 new 
cases occur annually [28]. PD is estimated to affect roughly 67,500 Canadians and 
630,000 Americans [25], [29]. Meanwhile, an estimated 100,000 Canadians and about 
400,000 Americans suffer from MS [26], [30]. Given the physically debilitating nature of 
all these conditions, there is a significant socio-economic cost associated with the 
rehabilitation and ongoing care associated with their treatments. For example, stroke is 
the leading cause of long-term disability in Canada and the United States, and it directly 
and indirectly costs $33.9 billion per annum in the United States [20], [21]; PD had an 
estimated national cost of over $14.4 billion in 2010 [29]. It is also worth mentioning that 
the prevalence of stroke and PD is positively-correlated with age, so their pervasiveness 
and socio-economic burden are expected to rise sharply with the aging population and 
relative growth in the senior demographic [21], [29]. By improving on existing therapies 
and promoting independent mobility in patients, new exoskeleton technologies aim to 
relieve some of that burden [31]. 
Intensive and repetitive gait training is an common rehabilitation therapy for 
stroke, SCI, PD, and MS patients experiencing lower-limb dysfunction [24], [32]–[34]. 
What is more, recent studies have found that stroke survivors are more likely to recover 
a sufficient level of walking ability to support independent mobility if exoskeleton-assisted 
gait training is used in conjunction with manual physiotherapy than if the latter is used 
alone [35], [36]. Moreover, several studies have found that exoskeleton-assisted gait 
training is superior to conventional methods in improving some aspects of walking ability 
in patients living with PD [37]–[42]. For MS patients, some preliminary studies indicate 
that exoskeleton-assisted gait training can improve gait competence, but the level of 
effectiveness relative to conventional methods remains unclear [43]–[48]. For SCI 
victims, the modern rehabilitative goal is to exploit neural plasticity or neural repair to 
catalyze functional motor recovery; this has been demonstrated for incomplete SCI using 
treadmill training with partial bodyweight support [49]. There have been single-subject 
case reports that suggest treadmill-based exoskeleton-assisted gait training could 
improve motor function recovery in people with chronic incomplete SCI [50], [51]. Other 
researchers have found no significant improvement in neuromuscular or cortical activity 
in three subjects with chronic complete SCI during gait training with an over-ground 
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exoskeleton [52]. Ultimately, insofar as the author has researched, the current 
consensus is that insufficient evidence exists to decisively conclude on the efficacy of 
exoskeleton-based rehabilitation in the restoration of motor function following SCI [24], 
[33], [34], [53]–[55]. 
At the very least, however, exoskeleton-based gait trainers reduce the workload 
associated with conventional methods, which involves several therapists manually 
guiding the patient’s legs through their movements. Consequently, by automating the 
gait guidance process, rehabilitation exoskeletons allow: longer training sessions, more 
accurate movements, greater repeatability in gait pattern, better patient monitoring, and 
reduced administrative cost (i.e., by reducing the number of therapists per patient) [22], 
[32], [33]. The resulting increase in accessibility to intensive and prolonged rehabilitation 
is important, given the limited timeframe in which recovery is possible and rehabilitation 
is most beneficial for stroke and SCI survivors. According to Teasell and Hussein [56], 
an early outset of rehabilitation after stroke is most effective, as neurological recovery 
peaks within the first three months of the attack and remaining improvements generally 
cease six months to three years post-stroke. If exoskeleton gait-trainers are conclusively 
shown to be effective in the functional motor repair and neurological recovery of SCI 
victims, the added accessibility these systems provide remains a beneficial factor. These 
recuperations are generally limited to the year following an SCI event, and additional 
recovery beyond that point is not typically realized, even with ongoing rehabilitation [24]. 
1.2.3. Strength Augmentation/Energy Conservation 
The research presented in this thesis also has potential future application as a 
strength-augmentation exoskeleton. This is possible if some or all the proposed 
exoskeleton’s active joints are actuated and controlled to supplement lower-limb power 
beyond the user’s natural ability. The primary motivation in this aspect relates to the 
prevalence and effects of mobility decline in older adults. Sarcopenia is an age-related 
phenomenon characterized by the degenerative loss of muscle mass and strength. 
These qualities tend to decline linearly, causing up to 50 percent loss in muscle mass 
between the fourth and eighth decade of a person’s life [57]. Consequently, mobility 
disability is common amongst the older demographic. Brown and Flood indicate that one 
in three older adults experience difficulty walking a distance of three city blocks [58]. In 
turn, there are profound physical, psychological, and social consequences correlated 
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with mobility limitation: functional decline in physiological systems, increased mortality 
rate, reduced social participation, loneliness and depressive symptoms, and diminished 
quality of life [58]. Again, the pervasiveness of these issues is expected to increase in 
the future, as the senior demographic is the fastest-growing population segment in North 
America and most industrialized countries around the world [16]. 
In one aspect, lower-limb exoskeletons aim to assist the elderly population in 
maintaining their independent mobility. Alternatively, strength-augmentation 
exoskeletons can be applied to support the weight of various handheld tools used for 
industrial work. Aside from conserving the worker’s energy and improving their 
productivity, these types of exoskeletons aim to reduce repeated static strain on the 
wearer’s muscles [59]. Because static muscle load and mechanical stress are risk 
factors associated with repetitive strain injuries, utilization of these exoskeletons in the 
relevant occupational settings could help prevent the musculoskeletal disorders, 
peripheral-nerve-entrapment, and vascular syndromes associated with such workplace 
conditions [60]. Lastly, emergency personnel (e.g., firefighters) and foot soldiers must 
often carry heavy equipment in backpacks. So, advancements in strength-augmentation 
exoskeletons are also motivated by their potential to increase load capacity, reduce 
likelihood of injury, and improve metabolic performance in these domains [61]. 
1.2.4. Personal-Mobility Assistance 
Finally, the motivation for exoskeleton advancement in the context of personal-
mobility assistance is centered on the benefits of upright, exoskeleton-guided walking 
over continuous wheelchair use. Ranking among the top three types of disability in both 
populations, the prevalence of mobility disability includes about 1,971,800 Canadians 
aged 15 years and older along with roughly 7 million adults from the United States [62], 
[63]. Of the Americans affected by mobility problems, an approximated 2.2 million rely on 
a wheelchair to conduct daily tasks and achieve mobility [64]. Amongst community-
dwellers in Canada, Smith et al. estimate there are 288,800 individuals aged 15 years 
and older that use either a manual wheelchair, powered wheelchair, or scooter [65]; this 
does not include Canadians living outside of the community setting. There is also a 
correlation between the prevalence of wheelchair use and old age [63], which is 
consistent with the greater prevalence of potentially-immobilizing muscle degeneration, 
strokes, Parkinson’s disease, and falls among the elderly. So, it can be expected that the 
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rate of wheelchair use will increase in the foreseeable future as the older demographic 
outpaces other sectors in the growing and aging world population. 
Exoskeleton technology is still developmental in the aspect of daily-life assistive 
devices, and no current systems can yet be considered as a complete substitute for the 
wheelchair [31], [66]; this is reflected by the United States Food and Drug 
Administration’s classification of powered exoskeletons as Class II devices (i.e., with 
special controls and moderate to high risk) [67]. Nevertheless, the technology is heading 
towards daily usage application. Several studies have demonstrated that exoskeleton-
guided walking improves secondary conditions arising from the original mobility problem, 
which are generally aggravated by prolonged sitting in a wheelchair. In people with 
paraplegia, there is evidence that exoskeleton-assisted walking can ameliorate: 
functional mobility, joint contractures, neuropathic pain, spasticity, cardiopulmonary and 
cardiovascular health, bowel and bladder function, risk of urinary tract infections and 
osteoporosis, pressure ulcers, and edema [52], [55], [67]–[69]. Other possible long-term 
health benefits are currently under investigation, including diminishment of obesity, 
hyperglycemia, and general skin integrity complications in these patients [67]. Moreover, 
studies generally report no serious detrimental events occurring due to exoskeleton use, 
and the technology is generally considered safe for ambulation in real-world 
environments [24], [52], [69]–[71]. 
Aside from the physiological benefits, the act of standing and walking can have 
social and psychological advantages as well. Loss of mobility and inability to walk is 
linked to social stigma, diminished social participation, higher rates of depression, and 
shorter life expectancy [33], [58]. Correspondingly, desire to walk ranks as a top mobility 
concern of people who have lost the ability due to an SCI and must now rely on a 
wheelchair [33], [52]. Ultimately, advancements in exoskeleton technology stand to 
improve the standard of mobility, independence in living, and overall quality of life for 
individuals affected by paralysis or other mobility problems. 
1.3. Thesis Organization 
This thesis is composed of seven chapters structured as follows. The present 
chapter provides background information, an indication of scope, and the motivations for 
the present work. Chapter 2 opens the thesis body. It provides a brief literature review of 
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the current methods for accomplishing rigid-body MoCap along with an overview of 
existing lower-limb exoskeletons. The chapter closes with a listing of research objectives 
based on the kinematic shortcomings identified in the current state-of-the-art and a high-
level proposal of a novel exoskeleton design to meet those objectives. The subsequent 
three chapters provide the lower-level details and kinematic analyses of the exoskeleton 
subsystems, where each one builds upon the previous towards a complete kinematic 
description of the exoskeleton-human system. Specifically, Chapter 3 considers three 
alternative orientation manipulators for generating 3-DOF rotational motions, and selects 
the best candidate based on kinematic performance. Chapter 4 presents two options for 
a mechanism that transfers the orientation manipulator’s motions to a targeted human 
joint; it also justifies the selection of a preferable option. In turn, Chapter 5 provides 
kinematic analyses of the complete lower-limb exoskeleton-human interface in the 
contexts of simulation and experimentation. The chapter also includes discussion of 
some related practical considerations. Chapter 6 closes the thesis body with a 
description of a physical prototype development and presentation of the results obtained 
from a MoCap experiment. Finally, Chapter 7 provides conclusions and future works that 
could stem from the work completed in this thesis. Figure 1.1 provides a visualization of 
how the thesis body is organized. 
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Figure 1.1. Illustration of the topics covered in the thesis body chapters and 
their logical progression 
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Chapter 2.  
 
Literature Review and Research Objectives 
2.1. Review of Existing Technologies 
To provide a sense of the state-of-the-art in motion capture (MoCap) as well as 
current lower-limb exoskeleton technologies, Subsections 2.1.1 and 2.1.2 reviews the 
literature on these respective topics. Since MoCap is the immediate intended 
application, Subsection 2.1.1 includes discussion on the prevalent techniques that 
compete with the exoskeleton approach, along with already-existing MoCap exoskeleton 
systems. Next, Subsection 2.1.2 considers any relevant exoskeleton regardless of its 
intended application. Because there are few exoskeletons developed specifically for 
MoCap, this subsection provides a more comprehensive picture of the current state-of-
the-art in exoskeleton technologies with at least a lower-limb interface. Also, recall that 
this thesis considers the development of an actuated version of its proposed exoskeleton 
to be eventual future work, so a review of systems involving actuation is pertinent. 
2.1.1. Motion Capture Systems 
This subsection presents a brief outline of the operating principles associated 
with the various rigid-body MoCap techniques described in the literature, along with their 
individual advantages and disadvantages. Each of the following lower-level subsections 
focuses on one of the identified categories of relevant MoCap systems: optical, inertial, 
electromechanical, magnetic, and acoustic. There is a consensus in the literature that 
these system types encompass the current state-of-the-art in this field [19], [72]–[78]. All 
systems require a calibration to establish a link between sensor orientations and body 
segment orientations, so this is not considered an advantage or disadvantage of any 
system. However, calibration speed in relation to setup time may be considered. Also, all 
systems’ measurements may be degraded by movement artifacts, for which soft-tissue 
or clothing deformations cause sensor movements that generally cannot be 
differentiated from the underlying skeletal movements of the targeted body segment. 
Since this important limitation applies to all system types, it is not listed as a specific 
disadvantage to each of them. 
12 
Optical Motion Capture 
Operating Principle 
Optical technologies represent the most widely-adopted and commonly-used 
MoCap technique [72], [73], [78]. These systems can be subcategorized further as 
passive-marker systems, active-marker systems, and lesser-established markerless 
systems. Starting with the former two, their operating principle is as follows [75], [77], 
[79]. Two or more cameras are positioned to be facing towards and outwardly offset from 
the perimeter of a measurement volume. This volume is defined by the particular 
arrangement and fields-of-view of the cameras used (i.e., usually in the order of several 
horizontal square meters by two or three vertical meters). Although other cameras may 
be used, charged-couple device video cameras are currently the most popular option. 
Within the measurement volume, the MoCap subject wears markers composed of 
retroreflective material (passive) or light-emitting diodes (active). With passive markers, 
infrared stroboscopic lighting and lens filters are generally used to produce high-contrast 
images in which only the markers are detected. Alternatively, active markers emit 
infrared light themselves, thus facilitating their high-contrast imaging. Assuming each 
marker is successfully detected on at least two cameras, computer vision algorithms are 
then used to derive their geometric coordinates from the synchronized video frames. A 
triangulation procedure is used to convert the 2D projections captured by the cameras to 
a 3D position coordinate for each marker. Note that at least two cameras must detect 
each marker at any given sampling instance to provide enough data for the triangulation 
computations. Figure 2.1 shows an Optitrack marker-based optical MoCap system with 
four subjects, 46 cameras, and an atypically large 30ft×60ft×12ft capture volume [80]. 
Next, as the name implies, markerless optical MoCap systems do not rely on 
retroreflective nor active markers attached to the subject in order to track their motion. 
Instead, computer vision algorithms are applied to video of the subject performing 
movements to extract the subject’s human form and posture from the background [74], 
[75]. Subsequently, a pre-defined model of the body segments and joints is applied to 
the detected posture to compute joint angle states. Computational approaches that are 
commonly used involve background scene removal techniques (i.e., silhouette 
extraction) and various manifold learning algorithms [74], [75]. These markerless 
methods may use one or more cameras. 
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Figure 2.1. Photograph of an OptiTrack MoCap system with visible cameras 
below the truss structure and passive markers on the subjects 
Advantages 
Modern marker-based optical systems can achieve marker positioning with a 
sub-millimeter magnitude of error [75], [76]. As a result, this category is the industry 
standard for accuracy; a caveat is that markerless systems are currently much less 
accurate. Although marker-based systems only directly provide 3D position data, 6-DOF 
position and orientation can be obtained if three or more nonaligned markers are placed 
on a target body segment [73], [76], [77]. Another advantage of these systems is their 
minimally-intrusive nature [75], [77]; both passive and active markers tend to be small 
and lightweight, although active markers necessitate the inclusion of a wearable power 
supply connected to the markers via wires. As straps and wearables have been found to 
influence subjects’ motion behaviors [74], markerless technologies aim to eliminate this 
probing effect altogether as well as reduce setup time. Optical systems also readily 
permit multi-subject MoCap studies, and the flexibility associated with wearable markers 
allows a wide range of task-specific MoCap options. Finally, optical MoCap systems can 
achieve high-frequency sampling rates (i.e., 500-2000 Hz) and offer the potential for 
real-time position coordinate synthesis; however, in this real-time context, passive-
marker systems must first undergo calibration with a reference image or pre-existing 
model in order to differentiate between markers [73], [77]. Realtime viewing and quick 
access to replay is of practical importance, because it allows immediate verification of 
recording veracity. This helps prevent situations where the entire system setup must be 
redone to rerecord a motion. 
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Disadvantages 
Despite its status as the most common MoCap method, the marker-based optical 
approach has several significant issues. The first major functional drawback for marker 
systems is their tendency for occlusion [19], [75], [77]. This occurs when a segment of 
the system blocks the view of one or more markers from one or more cameras (e.g., 
when the arm passes between a camera and pelvic markers). This issue can generally 
be overcome by using more cameras or placing redundant markers on the subject. 
However, these fixes respectively come with the expense of increased system cost and 
increased processing latency, especially for passive-marker systems, which require 
computational processing to differentiate between markers. Contrarily, active markers 
are differentiated by sequentially turning on such that only one is detected in each frame 
recorded by the cameras. But, this multiplexing procedure divides the MoCap sampling 
frequency by the number of active markers [77]. Also, for active-marker systems, there is 
a limit on the number of markers that can be tracked (e.g., 512 for Phoenix 
Technologies’ VZ4050 system [81]), and active markers necessitate worn power units 
and wires that may encumber the subject [75], [77], [82]. Therefore, additional trade-offs 
are introduced if additional redundant markers are used to combat occlusion. Also note 
that swapping events (i.e., when markers overlap or cross paths) can complicate the 
post processing associated with passive-marker systems by potentially causing marker-
identification confusion or accidental misidentifications [19], [76], [77]. 
Depending on the desired application, another major issue with optical marker 
systems is their limited measuring space and low portability [75], [77]. During a MoCap 
session, cameras must remain stationary and the subject must remain within the field-of-
view area of the cameras. Moreover, the spatial position and orientation of each camera 
must be known for accurate data processing (i.e., as determined via calibration 
procedures), so optical systems are usually kept stationary in an indoor location. If any 
camera is moved even slightly during a MoCap session, recalibration is necessary [19], 
[72]. This logistically complicates or altogether prevents certain motion activities from 
being analyzed by this technique. Additionally, another environmental concern for 
passive-marker systems is sufficient reflected light to permit accurate marker position 
identification [75]. Note that active markers tend to have a greater detection range than 
passive ones. 
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Next, the position-only measurements of marker-based optical systems require 
three nonaligned markers per limb segment in order to permit orientation computation. 
This, in addition to the general image-processing nature of the technology, causes 
higher processing latency than MoCap techniques that measure orientation more directly 
[73], [75]–[77]. Processing time is increased further if occlusion or swapping errors 
occur. Furthermore, system setup time for this technology is also drastically longer than 
for other systems; aside from strategic marker placements, the cameras’ positions, 
orientations, and lens adjustments must be appropriately arranged to define the 
measurement space, and camera calibrations must be performed. Note that most 
systems’ calibration routine involves establishing a reference frame with a set of 
precisely positioned markers and moving a calibration wand with precisely-spaced 
markers about the measurement volume. Finally, compensation for lens distortion, the 
requirement for precise camera synchronization, and other nuances of the optical 
hardware all add to the system’s complexity. Ultimately, this complexity and the general 
need for attendant components (e.g., data collection and processing software, 
calibration hardware, tripods or wall mounts, marker kits, power hubs, etc.) are reflected 
in the typical price of marker-based optical MoCap systems, which are far and away the 
costliest amongst alternative technologies. Note that prices are highly dependent on the 
specific nature of the desired MoCap application; especially important are the required 
measurement volume size and whether tracking must provide 360-degree coverage, as 
these considerations can drastically affect how many camera units must be employed. 
Markerless optical systems eliminate many of the issues associated with marker-
based systems, due to the complete absence of markers, and have significantly lower 
prices. However, they also have a unique set of shortcomings. First, current markerless 
technologies require very computationally-expensive processing, and their accuracy is 
affected by: ambient lighting, background objects within the field-of-view of the 
camera(s), and predetermined contextual information about the subject (i.e., in 
establishing a proper human model for the data) [74], [75]. Moreover, as mentioned 
above, the accuracy of current markerless systems is significantly worse than that of all 
other MoCap systems considered. Fernández-Baena et al. found mean errors (i.e., 
relative to a marker-based system) between 6.78–8.98 degrees for the knee, 5.53–9.92 
degrees for the hip, and 7.19–13.19 degrees for the shoulder during joint range-of-
motion tests using the Microsoft Kinect under controlled laboratory conditions [83]. 
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Ultimately, although markerless technology has a promising potential and currently 
represents an area of extensive ongoing research [74], [75], its limitations generally 
prevent it from being a viable MoCap solution outside of video-games controller systems 
and other applications that do not require high accuracy at present. 
Inertial Motion Capture 
Operating Principle 
Inertial MoCap systems rely on inertial measurement units (IMUs), which make 
acceleration and rotational velocity measurements from integrated triaxial 
accelerometers and gyroscopes, respectively [75], [77]. To overcome common issues 
associated with these two sensors alone, most modern IMUs correct their heading data 
(i.e., yaw) by also including a triaxial magnetometer. This sensor measures magnetic 
field vectors. Data from all these sources is fused into a spatial orientation measurement 
using sophisticated algorithms, most commonly Kalman filters and nonlinear observers. 
As a microelectromechanical system, present-day IMUs can be built very small and 
cheaply [77]. They comprise an inertial MoCap system when IMUs are attached to the 
limb segments of interest and orientation data is synchronously recorded. Figure 2.2 
shows a photograph of the Xsens MVN Awinda and Link systems as examples of 
inertial-based MoCap [84]. Behind the marker-based optical systems, inertial systems 
have evidently experienced the second highest rate of market adoption for MoCap 
technologies. 
 
Figure 2.2. Photograph of the Xsens MVN Awinda (left) and Link (right) inertial 
MoCap systems 
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Advantages 
When properly used, inertial MoCap systems offer accurate orientation 
measurements within two degrees of root mean square error [75]. Also, calibration is 
relatively straightforward and quick [75], [77]; it generally involves the subject moving to 
a known reference posture (e.g., neutral standing) and establishing an association 
between the sensor axes and targeted anatomical axes. Next, whereas other systems 
require additional processing (i.e., discrete differentiation) to obtain angular velocity and 
acceleration data, inertial systems obtain acceleration data directly by virtue of their 
operating principle [75]. Finally, inertial sensors can be wireless and very small in size, 
which minimizes their attachment influence on the subject’s movements, and the 
systems are often have moderate to low prices on the market relative to the other 
MoCap technologies. 
Disadvantages 
Because inertial sensors measure velocities and accelerations, integration is 
required to obtain angular position measurements. Thus, inertial measurements are 
prone to a propagation of errors, called drift [72], [75]. To deal with this and other error 
issues including bias, deviations, and nonlinearity, efficient algorithms for sensor data 
fusion and error corrections must be employed. Often, these algorithms must be 
customized on a case-by-case basis for the specific MoCap application desired, and 
measurement accuracy is highly dependent on use of a task-appropriate processing 
algorithm [77]. For example, if the subject’s movements are known to be cyclic in 
advance of the data collection, this constraint should be incorporated into the processing 
algorithm to achieve the most accurate results possible. Next, if the sensors use 
magnetometer data to derive spatial orientation, the system is susceptible to error from 
magnetic interference caused by nearby ferromagnetic objects or other disturbances in 
the magnetic field. Another shortcoming is that inertial sensors measure 3-DOF 
rotational orientation measurements but do not provide 3-DOF translational position data 
when used in the absence of other types of sensors [75], [77]. Finally, although inertial 
sensors can be wireless, MoCap measurements must be conducted within a certain 
range of the receiver unit (e.g., 20m for Xsens MVN Awinda and 50m for Link when 
indoors [84]). 
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Exoskeleton (Electromechanical) Motion Capture 
Operating Principle 
Objectively the simplest method of MoCap, traditional exoskeleton systems 
directly measure anatomical joint angles by aligning a revolute electromechanical sensor 
(e.g., a potentiometer or encoder) with the targeted joint axis. Mechanical linkages on 
either side of the rotary sensor attach to the adjacent limb segments surrounding the 
joint [72], [73], [75]–[77]. Thus, when the joint moves, its angle is measured directly by 
an electromechanical sensor, which is usually a potentiometer or encoder. Note that 
potentiometers provide a voltage reading proportional to mechanical angle using a 
voltage divider. By attaching a conductive wiper to a rotating shaft, the wiper moves with 
contact across a resistor, which in turn has a known voltage applied to it. Alternatively, 
encoders typically detect angles via sequential disruptions of light between a source and 
detector due to a pattern of transparent and opaque materials attached to a rotating 
shaft. Note that for anatomical joints with multiple DOFs, serially-connected sets of 
rotary sensors that all intersect the joint have been proposed in the literature. As pictured 
in Figure 2.3, Metamotion’s Gypsy 7 includes 14 sensed DOFs for the entire body with a 
measurement resolution of 0.125 degrees [85]. The rotations of multi-DOF joints are 
constrained to a single rotation, and a serial manipulator structure is adopted for each 
limb. Other advertised features include: data-capture frequency options of 30Hz, 60Hz, 
and 120Hz, no dropped frames, no data noise, and freedom from a limited measurement 
volume. Also, note that MoCap exoskeletons are typically referred to as 
electromechanical systems in the literature. 
 
Figure 2.3. Photograph of Metamotion’s Gypsy 7 exoskeleton MoCap system 
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Aside from the tradition method, more sophisticated sensors may be used to 
eliminate the need for sensor-joint axis alignment. These include strain gauges attached 
to steel wire that measures angular bend about two axes [86] and fiber-optic 
goniometers that measure 1-DOF of bend angle [87]. These sensors can be attached to 
the limb segments surrounding a joint via straps or tape to measure the angle of the 
associated joint. As an example, Biometrics offers strain-gauge-based biaxial and 
monoaxial flexible wire that can be attached with medical tape across a joint to measure 
up to two angles of rotation [86]. These sensors feature an accuracy ±2 degrees over a 
range of ±90 degrees, a repeatability of one degree over a 90-degree range, and can be 
sampled at 50Hz, 100Hz, 200Hz, 500Hz, or 1000Hz. Figure 2.4 shows a picture of the 
Biometrics’ Ultimate Data Acquisition System [86]. 
 
Figure 2.4. Photograph of Biometric’s Ultimate Data Acquisition System based 
on wireless biaxial and monoaxial strain gauge sensors 
Advantages 
There are several features of exoskeleton MoCap systems that can make them 
advantageous compared to alternatives for a given MoCap task. First, this system type 
is highly portable and generally unaffected by external or environmental conditions (e.g., 
measurements are not influenced magnetic interferences, occlusions, etc.) [19], [75]. 
The simplicity of electromechanical sensors also makes their use relatively 
straightforward: measurements are obtained quickly, calibration with the human joint is 
simple, and units are generally inexpensive [19], [72], [73], [75]. Moreover, despite their 
simplicity, exoskeleton systems are often considered robust, reliable, repeatable, 
sensitive, and relatively accurate [72], [75], [76]. Allard et al. [72] as well as Everett and 
Kell [76] report accuracy within one degree for small joint ranges (e.g., hip and knee 
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flexion/extension during walking gait), and the latter researchers report accuracy within 
2.9 degrees for larger angular measurements. In fact, Allard et al. [72] suggest that 
exoskeleton systems are more accurate than optical MoCap systems for rotational 
measurements about a single axis joint. Even biaxial flexible wire goniometers are 
reported to have error less than 2 degrees during wrist range-of-motion tests [88]. While 
the above provides a general sense of expected accuracy, a specific system’s accuracy 
depends on the quality and type of electromechanical sensor employed in its design, as 
well as management of some shortcomings that may cause errors as described below. 
Finally, exoskeleton systems have the unique potential to combine MoCap with haptic 
feedback in augmented reality, virtual reality, or master-slave robotics applications; this 
is because it is the only system type that could apply a feedback force onto the human 
user if actuators are employed at the relevant joints. 
Disadvantages 
Since exoskeleton MoCap technologies traditionally rely on aligning single-DOF 
rotational sensors with the targeted biological joint, a main disadvantage is that they 
restrict the natural range-of-motion of the human joint [19], [72], [75], [77]. For example, 
system comprising a 1-DOF rotary potentiometer aligned with the hip joint and rigid 
linkages attached to the pelvis and thigh would prevent the subject from moving with the 
other two DOFs of the hip perpendicular to the potentiometer axis. This would generally 
interfere with subject’s ability to perform movements in a natural fashion. Moreover, if 
secondary joint motions are not fully constrained, this exoskeleton-based measurement 
technique is susceptible to cross-talk, for which measurement of the targeted joint angle 
is contaminated by rotation in a different angular DOF [72]. Other disadvantages 
associated with the alignment of sensor and joint axes are: measurement accuracy 
depends on the precision of this alignment; system design must match the user’s 
morphology (i.e., challenges in accommodation for different limb sizes between 
subjects); different mechanisms must be designed for each body joint; and alignment or 
access to some joints is difficult due to their surrounding biological structure (e.g., the 
large amounts of soft tissue around the hip or the limited attachment sites surrounding 
the ankle) [72], [76], [77]. Furthermore, few human joints behave like true hinges, and 
some may undergo axial translations concomitant with rotations (e.g., the knee). Some 
solutions reported in the literature include adding a self-aligning four-bar mechanism or 
prismatic joint to the system, or using a flexible wire-type sensors [72], [73], [76]. 
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Another major shortcoming of exoskeleton systems is their inability to provide 
complete 6-DOF position and orientation measurements for limb segments with respect 
to a lab room coordinate system [19], [73], [75], [77]. This may be overcome by 
combining the exoskeleton with one or more different technologies that provide global 
position and orientation for one limb segment; thereafter, other segments’ global 
positioning can be obtained via their relative position to that first segment, as measured 
by the exoskeleton. Next, an inherent characteristic of mechanical systems is their 
tendency for stick-slip and backlash effects, which are a source of nonlinearity in the 
measurement system [72]. Also, depending on component selection, the 
electromechanical sensor may be prone to hysteresis [76], or cause jump discontinuities 
in the measured data due to potentiometer wiper transferring between resistance coils 
[73]. Aside from choosing sensors insusceptible to these shortcomings, the latter issue 
can be resolved by interfacing the sensor with the body in such a way that these 
discontinuity points occur outside of the joint range-of-motion. Finally, exoskeleton 
systems may have an obtrusive weight or tightly-fastened straps [19], [72], [77]; both of 
these factors could potentially encumber the subject and inject unnatural influence into 
their movements. However, Everett and Kell suggest that these systems can generally 
achieve a lightweight design that does not interfere with the subject’s motions [76]. 
Magnetic Motion Capture 
Operating Principle 
Magnetic MoCap systems are comprised of a stationary transmitter unit and 
moving sensor units, both of which contain three mutually-orthogonal wire coils [72], 
[75], [77]. Current pulses are precisely supplied to each coil of the transmitter to produce 
identical low-frequency magnetic signals in orthogonal directions, which ultimately 
represent a spatial orientation frame. The pulses may be either direct current (DC) or 
alternating current (AC). The transmitter’s magnetic fields, along with any environmental 
field, are measured by each coil of the sensor units. The relative proportions and 
strength detected along each sensor axis provides 6-DOF position and orientation data 
for a single sensor unit. Note that the environmental magnetic field is measured in 
between current pulses and then removed from the sensor orientation measurement. 
Figure 2.5 shows photographs of Ascension Technology Corporation’s Nest of Birds 
magnetic MoCap system as an example of this technology [89] 
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Figure 2.5. Photographs of the Nest of Birds magnetic MoCap system 
transmitter unit (left) and subject-interfaced sensor units (right) 
Advantages 
The primary benefit of using a magnetic system over exoskeleton or inertial is 
that each magnetic sensor provides complete 6-DOF spatial position data [77]. Magnetic 
systems also eliminate the occlusion problem associated with optical systems and cost 
significantly less (i.e., comparable in price to current exoskeleton and inertial systems) 
[19], [75]. Finally, the sensors can be wireless, so they offer less obstruction than 
electromechanical systems or wired versions of the other MoCap technologies. 
Disadvantages 
Relative to optical MoCap systems, magnetic systems provide less accurate 
position data [77]. Moreover, current magnetic systems require the subject to remain 
within about three meters of a stationary transmitter unit during data capture, which 
represents a generally smaller measurement volume than other systems [19], [75]. 
Some magnetic systems offer a portable transmitter hub that can be attached to the 
subject, although, at the expense of potentially influencing their movements. Present-day 
systems also rely on multiplexing measurement signals from each sensor, which 
introduces an inherent compromise between number of sensors used (i.e., body 
segments tracked) and data sampling frequency. Finally, as expected, magnetic 
systems are susceptible to electromagnetic interference from ferromagnetic objects near 
the sensors, which heavily distorts the output signal and ultimately renders the system 
unusable in certain environments [19], [72], [75], [77]. The amount of distortion is 
reduced if DC pulses are used to generate the magnetic fields at the transmitter unit 
instead of AC current [75], but DC systems introduce problems in detecting azimuth [90]. 
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Acoustic Motion Capture 
Operating Principle 
In acoustic MoCap systems, the main components are an array of acoustic 
sources (i.e., ultrasonic transmitters) and sets of at least three noncolinear microphones 
[72]. In operation, acoustic pulses are sent from the sources and are detected at the 
microphone receivers. Based on the intensity of the signal measured at the microphones 
and the time between pulse generation and reception, the three-dimensional position of 
each receiver is determined (i.e., after the signal is sent to a computing device and 
processed). Thus, using the absolute positions of the receivers as well as their relative 
positions, acoustic systems measure both the 3-DOF translational position and 3-DOF 
rotational orientation of each microphone set. By attaching a microphone set to each 
body segment under evaluation, the position and orientation of those segments can be 
tracked. From Gabai’s and Primo’s patent [91], Figure 2.6 shows a schematic of such an 
acoustic MoCap system prepared for video game application. 
Human Subjects
Transmitter Unit
Receiver
Receiver
Receiver
Receiver
Receiver
Receiver
Receiver
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Figure 2.6. Schematic illustration of an acoustic MoCap system for video game 
applications with human subjects, transmitter, and receivers labeled 
Advantages 
The strongest characteristics in favor of acoustic MoCap systems is their 
sensors’ ability to provide complete 6-DOF position and orientation data with a high level 
of accuracy (e.g., reportedly within 0.5mm in translation and 0.5 degrees in rotation) [72]. 
Also, similar to passive-marker optical, inertial, and magnetic systems, acoustic systems 
use wireless sensors, which tend to interfere with the subject’s movements less than 
wired or electromechanical solutions [75]. 
24 
Disadvantages 
Despite the highly-accurate 6-DOF sensing capabilities of an individual acoustic 
MoCap sensor, systems based on this technology have not realized widespread 
adoption due to some major shortcomings that limit their practical utility. First, if more 
than one sensor is used, the system is susceptible to acoustic echoes and interferences 
from the multiple source-sensor pairs [72]; this diminishes the system’s ability to track 
more than one body segment during a MoCap study. Next, acoustic systems are prone 
to self-occlusion, which occurs when a body segment moves between or altogether 
blocks the acoustic source or microphone, thereby changing the characteristics of the 
detected signal. In fact, partial acoustic occlusions are indistinguishable from an 
increased distance between sensor and receiver [75], which results in erroneous 
position data. On that note, acoustic systems require preservation of an allowable 
source-receiver distance range, which limits the workable capture volume for the 
subject. Finally, acoustic sensors are sensitive to background noises (e.g., wind if used 
outside) as well as temperature and humidity conditions in the measurement 
environment [75]. The sum of these shortcomings often makes acoustic systems 
infeasible in many MoCap contexts. 
2.1.2. Lower-Limb Exoskeletons 
The number of lower-limb exoskeletons developed specifically for MoCap 
applications is limited, where the various iterations of Metamotion’s Gypsy represent the 
most prominent commercialized system. Contrarily, there are numerous examples of 
lower-limb exoskeletons for strength augmentation/energy conservation, rehabilitation, 
and personal-mobility assistance. The following paragraphs provide a brief review of 
such systems, focusing on their kinematic structure and examples that interface with at 
least two of the hip, knee, and ankle joints. The review also aims to include systems that 
have achieved the most commercial or media prominence at present. However, it is by 
no means exhaustive, and the reader may refer to the exoskeleton reviews prepared in 
[92]–[98] for more information on the current state-of-the-art. Also, because the 
discussion that follows contains reference to body frames and leg joint motions, Figure 
2.7 illustrates these frames and the primary motions associated with the hip, knee, and 
ankle. The schematic also labels the typical upper limits on the anatomical ranges for 
each joint motion, based on the information provided in [99]. 
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Figure 2.7. Illustrations of the human body frames and the primary rotations 
and upper-limit ranges-of-motion of the hip, knee, and ankle joints 
Note: Because it occurs along the full length of the shank, ankle abduction/adduction is 
sometimes attributed to the knee joint. This thesis assumes the alternative interpretation and 
groups it with the ankle, as shown here. 
Exoskeletons for Strength Augmentation/Energy Conservation 
Exoskeletons designed for strength augmentation are generally intended to 
support the weight of loads that a user must lift or carry in industrial or military settings. 
In support of research and development in this field, the United States’ Defense 
Advanced Research Projects Agency (DARPA) began a significant funding initiative for 
robotic exoskeletons in 2000. First unveiled in 2004, the Berkeley Lower Extremity 
Exoskeleton (BLEEX) was one these DARPA-funded systems, developed in the 
University of California, Berkeley’s Human Engineering and Robotics Laboratory. The 
BLEEX design incorporates all major DOFs associated with human leg: three hip DOFs, 
one knee DOF, and three ankle DOFs [92], [100]. Only those DOFs associated with hip 
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flexion/extension, knee flexion, and ankle plantarflexion/dorsiflexion are actuated [100]. 
Subsequent iterations of the BLEEX developed in 2005 are the ExoHiker and 
ExoClimber, which improve upon the BLEEX’s system weight, control, and load-bearing 
capability [101], [102]; a further improved design, called the Human Universal Load 
Carrier (HULC) was developed in 2009 with greater load-carrying ability and decreased 
metabolic cost to the user [103]. 
Lockheed Martin Corporation since obtained licensing rights of the HULC and 
developed a fully-unactuated version called FORTIS. Whereas HULC targets military 
applications, FORTIS functions to support the weight of various industrial tools (i.e., by 
transmitting gravitational forces to the ground via the exoskeleton structure), allowing 
human operators to expend less energy while operating the tool [59]. A second human-
augmentation system initially funded by DARPA is Sarcos’ full-body exoskeleton, which 
would eventually be named XOS after acquisition by Raytheon [98]. There is limited 
public information regarding XOS’s design and performance [96], [98], so the 
exoskeleton’s kinematic structure cannot be reported here. From 2004 to 2009, the 
Laboratory of Perceptual Robotics at Scuola Superiore Sant’Anna also developed a full-
body exoskeleton called the Body Extender. Devised for general handling of heavy 
materials, the system has 22 independently-actuated DOFs, including active guidance 
for all major articulations of the human leg except for ankle adduction/abduction [104]. 
Both the XOS and Body Extender involve tethered connections to power sources, which 
limits their portability. Figure 2.8 shows photographs of the BLEEX, HULC, FORTIS, 
XOS, and Body Extender exoskeletons [59], [100], [103]–[105]. 
 
Figure 2.8. Photographs of the BLEEX (far left), HULC (middle-left), FORTIS 
(middle), XOS (middle-right), and Body Extender (far right) 
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Another system developed with the intent of supporting heavy payloads is 
Nanyang Technological University’s Lower Extremity Exoskeleton (NTU-LEE) [106]. This 
system contains actuated joints for hip flexion/extension, knee flexion/extension, and 
ankle dorsiflexion/plantarflexion; to promote stability, unactuated spring-loaded joints are 
also included for the hip abduction/adduction and ankle pronation/supination DOFs [92], 
[106]. However, the system must be tethered to a power source, which limits its practical 
utility in the field. Next, an exoskeleton developed out of MIT includes a 3-DOF hip, 1-
DOF knee, and 2-DOF ankle on each leg (i.e., ankle abduction/adduction is restricted) 
[61], [92], [107]. This quasi-passive system employs springs at the hip and ankle (i.e., 
excluding the hip rotation DOF) and a variable damper at the knee. In addition to bearing 
the weight of loads attached to the user’s back, the MIT exoskeleton aims to reduce the 
user’s metabolic expense during walking [61], [107]. To achieve this, the spring 
components store energy and knee damper dissipates energy at gait stages for which 
leg muscles perform negative work; the springs subsequently release energy to assist 
the muscles as they undergo positive mechanical work. 
Whereas the previous designs focused on augmentation by extending the user’s 
capacity to hold and sustain external loads beyond normal human capabilities, the next 
two systems are centered more closely on energy conservation in the absence of a 
payload. First, Donelan et al. from Simon Fraser University’s Locomotion Laboratory 
have developed a knee exoskeleton for biomechanical energy harvesting. Along the 
same vein as the MIT exoskeleton, the exoskeleton aims to produce a resistive torque at 
the appropriate intervals of the user’s gait such that device assists leg muscles when 
they are performing negative mechanical work [108]; this is analogous to regenerative 
braking in automobiles. Unlike the MIT exoskeleton, Donelan et al.’s exoskeleton uses a 
generator to store recovered electrical energy with an intended outcome of powering 
external devices (e.g., for people without immediate access to a power grid). The 
technology could also be applied to reduce net power requirements for actuated 
exoskeletons. Finally, Honda’s Bodyweight Support Assist guides flexion/extension 
movements of its user’s legs via revolute actuators; it functions to reduce the leg loading 
and balance maintenance during walking, crouching, and stair-traversal [94]. This 
exoskeleton’s kinematic architecture details are undisclosed in the literature. Figure 2.9 
shows photographs of the NTU-LEE, MIT exoskeleton, Donelan et al.’s exoskeleton, and 
Honda’s Bodyweight Support Assist [61], [94], [106], [108]. 
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Figure 2.9. Photographs of the NTU-LEE (far left), MIT exoskeleton (middle-left), 
Donelan et al.’s exoskeleton (middle-right), and Bodyweight Support 
Assist (far right) 
Exoskeletons for Rehabilitation: Treadmill-Based Gait Trainers 
Given their stationary nature, treadmill-based exoskeletons cater exclusively to 
rehabilitation applications. One of the earliest systems developed was the Driven Gait 
Orthosis (DGO) by Colombo et al., unveiled in 2000. This exoskeleton system was 
intended to automate the motion-guidance work done by physiotherapists on incomplete 
SCI patients during treadmill ambulation exercises [92], [109], [110]. Kinematically 
composed of two actuated 1-DOF revolute joints corresponding to the hip and knee, the 
system guides the flexion/extension motions of both these anatomical joints. This allows 
for longer training sessions and more repeatability in gait motions than manual leg 
movements. The DGO project became a commercial product, the Lokomat, through the 
Swiss medical technology company, Hocoma. A similar system called the 
AutoAmbulator by United States company HealthSouth, and marketed as the 
ReoAmbulator by Motorika in Israel, is detailed in a United States patent filed in 2001 
[93], [111]. As with the Lokomat, the primary manipulator associated with a single leg of 
these systems is a serial 2-DOF chain, with actuated revolute joints corresponding to 
flexion/extension motions of the user’s hip and knee joints. Figure 2.10 shows images of 
the DGO, Lokomat, and ReoAmbulator exoskeletons [93], [110]. Note that all of these 
systems also use a harness to support the user’s body weight and position the pelvis, 
along with straps to passively constrain the ankle joint. 
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Figure 2.10. Photographs of the DGO (left), Lokomat (middle), and ReoAmbulator 
(right) 
Following those described above, several new treadmill-based exoskeletons 
aimed to improve on the initial systems by adding supplementary actuated DOFs in 
hopes of supporting more natural gait movements. In turn, researchers hypothesized the 
outcome would be higher quality and faster patient recovery in the rehabilitation setting. 
To start, the Lower Extremity Powered Exo-Skeleton (LOPES) was introduced in 2006. 
Each leg of the LOPES is a serial manipulator composed of a 2-DOF hip joint, actively 
supporting flexion/extension and abduction/adduction motions, as well as a 1-DOF knee 
joint to guide flexion/extension motions [92], [112]. Each of these DOFs are realized as 
revolute actuators. However, the LOPES system also includes two series-connected 
prismatic actuators that horizontally position the user’s pelvis (i.e., anterior/posterior and 
medial/lateral motions with respect to the treadmill are actively guided) [112]. 
Furthermore, the LOPES constrains internal/external rotations of its user’s hip joint and 
leaves the ankle joint completely free; it additionally permits vertical motion of the pelvis 
but restricts all pelvic rotations. 
Also introduced in 2006, the University of California’s Biomechatronics Lab 
developed a pneumatic-based exoskeleton for gait rehabilitation. In one part, this system 
consists of a Pneumatically Operated Gait Orthosis (POGO), which provides 2-DOF 
actuation on each leg [93], [113]. These degrees-of-freedom guide flexion/extension 
motions of the user’s hip and knee joints. The second part of the system is the Pelvic 
Assist Manipulator (PAM), which has 5 DOFs: three translational and two rotational 
DOFs [113]. The missing rotational DOF from complete pelvic position and orientation 
control is associated with sagittal plane pelvic tilt, although POGO/PAM passively 
accommodates this motion [113]. Subsequently, the University of Delaware unveiled 
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their development of an Active Leg EXoskeleton (ALEX) in 2007 [114]. Similar to the 
LOPES, each leg of the ALEX contains a 2-DOF hip joint supporting flexion/extension 
and abduction/adduction motions, along with an actuated 1-DOF knee joint [92], [114]. 
The most recent third iteration of ALEX also actuates ankle plantarflexion/dorsiflexion 
motions [115]; the remaining hip and ankle DOFs are restricted. Unlike POGO/PAM, 
ALEX III uses permanent magnet brushless motors. Furthermore, the ALEX III trunk 
orthosis permits 4 DOFs that actively guide transverse plane rotations and all three 
translations of the user’s pelvis [115]. 
Next, Beyl et al. presented a novel exoskeleton targeting the knee in 2008 [116]. 
Unlike the previous three systems, this design was developed per the hypothesis that 
different actuators would improve treadmill gait trainer technology, so it did not aim to 
increase the number of kinematic DOFs from previous systems. Instead, the work 
focused on the use of Pleated Pneumatic Artificial Muscle (PPAM) to actuate a single 
revolute DOF at the knee joint [116]. Later named KNEXO, this knee exoskeleton’s 
novelty is centered on the use of the PPAM actuators, and its kinematic structure only 
includes a passive 1-DOF hip joint allowing flexion/extension motions and the active 1-
DOF knee joint [92], [117]. Note that the KNEXO also includes a support arm attached to 
the user’s torso; the arm ensures vertical alignment of the exoskeleton links, bears the 
weight of the exoskeleton, and can pivot about a vertical axis, but does not support the 
user’s body weight [116]. Figure 2.11 shows the LOPES, POGO/PAM, ALEX III, and 
KNEXO manipulators [113], [118]–[120]. 
 
Figure 2.11. Photographs of the LOPES (far left), POGO/PAM (middle-left), ALEX 
III (middle-right), and KNEXO (far right) 
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Exoskeletons for Personal-Mobility Aid and Rehabilitation: Over-Ground Systems 
Whereas treadmill gait trainers are limited to rehabilitation applications, the 
inherent mobility of over-ground exoskeletons suits them for alternative use as a 
personal-mobility aid (e.g., a wheelchair replacement). However, this characteristic 
concomitantly prevents over-ground systems from including a wall- or ground-fixture to 
guide pelvic motions or suspend the system’s weight. Consequently, over-ground 
exoskeletons generally require attendant use of crutches to help support the user’s 
bodyweight and maintain their balance. Moreover, most of the current over-ground 
exoskeleton systems have equivalent kinematic structures for the hip and knee joints: 
actuated guidance for the flexion/extension of both joints and restriction on the other 
major DOFs of the hip. Therefore, the main differentiating factor is ankle joint treatment. 
Several prominent designs accommodate ankle plantarflexion/dorsiflexion using 
an unactuated revolute joint, while restricting the other ankle DOFs. The ReWalk is one 
such system [121]. Developed out of the University of Tsukuba in Japan, Hybrid 
Assistive Leg 3 (HAL) is another example with this design scheme [122]. Next, the same 
laboratory that produced the BLEEX went on to develop the Exoskeleton Lower 
Extremity Gait System (eLEGS) and Austin exoskeletons in 2010–2011 [123], [124]. 
Separately, both systems became commercialized in the United States as the Ekso GT 
by Ekso Bionics and Phoenix by SuitX, respectively. Note that the Phoenix design aims 
to minimize mass, so its knee joints are unactuated. Neither of these exoskeletons 
contain actuated ankle joints [97], [125], but it is unclear if or how they are passively 
articulated given the lack of literature regarding their designs. Figure 2.12 shows 
photographs of the ReWalk, HAL, Ekso GT, and Phoenix systems [125]–[128]. 
 
Figure 2.12. Photographs of the ReWalk (far left), HAL (middle-left), Ekso GT 
(middle-right), and Phoenix (far right) 
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Several other exoskeletons have been developed with actuated joints 
corresponding to the hip and knee flexion/extension, but altogether excluding an ankle 
joint (i.e., leaving the user’s foot to rotate freely with respect to the shank). These include 
the Vanderbilt University exoskeleton [129], Mina from the Institute for Human and 
Machine Cognition in Florida [130], and Lower Extremity Assistive Device (LEAD) from 
the National University of Singapore [131]. The former was eventually commercialized 
as Indego by Parker-Hannifen and subsequently modified to include a foot plate 
constraining all ankle rotations. The referenced version of the Mina is tethered to a 
power source, which limits its mobility, but a new version is currently under development 
that features: new actuators, powered ankles, and foot-plate sensors to facilitate balance 
control [131]. A Russian-developed system, called ExoAtlet, has seemingly adopted the 
same restricted-ankle design as the Indego. However, this is not confirmed due to 
limited public information about the exoskeleton. Finally, GOGOA’s HANK exoskeleton 
includes actuators at the ankle to guide plantarflexion/dorsiflexion motions while 
restricting other ankle DOFs [132]. Figure 2.13 shows pictures of the Indego, new-
version Mina, ExoAtlet, and HANK systems [131]–[134]. 
 
Figure 2.13. Photographs of the Indego (far left), Mina (middle-left), ExoAtlet 
(middle-right), and HANK (far right) 
Dissimilar to the other over-ground exoskeletons mentioned, the REX P by REX 
Bionics actuates more than one DOF at the hip and ankle. Each leg of this system 
contains five actuated DOFs, which correspond to: hip flexion/extension, hip 
abduction/adduction, knee flexion/extension, ankle dorsiflexion/plantarflexion, and ankle 
pronation/supination [135]. REX is also distinguished as a completely self-supporting 
exoskeleton in the sense that its paraplegic users do not need additional support from 
crutches during its operation [135]. Figure 2.14 highlights this distinction by showing a 
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user-interfaced REX P alongside a Pheonix exoskeleton [125], [136]. Note that the 
former is the only of the above-ground exoskeletons discussed here that does not 
require its user to hold crutches during operation. Table 2.1 summarizes the kinematic 
characteristics of one leg (i.e., hip, knee, and ankle if applicable) for each of the 
exoskeleton systems mentioned above. Note that for treadmill-based systems, the 
kinematic characteristics associated with the pelvis or torso attachment are not included. 
Also, different iterations of the same exoskeleton are excluded, along with any design for 
which the kinematic architecture could not be verified (i.e., XOS, Bodyweight Support 
Assist, Ekso GT, Phoenix, and ExoAtlet). 
Table 2.1. Summary of exoskeleton kinematic characteristics in terms of 
corresponding anatomical joint motions of the human lower limb 
 Hip Knee Ankle 
Exoskeleton Int./Ext. Rot. Abd./Add. Ext./Flex. Flex./Ext. Add./Abd. Pro./Sup. Pla./Dor. 
        
Strength Augmentation/Energy Conservation Systems     
BLEEX ✓U ✓U ✓U ✓A ✓U ✓U ✓A 
Body Extender ✓A ✓A ✓A ✓A R ✓A ✓A 
NTU-LEE R ✓U ✓A ✓A R ✓U ✓A 
MIT System ✓U ✓U ✓U ✓U R ✓U ✓U 
SFU System F F F ✓U F F F 
        
Treadmill-Based Gait Trainers     
Lokomat R R ✓A ✓A R R R 
ReoAmbulator R R ✓A ✓A R R R 
LOPES R ✓A ✓A ✓A F F F 
POGO/PAM R R ✓A ✓A F F F 
ALEX III R ✓A ✓A ✓A R R ✓A 
KNEXO R R ✓U ✓A F F F 
        
Over-Ground Systems     
ReWalk R R ✓A ✓A R R ✓U 
HAL R R ✓A ✓A R R ✓U 
Indego R R ✓A ✓A R R R 
Mina (original) R R ✓A ✓A F F F 
LEAD R R ✓A ✓A F F F 
HANK R R ✓A ✓A R R ✓A 
REX P R ✓A ✓A ✓A R ✓A ✓A 
Note: ✓A, ✓U, R, and F respectively indicate that the associated DOF is actuated, unactuated, restricted, or 
free to rotate. Additionally, the SFU System refers to Donelan et al.’s energy-harvesting knee exoskeleton. Lastly, the 
anatomical motion abbreviations are clarified in the List of Acronyms. 
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Figure 2.14. Photographs of the REX P’s crutchless operation (left) and the 
crutch-based operation of the Phoenix (right) 
Note: Attendant use of crutches is the norm for current over-ground exoskeleton systems. 
2.2. Research Objectives 
2.2.1. Shortcomings Identified in Existing Lower-Limb Exoskeletons 
Although the literature review of lower-limb exoskeletons presented in the 
previous subsection was not exhaustive, it reveals a definite trend in the current state-of-
the-art. As illustrated in Table 2.1, the vast majority of existing lower-limb exoskeletons 
are restrictive in the sense that they do not provide a one-to-one kinematic compliance 
with the seven primary DOFs of the human leg. Especially in the existing systems for 
rehabilitation and mobility assistance applications, this lack of freedom in leg movements 
generally limits the wearer to only perform sitting-to-standing and walking gait 
movements, albeit in an often-unnatural manner. It also obstructs many actions 
associated with daily activity (e.g., restricted hip rotation makes turning while walking 
difficult). 
Moreover, the reviewed lower-limb exoskeleton designs mostly rely on a serial 
manipulator structure, for which the system links and joints are successively connected 
in an open kinematic chain. However, a better-suited alternative exists; parallel 
manipulators use a closed-kinematic-chain architecture to transmit motion through two 
or more branches from a stationary base link to a moving end-effector link. As such, 
parallel manipulators generally achieve superior payload-to-weight ratio, speed 
response, stiffness, and positioning accuracy than their serial-manipulator counterparts 
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[137], [138]. Each of these characteristics is critical in the design of an exoskeleton. 
Furthermore, the widely-adopted serial-manipulator architecture in the current state-of-
the-art requires that exoskeleton joint axes coincide with anatomical joint axes to avoid 
undesired interaction forces with the human subject. However, as Zanotto et al. discuss 
in [139], the exoskeleton-human interface is prone to joint axis misalignments because 
of variability in anatomic characteristics between and within subjects along with the 
general complexity of the human musculoskeletal system. Consequently, design 
schemes that assume joint axis alignments in the exoskeleton-limb interface are 
susceptible to undesired interaction forces that may jeopardize the safety of the human 
subject. 
2.2.2. Thesis Objectives 
In light of these shortcomings associated with existing systems and in keeping 
with the kinematic characteristics that make a lower-limb exoskeleton suitable for MoCap 
and other applications, the objectives of this work are: 
▪ To design a novel lower-limb exoskeleton that: (a) has kinematic 
compliance with all seven of the primary human leg DOFs, (b) permits a 
full range-of-motion in all these DOFs for an average subject, and (c) 
does not require coaxial alignments at the exoskeleton-human interface 
for multi-DOF joints (i.e., the hip and ankle) 
▪ To incorporate a parallel manipulator in the exoskeleton design that 
includes at least two active joints (i.e., at each exoskeleton 
substructure that corresponds with the 3-DOF human joints: hip and 
ankle) 
▪ To construct an unactuated prototype of the designed exoskeleton 
that interfaces with one human lower limb and can achieve a degree 
of MoCap accuracy comparable to current inertial systems (i.e., in 
terms of tracking the joint angles associated with the seven main DOFs 
identified in the human leg)  
Note that the second objective above considers the perspective that the present 
work may be extended to an actuated exoskeleton in the future. In that case, the 
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inclusion of a parallel manipulator exploits the various advantages of parallel 
manipulators relative to serial manipulators, particularly the increased payload-to-weight, 
speed response, and stiffness. However, the improved positioning accuracy 
characteristic also directly benefits the proposed unactuated exoskeleton in its function 
as a MoCap device. 
2.2.3. Design Approach for Fulfilling the Thesis Objectives 
Although several designs involving mechanical components that partially encircle 
the hip and ankle joints were initially considered for this work (i.e., similar to those 
presented in [140], [141]), these manipulators are prone to interferences with adjacent 
human-limb segments and insufficient workspace. That is, they are unable to support the 
complete range-of-motion of the interfaced joint. Consequently, the high-level modular 
design structure illustrated in Figure 2.15 is adopted for the development of the 
proposed exoskeleton. Note that the proposed exoskeleton constitutes a hybrid 
manipulator because it incorporates both open- and closed-loop kinematic chains [142], 
as will become more clear as the thesis progresses. 
Hip
Ankle
Ankle 
Exoskeleton 
Module
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Foot
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Exoskeleton 
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Knee 
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Knee
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Orientation Manipulators
(Active Spherical Joints)
Motion-Transfer Manipulators
Complete
Exoskeleton-Human 
Lower-Limb Manipulator
 
Figure 2.15. The high-level design of the proposed exoskeleton illustrating its 
modular characteristic (left) and hybrid manipulator structure (right) 
As shown on the right side of the figure, the design approach includes an 
orientation manipulator and motion-transfer manipulator at the hip and ankle joints. The 
former is fully or in part a parallel manipulator that generates 3 DOFs of rotational motion 
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at its end-effector. As noted in the figure, this subsystem behaves like an active 
spherical joint from a black-box perspective; as such, the manipulator it represents 
includes three active joints. Moreover, the spatial position of the orientation 
manipulator’s center-of-rotation (COR) relative to that of the corresponding anatomical 
joint is arbitrary, per part (c) of the first objective in Subsection 2.2.2. Next, the motion-
transfer manipulator comprises the orientation manipulator, target human joint, and a 
passive mechanism that transfers spherical rotations between the former two. Depicted 
by the pill-shaped object below the orientation manipulator in Figure 2.15, the passive 
mechanism aims to transmit these rotations while limiting interaction forces in the 
exoskeleton-human system to those associated with torques about the anatomical joint 
COR. Thus, the motion-transfer manipulator should not induce undesired forces or 
torques that act to dislocate the human joint. 
The novelties associated with the motion-transfer manipulator and some of its 
components represent the primary contributions of this work. Since the anatomical knee 
is interpreted here as a single-DOF joint, such a motion-transfer manipulator is not 
needed at its exoskeleton interface. Therefore, the knee exoskeleton module does not 
expand upon the current state-of-the-art. Now, as indicated in Figure 1.1, Chapter 3 and 
Chapter 4 elaborate on the designs and kinematic analyses of the orientation 
manipulator and motion-transfer manipulator subsystems, respectively. Chapter 5 
proceeds to detail the kinematic considerations of the complete exoskeleton-human 
interface; this includes the approach for kinematically modeling the anatomical joints, 
hence their intentionally vague representations in Figure 2.15. 
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Chapter 3.  
 
Kinematic Analyses of Candidate Orientation 
Manipulators 
This chapter focuses on the orientation manipulator component of the proposed 
exoskeleton, as illustrated in Figure 3.1. To start, Section 3.1 provides background 
information and a review of existing orientation manipulators. Next, Sections 3.2–3.4 
present three orientation manipulators to be considered as candidates for application in 
the exoskeleton design. Therein, the kinematic architecture, inverse kinematic analysis, 
forward kinematic analysis, Jacobian analysis, and performance indices associated with 
each candidate are formulated; a brief explanation of each of these concepts is included 
in the subsections of Section 3.2. Also note that the base links and local reference 
frames described for each kinematic architecture are fixed in local scope of manipulator 
but would eventually move with body segment to which they attach in the exoskeleton 
system. Whereas the kinematic analyses are fundamental for understanding the 
manipulators’ motions, the Jacobian-derived performance indices provide a means to 
quantitatively compare their kinematic functionalities. Thus, the indices are then used as 
the primary factor in the selection of a best candidate in Section 3.5. Finally, a singularity 
analysis is conducted for the selected manipulator Section 3.6; this is key because the 
identified singular postures affect the ability to control and interpret end-effector motions. 
Chapter 3:
Orientation Manipulator
(Active Spherical Joint)
 
Figure 3.1. Stage of exoskeleton design development covered in Chapter 3 
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3.1. Background and Review of Orientation Manipulators 
An orientation manipulator is one that permits three rotations and no translations 
about a single point at its end-effector [143]. Thus, orientation manipulators have 3 
degrees-of-freedom (DOFs) and are intended to function in a space limited to 
orientation. In the context of this chapter, task space coordinates, or simply task 
coordinates, refer to the three rotations necessary to define the manipulator’s spatial 
orientation. Correspondingly, orientation manipulators essentially act as active spherical 
or ball-and-socket joints. Meanwhile, a spherical manipulator is one for which all its links 
can only perform spherical motions about a common fixed point; spherical motion occurs 
when all the particles of the links trace surfaces of concentric spheres when the 
manipulator moves [142]. A 3-DOF spherical manipulator is a special case of an 
orientation manipulator; however, mechanisms with fewer than 3 DOFs can be spherical 
manipulators, so not all spherical manipulators are also orientation manipulators. It is 
implied in [143] that orientation manipulators are distinct from spherically-wristed serial 
manipulators, so this thesis considers only parallel and hybrid manipulator types as 
applicable for classification as orientation manipulators. 
Some manipulators with more than 3 DOFs can behave as orientation 
manipulators if they are controlled or mechanically constrained to only produce three 
rotations about a stationary point. Appendix A or [144] discuss how this is accomplished 
using various design manifestations of one 6-DOF manipulator (i.e., the Stewart-Gough 
platform). For exoskeleton applications, it is possible to use such a 6-DOF manipulator 
to transfer purely-rotational motions to the targeted human joint without a passive 
motion-transfer manipulator. However, it is ultimately superfluous to use a manipulator 
with more than 3 DOFs in an exoskeleton designed to interface with a 3-DOF bodily 
joint. Therefore, only orientation manipulators will be explored as options for the 
proposed exoskeleton design; some designs that attain 3-DOF rotational motions with 
redundant active joints are mentioned in the review to follow but are not considered for 
employment. 
Before reviewing some of the applicable orientation manipulators documented in 
the literature, note that it is common notation in the fields of robotics and manipulator 
design to specify mechanism structures by the type and sequence of joints that they 
employ. ‘R’, ‘U’, and ‘S’ denote revolute, universal, and spherical joints, respectively. An 
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underline designates a joint as active, while non-underlined joints are passive. For 
parallel manipulators, a dash is used to distinguish joint sequences belonging to different 
branches, and if branches have equivalent sequences, a digit preceding a dash 
identifies the number of same-sequence branches. Also note that a final ‘/S’ 
distinguishes central mast mechanisms, for which a passive spherical joint connects the 
end-effector directly to the base link (i.e., in parallel with the branches) to enforce an 
orientation task space. 
In [138], Gosselin and Lavoie review architectures, inverse kinematic analyses, 
and some performance characteristics of three prominent forms for spherical 3-RRR 
manipulators. They explore: a generalized form, a form with coplanar active joints, and a 
form with coaxial active joints. First, for the general form, the base and end-effector can 
be conceptualized as a pyramid-shaped component and inverted pyramidal component, 
respectively, which move relative to each other about a shared vertex point. The 
manipulator’s active joints are located at the remaining lower-three vertices of the base 
pyramid, and their axes are directed along the pyramid edges to all intersect the COR 
vertex. Now, the latter two forms are special cases of the first. If the base pyramid 
collapses horizontally, the COR vertex becomes planar with the active joint vertices, 
yielding coplanar active joints. Alternatively, if the base pyramid collapses vertically, the 
pyramid edges adjacent to the COR vertex become colinear, yielding coaxial active 
joints. Gosselin and Lavoie also discuss a 3-UPS/S, noting its unique inverse kinematics 
solution but generally-reduced workspace relative to the 3-RRR architectures [138]. 
Ultimately, Gosselin et al. went on to develop a mechanical design and dynamic 
performance analysis for one case of the generalized 3-RRR form. Named the Agile 
Eye, this design is characterized by a 90-degree angle between adjacent active joint 
axes along with a 90-degree angle between each adjacent joint along the manipulator 
branches [145]–[147]. Since then, further kinematic studies, including forward kinematic 
analyses, have been conducted regarding the Agile Eye and general spherical 3-RRR 
form [148]–[150]. 
In the past decade, several lesser-established orientation manipulators have also 
been explored. In [151], Gallardo-Alvarado et al. present kinematic, velocity, 
acceleration, and performance analyses of a 3-RRRS/S mast mechanism that features 
revolute joints with non-intersecting axes. For ankle rehabilitation applications, Wang et 
al. have proposed a (3-RUS)-RRR redundantly-actuated orientation manipulator and 
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devised forward and inverse kinematic, workspace, performance, and singularity 
analyses for the device [152]. Cui et al. also developed a redundantly-actuated 
orientation manipulator with a 4-UPS/S architecture and intention for solar panel 
positioning applications [153]. Finally, Enferadi and Shahi detail the forward and inverse 
kinematics, optimization of workspace, and singularity analysis for an original 3-RSS/S 
spherical parallel manipulator in [154]. Note that incorporating redundant actuation in a 
manipulator’s design can eliminate singularities and improve accuracy, stiffness, 
workspace, payload, acceleration, force distribution among active joints, and force 
transmission uniformity at the end-effector [155]; however, its disadvantages include 
challenges in control, increased complexity in the kinematic and dynamic analyses, and 
increased materials and cost. Redundant actuation is avoided in the initial development 
of the exoskeleton for this thesis, but may be worth considering in a later design iteration 
depending on the level of system performance achieved in its absence. 
3.2. Candidate #1: 3-RUS/S Parallel Manipulator 
The first candidate orientation manipulator to be explored is a novel 3-RUS/S 
central mast mechanism. The developments made in the following subsections embody 
a contribution of this master’s thesis; they are also described in the Ph.D. thesis of 
Sadeqi [156], with whom the author devised and analyzed the proposed manipulator. 
3.2.1. Kinematic Architecture 
As its structural name implies, the proposed 3-RUS/S parallel manipulator 
includes three branches with equivalent joint sequences. Per the depictions in Figure 
3.2, each branch connects an outer base structure to a central end-effector by way of 
revolute, universal, and spherical joints in succession, where the revolute joint is active, 
and the others are passive. Furthermore, the end-effector connects to the base link 
through a spherical joint, which constrains it to 3-DOF rotational motions. This constraint 
is denoted by the ending ‘/S’ in the device’s architecture designation. Aside from the 
manipulator’s articular layout, there are several important design aspects to note. First, 
the rotational axes for each of the active revolute joints exist within a single plane, and 
the COR of the end-effector (i.e., the constraining spherical joint’s center) also lies in that 
plane. Next, the active joints are equidistant from the end-effector COR and from each 
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other. The final spherical joints in each branch are also equidistant from each other. 
Finally, the proximal links from the three branches (i.e., those nearer to the end-
effector’s COR) all have equal length, as do the distal links (i.e., those further from the 
COR), but the proximal and distal link lengths are not necessarily equal. Hereafter, this 
manipulator will be referred to by the name: RUS. 
The origin of the manipulator’s local reference frame, {0}RUS, is coincident with 
the end-effector’s COR. Moreover, the 
0zˆ
RUS  axis is normal to the plane containing the 
COR and active joint axes, and 
0xˆ
RUS  intersects the axis of one active joint at a right 
angle. The branch associated with this intersected joint is denoted by the number 1, 
while the adjacent branch positioned counter-clockwise with respect to 
0zˆ
RUS  is 
designated with 2, and the final branch with 3. The positions of the active, universal, and 
spherical joints on each branch are given by ai, bi, and ci, respectively, where the 
subscript i differentiates the three branches (i.e., i = 1, 2, 3). Correspondingly, the active 
joints’ angles are given by 
i
RUS , where the subscript again identifies the branch number. 
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Figure 3.2. Schematic of the RUS with joint center, joint variable, and local 
reference frame labels (left); top view of the RUS in its home 
configuration with frame {1}RUS, {2}RUS, and {3}RUS labels (right) 
Note: Since the link between the two revolute joints constituting a universal joint can be 
considered as having zero length, the line a bi i  represents the distal-link length of branch i ( b ci i  
represents the proximal link span). 
In addition to the local reference frame, four other frames are used to evaluate 
the manipulator’s motions in the kinematic analyses to follow. The first three of these 
frames, {1}RUS, {2}RUS, and {3}RUS, specify the directions in which the active joints are 
43 
located. As illustrated in the right-side image of Figure 3.2, ai is intersected by the ˆix
RUS  
axis, for i = 1, 2, and 3, while each 
iˆz
RUS  axis is coaxial with 
0zˆ
RUS . Therefore, the {1}RUS, 
{2}RUS, and {3}RUS frames are respectively defined relative to {0}RUS by fixed rotations of 0 
degrees, 120 degrees, and 240 degrees about the positive 
0zˆ
RUS  axis. In turn, pre-
multiplication by one of the matrices, 0
iR
RUS , transforms a vector’s {i}RUS-frame 
representation to {0}RUS representation. Alternatively, pre-multiplication by the transpose 
rotation matrix, 
0
i
R
RUS , allows positions defined in the local reference frame to be 
expressed in the corresponding branch-specific frame. Equations (3.1) specify these 
rotation matrices: 
 
0
1 3 3R I
RUS ,  
   
   02
120 120 0
120 120 120 0
0 0 1
Z
c s
s c
    
 
     
 
 
R R
RUS , and
 
   
   03
240 240 0
240 240 240 0
0 0 1
Z
c s
s c
    
 
     
 
 
R R
RUS  
(3.1) 
where c(  ) and s(  ) represent the cosine and sine functions, respectively; this notation 
will be used throughout the remainder of the thesis. 
The last frame, {4}RUS, which is not shown in Figure 3.2, moves with the RUS’s 
end-effector to specify its rotations with respect to the local reference frame. The {4}RUS 
frame is fixed to the end-effector such that 0
4R
RUS  equals 3 3I  when the manipulator is 
arranged in its home configuration. Note that the RUS’s home configuration is achieved 
when the manipulator displays the rotational symmetry shown of the right side of Figure 
3.2. In this state, a 60 degree offset about 
0zˆ
RUS  separates the 
0xˆ
RUS -
0yˆ
RUS  plane 
projections of 0ci
RUS  and 0bi
RUS  as well as 0ci
RUS  and 0 b j
RUS , where j designates the 
branch immediately counter-clockwise to branch i. Here and hereafter, the left-side 
superscripts indicate the frame in which vectors are being interpreted, as explained in 
the prefatory Symbols section. The home configuration also causes all universal joint 
positions 0bi
RUS  to share a common positive z-coordinate value; similarly, the three 
vectors 0ci
RUS  have equal z-coordinate values in this configuration. 
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3.2.2. Inverse Kinematic Analysis 
The generalized inverse kinematics problem associated with a manipulator is to 
determine the set of joint variable values in terms of a known position and orientation of 
the end-effector [157]. As an orientation manipulator, the RUS’s end-effector position 
remains constant with respect to local reference frame, so its inverse kinematic analysis 
only involves a known orientation, given by 0
4 NR
RUS ; the ‘N’ subscript indicates that 
numerical values are established for each element in the rotation matrix. The analytical 
approach used here is to first find expressions for the positions of each joint that 
correspond to the known end-effector orientation, and then use the joint position 
information to deduce the required active-joint states. This process is outlined below in 
three stages: determination of 0ci
RUS , 0ai
RUS , and then 0bi
RUS  positions. 
Determination of the Branches’ Spherical Joint Positions 
The branches’ spherical joints are attached directly to the RUS manipulator’s 
end-effector link, so the ci points have fixed positions with respect to the end-effector 
frame {4}RUS. That is, the elements of 4ci
RUS  are constant and known from the mechanical 
design of the end-effector. In order to represent the positions of the ci points with respect 
to the local reference frame after any arbitrary rotations of the end-effector, each 4ci
RUS  
vector is pre-multiplied by the known 0
4 NR
RUS  rotation matrix as follows: 
 0 0 4
4c ci i NR
RUS RUS RUS , i = 1, 2, 3 (3.2) 
 
Determination of the Branches’ Rotary Joint Positions 
The positions of the ai points are constant and known with respect to the local 
reference frame because they are fixed to the base link. However, for the sake of 
generality in the analysis of each manipulator branch, the remainder of the inverse 
kinematics derivations occur with respect to the three branch-specific frames: {1}RUS, 
{2}RUS, and {3}RUS. Therefore, positions 0ai
RUS  and 0ci
RUS  are redefined in their 
corresponding generalized branch frame as follows: 
 0
0c c
i i
i i R
RUS RUS RUS  and 0
0a a
i i
i i R
RUS RUS RUS  (3.3) 
for i = 1, 2, 3. Recall that each rotation matrix 0iR
RUS  is fully defined in Equations (3.1). 
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Determination of the Branches’ Universal Joint Positions 
Now, the positions of the bi points can be determined using a geometric-analysis 
approach. Considering the ith branch’s proximal link and its attachment to the end-
effector, the known spherical joint ci position defines a sphere of possible bi locations; 
the radius of the sphere is given by the proximal link length. Similarly, the distal link’s 
connection to the ith branch’s active revolute joint limits the possible bi positions to a 
circle in the ˆ
ix
RUS -
iˆz
RUS  plane, where the circle radius is equal to the distal link length. 
Because both geometric conditions must be met, the solutions for the ith branch’s bi 
position are the intersection points of the proximal link sphere and distal link circle, as 
illustrated in Figure 3.3. Note that i = 1, 2, 3 is implied for the remainder of Section 3.2. 
Distal Link Constraint Circle
ˆ
ix
RUS
ˆ
iz
RUS
i
RUS
ai
bi
ci
RUS COR
bi 
ld
lp
Proximal Link Constraint Circle
(Solution #1: elbow up)
(Solution #2: elbow down)
iO
RUS
 
Figure 3.3. Isolated ith RUS branch with possible inverse-kinematic bi solutions 
The branch link lengths relate to branch joint positions via the Euclidean norm of 
the vectors that span the links: 
      
2 2 2
b ai id i i bi ai bi ai bi ail x x y y z z       
RUS RUS
 (3.4) 
   
      
2 2 2
b ci ip i i bi ci bi ci bi cil x x y y z z       
RUS RUS
 (3.5) 
where ld and lp are the distal and proximal link lengths, respectively. Also note that xji 
denotes the x-coordinate of joint j’s position on branch i when represented in frame 
{i}RUS, and likewise for the y- and z-coordinates. Frames {1}RUS, {2}RUS, and {3}RUS are all 
defined such that the y-coordinates of ai i
RUS  and bi i
RUS  are both equal to zero (i.e., the ai 
and bi points lie in the ˆix
RUS - iˆz
RUS  plane). Therefore, Equations (3.4) and (3.5) can be 
simplified and rearranged to respectively yield: 
 2 2 2 2 22 2d bi bi ai ai bi bi ai ail x x x x z z z z       (3.6) 
   
 2 2 2 2 2 22 2p bi bi ci ci bi bi ci ci cil x x x x z z z z y        (3.7) 
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Since xbi and zbi are the only unknown variables, Equations (3.6) and (3.7) can be 
interpreted as the distal link circle equation and the circular projection of the proximal link 
sphere onto the ˆ
ix
RUS -
iˆz
RUS  plane, respectively. If the expression equal to  2 2bi bix z  is 
isolated in Equation (3.6) and then substituted into Equation (3.7), the resulting equation 
represents the line passing through the two circles’ intersection points: 
 2 2 2 2 2 2 22 2 2 2p d bi ai ai bi ai ai bi ci ci bi ci ci cil l x x x z z z x x x z z z y           (3.8) 
Next, separating xbi in Equation (3.8), substituting its equivalent expression back into 
Equation (3.6), and applying the quadratic formula to the resulting equation provides two 
possible zbi solutions: 
 2
0 0 0 0
0
4
2
bi
B B A C
z
A
  
  (3.9) 
where equivalences for the new variables introduced in Equation (3.9) are as follows: 
 2
0
0 2
0
1
F
A
E
  , 0 0 00 2
0 0
2 2
2ai ai
D F F x
B z
E E
   , 
2
2 2 20 0
0 2
0 0
2 ai
ai ai d
D D x
C x z l
E E
     , 
2 2 2 2 2 2 2
0 ci d ai ai ci ci pD y l x z x z l       ,  0 2 ci aiE x x  , and  0 2 ai ciF z z   
(3.10) 
As shown in Figure 3.3, the two solutions represent ‘elbow up’ and ‘elbow down’ 
configurations, for which the bi point is respectively either above or below the ci point 
(i.e., relative to 
0zˆ
RUS ). For the intended design, the addition result, or ‘elbow up’ 
configuration, is the appropriate one. 
Final Inverse Kinematics Equation 
With zbi calculated, xbi can be determined as the only remaining unknown variable 
from Equation (3.8). Subsequently, the ith branch’s active joint angle is computed as: 
  atan2 ,i bi ai biz x x  
RUS  (3.11) 
This completes the inverse kinematics solution for the generalized ith branch. In practice, 
the algorithm must be carried out three times: once for each branch of the RUS. 
3.2.3. Forward Kinematic Analysis 
Contrary to the inverse kinematics problem, the generalized forward kinematics 
problem requires development of the end-effector position and orientation in terms of a 
known set of joint variable values [157]. However, since the RUS is an orientation 
manipulator, only the end-effector orientation needs to be determined. Thus, the active 
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joint variables 
1
RUS , 
2
RUS , and 
3
RUS  are assumed to be known inputs, while the end-
effector’s orientation is unknown and must be resolved. The following subsections 
outline one geometric approach for the forward kinematic analysis. 
Determination of the Branches’ Universal Joint Positions 
Each universal joint position, bi, can be expressed directly in terms of the 
corresponding active joint variable, 
i
RUS , as follows: 
  
 
a cos
b 0
sin
i
i d i
i
i
d i
l
l


 
 
  
 
  
RUS RUS
RUS
RUS
 (3.12) 
The end-effector orientation is affected by each branch configuration, so its orientation is 
most sensibly represented in terms of the local reference frame {0}RUS. To facilitate this 
goal, the position vectors are then pre-multiplied by the appropriate rotation matrices 
from Equations (3.1) to represent them in terms of the local reference frame {0}RUS: 
 0 0b bii i i R
RUS RUS RUS  (3.13) 
Determination of the Branches’ Spherical Joint Positions 
The next task is to determine the ci positions of the spherical joints connecting 
the end-effector to the proximal link of each branch. Considering the geometric 
constraint imposed by the proximal links’ fixed lengths, the set of feasible ci positions is 
given by a spherical surface with radius lp centered at bi for each of i = 1, 2, and 3: 
      
2 2 2 2
ci bi ci bi ci bi dx x y y z z l       (3.14) 
This is true because the joint at bi is a universal joint. Additionally, the constraint 
established by spherical joints’ fixed positions on the end-effector limits the possible ci 
positions to a spherical surface with radius 0 ci
RUS  and centered at the {0}RUS origin: 
 22 2 2 0 cci ci ci ix y z  
RUS  (3.15) 
Upon asserting both constraints simultaneously, the feasible ci positions reduce to the 
circle of intersection between the two spherical surfaces for each branch i; note that the 
circle of possible solutions collapses to a point if the ith branch proximal link axis 
becomes aligned such that it intersects the {0}RUS origin, iO
RUS
. Also note that in 
Equations (3.14) and (3.15), the x-, y-, and z- coordinate values are taken with respect to 
the local reference frame, {0}RUS. Figure 3.4 illustrates an example of the possible 
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solution space for ci after imposing the two geometric constraints on one generalized 
branch of the RUS manipulator. 
lp
iO
RUS
i
RUS
ai
bi
ci
Constraint Sphere
Circle of Possible ci Solutions
(intersection of the two spheres)
0 ci
RUS
0 ci
RUS
lp Constraint Sphere
 
Figure 3.4. Visualization of the circle of possible ci solutions after asserting the 
proximal-link length and spherical-joint-to-origin length constraints 
Note: The lp constraint sphere intersects ci but not necessarily ai. 
As the branches’ spherical joints are installed at known positions on the end-
effector, each ci point is located at a fixed distance from each adjacent cj point: 
 c ci j el 
RUS RUS  (3.16) 
where i and j = 1, 2, 3, but i ≠ j. After applying this final constraint per the manipulator’s 
chosen mechanical design parameters, the solution set for the ci positions reduces to 
one or more points (i.e., assuming the chosen active joint variables do not cause any 
geometric constraint to be violated). This is obtained by applying a numerical approach 
to solving the system of equations given in (3.14)–(3.16). Depending on the joint variable 
and design parameter selections, some input angles may yield several solutions while 
others may result in a unique solution as exemplified in Figure 3.5. 
le
le
le
Solution Triangle (unique)
Solution Triangle #1: (practical)
Solution Triangle #2: (impractical)
 
Figure 3.5. Visualization of a unique (left) and multiplicity of solutions (right) for 
the ci position set after asserting the proximal link, spherical joint-to-
origin, and spherical joint-to-spherical joint length constraints 
Note: The circles shown in these images represent the possible ci solutions after asserting the 
proximal-link length and spherical-joint-to-origin length constraints like in Figure 3.4. 
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The left side of Figure 3.5 illustrates an example configuration that only has one 
forward kinematic solution. Contrarily, the right side of Figure 3.5 shows a configuration 
for which six mathematically-feasible solutions exist: the two that are shown (i.e., where 
both results yield coaxial 
0zˆ
RUS  and 
4zˆ
RUS  axes) and four others that cause the 
4zˆ
RUS  axis 
to lie within the 
0xˆ
RUS -
0yˆ
RUS  plane. The latter four are not illustrated in Figure 3.5 to 
facilitate visual clarity. In the configuration shown on the right side of the figure, the three 
constraint circles are all relatively large, which allows for the multiplicity of possible 
solutions. However, there is only one practically reachable solution, as labeled in the 
right-side image, because all other solutions would result in collisions between 
mechanical parts or geometric constraint violations during any end-effector path followed 
to reach said solutions. This observation leads to the following general rule for choosing 
the appropriate forward kinematic result for the RUS manipulator.  
In the case of multiple solutions, the one for which all ci points’ z-coordinates are 
positive should be selected; there is usually only one possible assembly mode that 
achieves this condition when a multiplicity of solutions exist. If no such solution is 
available, one method to choose an appropriate assembly mode is to select the one that 
maximizes the number of ci points with positive z-coordinates. However, upon 
qualitatively observing the RUS manipulator’s movement behavior, if the first case is not 
true (i.e., all ci z-coordinates being positive), the manipulator’s links tend to interfere with 
each other. Therefore, in practice, the manipulator’s workspace should be limited (e.g., 
via mechanical stops) to solutions that maintain positive z-coordinates for all ci points. 
Generally, this workspace limitation reduces the possible solution set for the 0ci
RUS  
positions to a single solution, assuming geometric constraints are appropriately 
observed. However, special treatment is necessary to deal with the one active joint state 
that causes the two nearest ci and cj points to be equidistant from bi (i.e., select the 
solution that maintains motion continuity). 
Determination of the End-Effector Orientation 
The final task in the forward kinematics process is to determine the end-effector’s 
orientation with respect to the local reference frame {0}RUS. This orientation, given by the 
0
4R
RUS  rotation matrix, can be constructed from the 0ci
RUS  solutions from the preceding 
paragraphs. To start, since the {4}RUS frame’s 
4zˆ
RUS  axis is normal to the plane containing 
all three ci points, it is given by: 
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    
   
0 0 0 0
3 2 1 20
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3 2 1 2
c c c c
ˆ
c c c c
z
  
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RUS RUS RUS RUS
RUS
RUS RUS RUS RUS
 (3.17) 
Next, the direction of the 
4xˆ
RUS  axis is provided by a vector originating at c2 and leading to 
the halfway point of the vector pointing from c3 to c1 (see Figure 3.2), so: 
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3 2 1 3
0
4
0 0 0 0
3 2 1 3
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c c c c
2ˆ
1
c c c c
2
x
  

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RUS RUS RUS RUS
RUS
RUS RUS RUS RUS
 (3.18) 
Finally, the third axis of {4}RUS is yielded from the cross product of the previous two, and 
the 0
4R
RUS  matrix can then be fully populated: 
 0 0 0 0
4 4 4 4
ˆ ˆ ˆx y z   R
RUS RUS RUS RUS , where 0 0 0
4 4 4
ˆ ˆˆy z x RUS RUS RUS  (3.19) 
This completes the forward kinematics procedure. 
3.2.4. Kinematic Analysis Verification 
Since the inverse and forward kinematic analyses were developed as a novel 
contribution, simulation-based verifications have been conducted to confirm their 
correctness. The verification procedure involved kinematic algorithm development using 
MATLAB’s SimMechanics software and CAD modeling with SolidWorks, as will be 
described further in the subsections below. Table 3.1 lists the design parameters for the 
RUS manipulator selected during the verification study. Note that the chosen parameter 
set produces an angle of 51.1137 degrees (i.e., with respect to the 
0xˆ
RUS -
0yˆ
RUS  plane) for 
each joint variable 
i
RUS  when the manipulator is arranged in its home configuration. 
Furthermore, to facilitate the presentation of end-effector orientation results, the Tait-
Bryan roll-pitch-yaw convention is used to derive Euler angles from rotation matrices: 
 
 2 231 11 21atan2 ,Y p p p    RUS , 21 11atan2 ,Z
Y Y
p p
c c

 
 
  
 
RUS
RUS RUS
, and 
32 33atan2 ,X
Y Y
p p
c c

 
 
  
 
RUS
RUS RUS
 
(3.20) 
This applies when the end-effector orientation is expressed as: 
51 
 
11 12 13
0
4 21 22 23
31 32 33
p p p
p p p
p p p
 
 
 
  
NR
RUS  and 
     04 Z Z Y Y X X
Z Y Z Y X Z X Z Y X Z X
Z Y Z Y X Z X Z Y X Z X
Y Y X Y
c c c s s s c c s c s s
s c s s s c c s s c c s
s c s c
  
           
           
   
 
 
 

SR R R R
RUS RUS RUS RUS
RUS RUS RUS RUS RUS RUS RUS RUS RUS RUS RUS RUS
RUS RUS RUS RUS RUS RUS RUS RUS RUS RUS RUS RUS
RUS RUS RUS
Xc
 
 
 
 
 
RUS RUS
 
(3.21) 
in which a ‘N’ subscript denotes a numerical representation and an ‘S’ subscript denotes 
symbolic representation. The positive square root term is chosen for 
Y
RUS  to maintain a 
range of [–90   90] degrees in accordance with the device’s workspace limitation. The 
roll-pitch-yaw convention is revisited in the complete-system analysis of Section 5.2.  
Table 3.1. RUS manipulator design parameters employed for kinematic 
verifications 
Parameter (i.e., for i = 1, 2, 3) Value (mm) 
  
Distal Link Length, ld 120 
Proximal Link Length, lp 120 
Base Link Outer Radius, 0 a i
RUS  200 
Spherical Joint Connection Radius, 0 ci
RUS  65.6220 
Spherical Joint Separation Distance, le 86.6025 
  
 4
1c
RUS  = [25.2500   36.8061   42.5000]T 
Spherical Joint Connection Points (End-Effector Frame): 4
2c
RUS  = [–42.5000   0   42.5000]T 
 4
3c
RUS  = [21.2500   –36.8061   42.5000]T 
 
Inverse Kinematic Algorithm Validation 
The first step of the inverse kinematics verification process was to prepare a 
computer-aided design (CAD) model assembly using SolidWorks. The model was then 
exported and converted for use in MATLAB’s SimMechanics simulation environment. 
Next, the simulation model’s end-effector was directly provided with three time-varying 
signals for the Euler angles that define its spatial orientation per Equation (3.21). 
Specifically, the following signals were used on the basis that they produce a wide 
variety of end-effector orientations for validity testing: 
 
 0.2sin 5X t 
RUS , 0.25sin 4
6
Y t


 
  
 
RUS
, and 0.3sin 0.3
3
Z t


 
  
 
RUS
 (3.22) 
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Additionally, the inverse kinematic algorithm was coded alongside the SimMechanics 
simulation blocks (i.e., within the Simulink graphical programming environment) and 
provided with the same end-effector orientation inputs. Finally, virtual position sensors 
were connected to the SimMechanic model’s active joints to record the angular state 
signals corresponding with the end-effector’s simulated motions. For each active joint, 
Figure 3.6 shows an overlay of the joint signal results obtained from the two independent 
sources: the coded inverse kinematic algorithm and the simulation’s virtual sensors. The 
agreement between the algorithm and simulation results suggests that the inverse 
kinematics solution developed in Subsection 3.2.2 is valid. 
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Figure 3.6. Active joint angle vs. time plots produced from an inverse kinematic 
algorithm and simulation to confirm analysis correctness 
Forward Kinematic Algorithm Validation 
In practice, the forward kinematic algorithm employs a numerical approximation 
method to find one or more possible solutions for Equations (3.14)–(3.16), which yield 
the ci point positions. As a result, it is more computationally expensive than the inverse 
kinematic algorithm, so the forward kinematic algorithm considers a set of three single-
configuration examples instead of continuous-time signals. The validation is fulfilled by 
comparing forward kinematic algorithm results with those obtained by arranging the 
simulation model’s active joints in accordance with the considered configurations. A 
virtual sensor was again used to measure the model’s end-effector orientation. 
For the first manipulator configuration considered, active joint values are set to: 
 30i  
RUS  for i = 1, 2, 3 (3.23) 
Given the rotational symmetry of the RUS manipulator, the expectation is that these 
active joint values will produce an end-effector rotation exclusively about the 
0zˆ
RUS  axis. 
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Upon substituting the design parameters and active joint angles into Equation (3.12) of 
Subsection 3.2.3, the bi i
RUS  positions are computed as: 
 96.0770
b 0
60
i
i
 
 
 
  
RUS mm for i = 1, 2, 3 (3.24) 
The coordinates above are equal for each branch universal joint because they are 
represented with respect to their corresponding branch-specific frame {i}RUS. When 
expressed in the local reference frame {0}RUS per Equation (3.13), the positions become: 
 
0
1
96.0770
b 0
60
 
 
 
  
RUS mm, 0
2
48.0385
b 83.2051
60
 
 
 
  
RUS mm, and 0
3
48.0385
b 83.2051
60
 
  
 
  
RUS mm (3.25) 
As mentioned earlier, a numerical method is then used to determine all possible 
solutions for the ci positions given the geometric constraints corresponding to Equations 
(3.14)–(3.16). Next, per the selection criteria outlined in Subsection 3.2.3, 0ci
RUS  
solutions with negative z-coordinates are rejected. This yields a single solution set: 
 
0
1
12.2973
c 48.4642
42.5000
 
 
 
  
RUS mm, 0
2
35.8226
c 34.8818
42.5000
 
  
 
  
RUS mm, and 0
3
48.1199
c 13.5823
42.5000
 
  
 
  
RUS mm (3.26) 
The 0ci
RUS  solutions lead to a fully-defined 0
4 NR
RUS  matrix from Equations (3.17)–(3.19): 
 
11 12 13
0
4 21 22 23
31 32 33
0.9264 0.2640 0.2685
0.2140 0.9558 0.2015
0.3098 0.1292 0.9420
p p p
p p p
p p p
   
     
   
      
NR
RUS  (3.27) 
Finally, Euler angles can be derived from the 0
4 NR
RUS  matrix using Equation (3.20) to 
yield: 
 0X  
RUS , 0Y  
RUS , and 44.2377Z  
RUS  (3.28) 
As expected, the equal active joint angles produced a pure rotation about the 
0zˆ
RUS  axis 
in this example. 
Repeating the approach undergone for the above example, two more 
manipulator configurations were analyzed to produce the results summarized in Table 
3.2. Subsequently, the simulation code established for the inverse kinematics verification 
was used with slight modification to validate the forward kinematics results. That is, the 
simulation model’s active joint angles were set to equal those used in each of the 
example configurations, and a virtual sensor was attached to the model’s end-effector to 
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measure 0
4 NR
RUS . The corresponding Euler angles were then derived per Equation (3.20). 
Ultimately, the algorithmic and simulation results matched to at least the number of digits 
presented for each of the example manipulator configurations considered, which 
supports the validity of the forward kinematics solution derived in Subsection 3.2.3. 
Table 3.2. Numeric example summary for the forward kinematics verification 
procedure of the RUS manipulator 
Example No. 2: 
1
RUS = 60°, 
2
RUS = 65°, and 
3
RUS = 58° 
  
1
1b
RUS = [140   0   103.9230]T mm 0
1b
RUS = [140   0   103.9230]T mm 
2
2b
RUS = [149.2858   0   108.7569]T mm 0
2b
RUS = [–74.6429   129.2853   108.7569]T mm 
3
3b
RUS = [136.4097   0   101.7658]T mm 0
3b
RUS = [–68.2048   –118.1343   101.7658]T mm 
  
0
1c
RUS = [55.6038   26.3629   22.7918]T mm 
X
RUS = –19.7198° 
0
2c
RUS = [–27.1140   39.5823   44.7697]T mm 
Y
RUS = 5.6925° 
0
3c
RUS = [7.4693   –39.4974   51.8692]T mm 
Z
RUS = –38.1977° 
  
Example No. 3: 
1
RUS = 50°, 
2
RUS = 55°, and 
3
RUS = 60° 
 
1
1b
RUS = [122.8655   0   91.9253]T mm 0
1b
RUS = [122.8655   0   91.9253]T mm 
2
2b
RUS = [131.1708   0   98.2982]T mm 0
2b
RUS = [–65.5854   113.5973   98.2982]T mm 
3
3b
RUS = [140   0   103.9230]T mm 0
3b
RUS = [–70   –121.2436   103.9230]T mm 
  
0
1c
RUS = [27.3475   47.0899   36.6184]T mm 
X
RUS = –7.8105° 
0
2c
RUS = [–53.1098   38.0944   5.8662]T mm 
Y
RUS = –18.0479° 
0
3c
RUS = [–19.8830   –22.1257   58.4925]T mm 
Z
RUS = –13.0091° 
3.2.5. Jacobian Analysis 
Background Information on the Jacobian Matrix 
The Jacobian matrix, J , transforms active joint velocities in the joint space to 
end-effector velocities in the end-effector space for both serial and parallel manipulators 
[142]. Joint space and end-effector space are vector spaces respectively comprised of 
the manipulator’s joints variables (i.e., active joint positions) and all the possible task 
coordinates of the end-effector. To be exact, two component Jacobian matrices form this 
relation as: 
 
q xq xJ J  (3.29) 
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where q  represents the set of joint variables, x  denotes the end-effector’s task space 
coordinates, and qJ  and xJ  are the Jacobian component matrices. For parallel 
manipulators, the overall Jacobian is constructed such that: 
  q x J , where 1q x
J J J  (3.30) 
As a result of this relationship, the Jacobian provides a means to linearly quantify the 
degree to which active joint errors (i.e., bounded differences  q ) translate to inaccuracy 
in the end-effector (i.e.,  x ) [143]. This quantification is fulfilled by a set of kinetostatic 
performance indices: manipulability, dexterity, and sensitivity. Each of these indices has 
a distinct physical significance on the kinematic performance of a manipulator, so they 
are often used as a metric for comparing manipulator designs or architectures. The 
discussion of these indices and their meanings is included in Subsection 3.2.6. 
Among other things, the Jacobian is also used to determine the singular 
conditions of a manipulator. Singular conditions exist at manipulator configurations that 
cause one or both Jacobian component matrices to have a determinant equal to zero. 
There are three types: an inverse kinematic singularity occurs when qJ  is singular; a 
direct kinematic singularity occurs when xJ  is singular; and a combined singularity 
occurs when both qJ  and xJ  are singular [142]. Arranging an orientation manipulators in 
an inverse or direct kinematic singularity configuration would respectively cause its end-
effector to become immovable in certain directions (i.e., lose one or more DOFs) or 
move without any change in position of the system’s active joints (i.e., gain one or more 
DOFs), respectively [142]. For combined singularities, both of those conditions can occur 
simultaneously for some infinitesimal motions. As these would undoubtedly affect the 
functionality of the proposed exoskeleton device, it is important to determine all active 
joint angle sets that produce singular conditions in the selected orientation manipulator. 
This is done in Section 3.6. In practice, the exoskeleton’s workspace should exclude any 
configuration that corresponds to a singularity in its orientation manipulator subsystem 
(e.g., via mechanical stops and/or limits coded in the system’s software, especially for 
actuated devices). 
Jacobian Formulation for the RUS Manipulator 
This subsection employs the conventional velocity vector-loop method, as 
described in [142], to generate the Jacobian matrix for the RUS manipulator. For a given 
point on a parallel manipulator’s structure, the velocity vector is developed by a vector 
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loop that meets at that point from two different directions. Moreover, one loop must be 
made for each active joint in the system, and every loop closure must contain vectors 
passing through the fixed base link, end-effector link, and all links of a branch. Generally, 
the velocities of the passive joints in each branch can be removed by multiplying the 
velocity vector-loop equation with a vector perpendicular to all vectors of the passive 
joint rates. Once the undesired passive joint rates are eliminated, the resulting equations 
can be combined to yield the Jacobian matrix. 
Recall from the start of Subsection 3.2.5 that q  is a vector containing the active 
joint variables and x  is a vector that defines the manipulator’s end-effector position and 
orientation. Since the RUS manipulator possesses three active revolute joints and three 
rotational DOFs at its end-effector, the qRUS  and xRUS  vectors can be written as:  
 T
1 2 3q      
RUS RUS RUS RUS  and 
T
X Y Zx      
RUS RUS RUS RUS  (3.31) 
As can be deduced from Figure 3.3, a loop-closure equation for the ith branch is: 
 a b b c a ci i i i i i i iO O  
RUS RUS  (3.32) 
where a bi i  is a vector spanning the distal link from point ai to bi and b ci i  is a vector from 
bi to ci on the proximal link. Likewise, a i iO
RUS  is a vector originating at ai and leading to 
iO
RUS
, and ci iO
RUS  completes the loop by connecting iO
RUS  to ci. These latter two vectors 
represent the fixed base link vector and end-effector link vector, respectively. Note that 
iO
RUS  represents the RUS’s COR and origin of the branch-specific frames; it is coincident 
with 0O
RUS , the local reference frame origin. Performing the time-derivate of Equation 
(3.32) formulates a velocity vector-loop equation: 
 0ˆ ˆ ˆcd abi p pi bci i Ocil q s l s x s    
RUS RUS RUS  (3.33) 
where 
aˆbis , bˆcis , and ˆOcis  are unit vectors pointing along a bi i , b ci i , and ci iO
RUS , 
respectively; pi  is the angular velocity of the proximal link on the i
th branch. To remove 
this passive joint rate, the dot product of both sides of Equation (3.33) with bˆcis  is 
performed: 
    0ˆ ˆ ˆ ˆcd abi bci i Oci bcil q s s x s s  
RUS RUS RUS  (3.34) 
When written once for each manipulator branch i = 1, 2, and 3, Equation (3.34) 
can be arranged to form the two component Jacobian matrices: 
 
q xq xJ J
RUS RUS  (3.35) 
where the qJ
RUS  and 
xJ
RUS  matrices are given by [156]: 
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  
 
 
T
1 1
T
2 2
T
3 3
ˆ ˆ
ˆ ˆ
ˆ ˆ
d ab bc
x d ab bc
d ab bc
l s s
l s s
l s s
 
 
  
 
  
J
RUS  and 
 
 
 
0
1 1
0
2 2
0
3 3
ˆ ˆc 0 0
ˆ ˆ0 c 0
ˆ ˆ0 0 c
i Oc bc
q i Oc bc
i Oc bc
s s
s s
s s
 
 
  
 
  
J
RUS
RUS RUS
RUS
 
(3.36) 
Therefore, the complete Jacobian matrix for the 3-RUS/S manipulator is: 
  
1
q x

 J J JRUS RUS RUS
 
 
 
 
 
 
1
0 T
1 1 1 1
T0
2 2 2 2
T
0
3 33 3
ˆ ˆc 0 0 ˆ ˆ
ˆ ˆ ˆ ˆ0 c 0
ˆ ˆˆ ˆ0 0 c
i Oc bc d ab bc
i Oc bc d ab bc
d ab bci Oc bc
s s l s s
s s l s s
l s ss s

    
   
    
   
      
RUS
RUS
RUS
 
(3.37) 
3.2.6. Performance Indices 
With its Jacobian matrix developed, the RUS manipulator’s performance indices 
can now be formulated. These indices are a function of the end-effector’s task space 
coordinates, of which there are three. However, upon calculating and analyzing the 
performance indices, only two of the end-effector’s rotations will be considered as 
independent variables while the third remains in its neutral home-configuration value. 
This allows the index values to be visualized as a surface that varies in height with 
changes in the values of the two selected task coordinates. Moreover, only the pairings 
of 
X
RUS  with 
Y
RUS  and 
X
RUS  with 
Z
RUS  as independent variables will be considered, 
because the rotational symmetry of the RUS causes the third possible pairing to be a 
rotated version of the latter. If the RUS manipulator is selected for inclusion in the 
forthcoming exoskeleton design, the pairing that achieves the best performances will be 
matched with the human joint rotations that involve the greatest ranges-of-motion. 
Finally, the design parameters listed in Table 3.1 are used in the performance index 
formulations below, and a range of [–0.2   0.2] radians is considered for the task 
coordinate workspace of the manipulator during the studies. Note that within the context 
of frame rotations in this thesis, a prime symbol ( ' ) denotes a current-frame (i.e., 
intrinsic) rotation; a double-prime ( '' ) signifies a secondary intrinsic rotation (i.e., about 
the updated frame following a first intrinsic rotation). 
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Manipulability 
For parallel manipulators, articular forces and end-effector positioning errors tend 
to become very large near singular configurations [143]. Therefore, in terms of analyzing 
parallel-manipulator design, the ability to quantify proximity to a singular configuration is 
quite valuable. Manipulability is the performance indices used to make this 
quantification. It can also be interpreted as a measurement of a manipulator’s capacity to 
transfer a particular velocity to its end-effector from its active joints [158]. For 
nonredundant manipulators, Yoshikawa defined the manipulability measure as the 
absolute value of the Jacobian’s determinant [159]: 
  abs  J  (3.38) 
where  abs  denotes absolute value and  signifies matrix determinant. 
Geometrically, manipulability represents the volume of the ellipsoid that results 
when a unit sphere is mapped from a manipulator’s n-dimensional joint space into 
Cartesian space via the Jacobian matrix and a constant proportionality factor [160], 
where n is the number of active joints contained within the manipulator. Now, the level of 
performance achieved by a manipulator in uniformly transmitting velocity to its end-
effector in all directions of motion is positively correlated to the isotropy of its 
manipulability ellipsoid [161]. The isotropy index for manipulability is defined as [162]: 
 
min
iso
max



  (3.39) 
where max  and min  are, respectively, the maximum and minimum singular values of the 
Jacobian. This isotropy index for manipulability is the first performance indicator that will 
be used to compare candidate orientation manipulators in Section 3.5. Its value lies in 
the range of [0   1]. If a manipulator achieves the upper limit of 1 for a given 
configuration, it can transmit velocity uniformly from its active joints to its end-effector 
along all applicable directions. Contrarily, a value of 0 occurs at singular configuration, 
which prevents velocity transmission to the end-effector in one or more directions or 
permits end-effector motion without the active joints changing their positional states. 
Figure 3.7 presents surface plots the isotropy index for manipulability of the RUS 
manipulator for the two end-effector task coordinate pairings selected above. The figure 
also shows the variability in the index across the considered manipulator workspace. As 
per the norm for parallel manipulators, the manipulability value is greatest near its home 
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configuration (i.e., when the end-effector angles both have a value of 0). The 
X
RUS -
Y
RUS  
pairing displays a greater average manipulability than the 
X
RUS -
Z
RUS  pairing, but both 
schemes achieve approximately the same variability. 
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Figure 3.7. Surface plots and box plots of the RUS’s manipulability for an end-
effector range of [–0.2   0.2] radians and two rotation angle pairings 
Dexterity (Condition Number) 
For orientation parallel manipulators, such as the candidate devices discussed 
throughout this chapter, the articular position measurements of the active joints are used 
to determine the spatial orientation of the end-effector. Therefore, any errors in the 
articular measurements lead a discrepancy between the expected and actual end-
effector orientation [143]. This discrepancy can be quantified as the product of the errors 
in active joint positions and an amplification factor, which Stoughton and Arai designate 
as the condition number, k [163]. The kinematic accuracy of a manipulator depends on 
its condition number, which is formulated from the Jacobian as [163]–[165]: 
 1k  J J  (3.40) 
where J  is the Jacobian’s 2-norm: 
 
T1tr
n
 
  
 
J JJ  (3.41) 
Recall that n represents the number of active joints in the manipulator and, thus, the 
dimension of the Jacobian matrix;  tr  denotes the matrix trace function. 
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Now, the local dexterity index, ν, has been adopted as the measure of a 
manipulator’s kinematic accuracy [166]. This performance criterion is given by the 
inverse of the condition number: 
 
1
1 1
k


 
J J
 (3.42) 
Like the isotropy index for manipulability, local dexterity is limited in value from 0 to 1. 
Again, 0 corresponds with a singularity condition in the Jacobian. Higher values indicate 
greater accuracy in end-effector motion generation for a given manipulator configuration, 
and a value of 1 for the local dexterity index denotes isotropy [162]. 
Figure 3.8 shows the local dexterity results for the two end-effector rotation 
combinations considered for the RUS manipulator. Similar to the isotropy index for 
manipulability, the performance is again greatest when the manipulator is posed in the 
vicinity of its home configuration and falls as it departs from that configuration. When 
X
RUS  and 
Y
RUS  are treated as the independent variables in the index’s formulation, a 
greater average dexterity and lesser variability in dexterity is achieved across the 
considered manipulator workspace than when the 
X
RUS -
Z
RUS  pairing is used. This 
supports an exoskeleton design that matches the 
X
RUS  and 
Y
RUS  rotations of the RUS 
with the two largest range-of-motion DOFs of the targeted human joint. 
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Figure 3.8. Surface plots and box plots of the RUS’s dexterity for an end-
effector range of [–0.2   0.2] radians and two rotation angle pairings 
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Rotational Sensitivity 
The practical meaning associated the rotational sensitivity index is the degree to 
which active joint displacements affect a parallel manipulator’s end-effector orientation. 
Specifically, Cardou et al. define it as the maximum-magnitude rotation of the end-
effector induced by a unit-norm displacement in an active joint [160]. As such, the index 
is given by: 
 
r  J  (3.43) 
where Cardou et al. recommend that either a 2-norm or ∞-norm is used to obtain the 
scalar sensitivity value [160]. The former is chosen for the performance analysis of each 
candidate manipulator in this chapter to provide consistent basis for comparison. Note 
that the rotational sensitivity index has a lower limit of 0, but unlike the previous indices, 
its value has an unbounded upper limit. Also in contrast to manipulability and dexterity, 
performance quality is generally negatively correlated with increased value of the 
sensitivity index; highly sensitive manipulator configurations may pose control 
instabilities, while end-effector positioning resolution improves with decreasing sensitivity 
value. 
Figure 3.9 presents the rotational sensitivity surface plots and variabilities for the 
two different task coordinate pairings and their evaluation workspace of [–0.2   0.2] 
radians. As can be observed from the surface plots, the RUS manipulator’s sensitivity 
tends to increase as its posture departs from the home configuration. Additionally, the 
average sensitivity and overall variability associated with the 
X
RUS -
Y
RUS  task coordinate 
pairing are lesser than those of the alternative pairing. Therefore, the former scheme is 
more robust regarding sensitivity. Because they are superior for all three of the 
considered indices, the performance values for the 
X
RUS -
Y
RUS  end-effector rotation 
pairing will be used during the candidate orientation manipulator comparison in Section 
3.5. 
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Figure 3.9. Surface plots and box plots of the RUS’s sensitivity for an end-
effector range of [–0.2   0.2] radians and two rotation angle pairings 
Global Manipulability Index for Optimizing the 3-RUS/S Design 
The manipulability, dexterity, and rotational sensitivity performance indices 
discussed above are considered local metrics because they only pertain to the selected 
design parameters used during their formulations (see Table 3.1). However, Gosselin 
has proposed the concept of a global performance index (GPI) as a means to evaluate 
performances associated with a varying selection of design parameters for a given 
manipulator workspace [167]: 
  PI dW
GPI
dW



 (3.44) 
where ‘PI’ indicates the performance index under global analysis and ‘W’ denotes the 
considered workspace. As such, the GPI yields the average value for a chosen 
performance index across all chosen workspace orientations. Iteratively computing the 
GPI for a set of different design parameters facilitates the performance comparison of 
various designs for the manipulator. Hence, the GPI concept lends itself to design 
optimization. 
The variables selected for the design optimization of the RUS manipulator are 
the ratio of a branch’s spherical joint connection radius to active joint connection radius 
(i.e., relative to the local reference frame origin: 0 0c ai i
RUS RUS ) and the end-effector-
frame height of the spherical joints (i.e., the shared z-coordinate of the 4ci
RUS  positions). 
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The latter will be represented by h here. Figure 3.10 presents the GPI results for 
manipulability when different combinations of these design variables are selected. The 
optimization solution takes the form of a linear function between the two design 
variables: 
 
 
0
4
0
c
0 0 1 c 334.6 0.5
a
i
i
i
h   
RUS
RUS
RUS
 (3.45) 
which corresponds to the peak line across the GPI surface plot. Note that the optimized 
design is very similar if obtained through use of dexterity or sensitivity as the GPI. Also 
note that the units for h should be millimeters to maintain consistency with the constant 
values in Equation (3.45). 
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Figure 3.10. Surface and contour plots of the RUS’s global manipulability in 
terms of the 0 0c ai i
RUS RUS  and h design variables and considering 
an end-effector range of [–0.2   0.2] radians for 
X
RUS  and 
Y
RUS  
3.3. Candidate #2: 3-RRR (Agile Eye) Parallel Manipulator 
For the second candidate orientation manipulator, the well-established Agile Eye 
(AE) manipulator discussed in Section 3.1 is taken into consideration. First developed by 
Gosselin and Hamel [145], this parallel manipulator’s architecture can be expressed as 
3-RRR because it comprises three branches that each have three revolute joints, the 
first of which being active. Figure 3.11 shows several schematic illustrations of the 
manipulator. The reader is referred to Appendix B or [168] for a review of the AE’s 
kinematic and Jacobian analyses along with details on its manipulability, dexterity, and 
rotational sensitivity performances for the same manipulator workspace as considered 
for the RUS. The journal article, which the author co-wrote, also reports experimental 
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findings from a preliminary evaluation of the AE for potential use in a hip exoskeleton 
system (i.e., based on its ability to track motions associated with human walking gait). 
Note that there are eight solutions associated with both the AE’s inverse and forward 
kinematics; interestingly, however, four of the forward kinematic assembly modes will 
always correspond to singular configurations in the manipulator [169]. 
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(R)
(R)
AE End-
Effector
 
Figure 3.11. Schematic illustrations of the AE in its home configuration from side 
and top views (left and middle) as well as an arbitrary posture (right) 
Note: All frames in the local scope of the Agile Eye have their origin coincident with the COR 
point. Also, the right-side image demonstrates the spherical motion achieved by the device, as all 
joint axes intersect the COR for any manipulator orientation. 
3.4. Candidate #3: (RR-RRR)R (Simplified Agile Eye) Hybrid 
Manipulator 
The third candidate orientation manipulator is based on the Simplified Agile Eye 
(SAE) developed by Gosselin and Caron [170]. As its name implies, the SAE is a 
simplified version of the original Agile Eye mentioned in Section 3.3 above. 
3.4.1. Kinematic Architecture 
The SAE’s architecture can be represented as RR-RRR, because one branch 
connects its base to its end-effector via an active revolute joint serially connected to a 
passive revolute joint, and the other branch is comprised of an active revolute joint 
followed by two passive revolute joints. Each joint is aligned perpendicularly to its 
adjacent joint(s) from the same branch. Like the original Agile Eye, all the SAE’s joint 
axes intersect at a common point, the end-effector’s COR, for all configurations in the 
parallel manipulator’s workspace. It is also a spherical manipulator. Whereas the SAE 
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alone has two DOFs, if another active revolute joint is attached to the SAE’s end-effector 
such that the new joint’s axis intersects the other joint axes at the same common point, 
the resulting hybrid manipulator can achieve 3-DOF spherical motions about the COR at 
its new end-effector (i.e., the final active joint’s output link). The hybrid manipulator’s 
architecture can thus be denoted as (RR-RRR)R, where the brackets indicate that the 
final joint is connected to the isolated SAE’s end-effector. Such a hybrid version was 
previously used as part of a 6-DOF haptic device for a Virtual Reality system in [171]. 
Figure 3.12 shows three schematic models of the SAE that help establish the 
joint, link, and frame notations used in the kinematic analyses to follow. On the left side 
of the figure, the hybridized SAE is shown in its home configuration, for which all active 
joint variables are assigned a zero value. The left-side image also includes labels for the 
manipulator’s links, joints, and COR point. This COR is selected as the origin for all link 
frames, including the local reference frame. The middle image of Figure 3.12 illustrates 
the isolated SAE parallel manipulator (i.e., RR-RRR without the third active joint) and the 
first three link frames used in its kinematic analyses: {0}SAE, {1}SAE, and {2}SAE. Note that 
frame {0}SAE is the local reference frame fixed to the manipulator’s base link. The middle 
image also shows three unit-length direction vectors, uˆ , vˆ , and wˆ , that identify the 
positions of the SAE’s passive joints in their positive directions. Finally, the right-side 
image of Figure 3.12 shows a schematic of the hybridized SAE, including the frame 
attached to the link that the final active joint adds to the manipulator (i.e., the hybrid 
SAE’s end-effector). 
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Figure 3.12. Schematic of the SAE with joint and link labels (left), isolated SAE 
(middle) and hybrid SAE (right) with frame and joint variable labels 
Note: Given the directional assumptions for the active joints shown in the left image, the signs 
of the values associated with 1
SAE , 2
SAE , and 3
SAE  in the middle and right images would be 
negative, positive, and negative, respectively. 
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The local reference frame {0}SAE is oriented such that its 
0xˆ
SAE  axis is collinear 
with active joint SAE
1J  and its 0yˆ
SAE  axis is collinear with active joint SAE
2J ; this is possible 
because of the orthogonal arrangement of SAE
1J  and 
SAE
2J . Applying the rotational right-
hand rule to Figure 3.12, note that SAE
1J  shares direction with 0xˆ
SAE , whereas the direction 
of SAE
2J  opposes that of 0yˆ
SAE . Next, frame {1}SAE is defined such that the following 
equalities are true for all manipulator configurations: 
 
1 0
ˆ ˆy ySAE SAE  and 1 ˆzˆ w
SAE  (3.46) 
Now, by the design of links SAEAL , 
SAE
B1L , 
SAE
B2L , and 
SAE
C1L , uˆ  and vˆ  are orthogonal, and vˆ  
and wˆ  are orthogonal. It follows that frame {2}SAE (i.e., the isolated SAE end-effector 
frame) is defined such that: 
 
2
ˆ ˆy uSAE  and 2ˆ ˆx v
SAE  (3.47) 
Lastly, frame {3}SAE has its 
3zˆ
SAE  axis equal to 
2zˆ
SAE  for all manipulator configurations, and 
its 
3xˆ
SAE and 
3yˆ
SAE  axes are defined to assert that: 
 0 0 0
1 2 3 3 3  R R R I
SAE SAE SAE  (3.48) 
when the hybrid SAE is arranged in its home configuration. 
3.4.2. Inverse Kinematic Analysis 
The 2-DOF SAE’s creators indicate that its inverse kinematics is trivial [172], and 
its kinematic analyses have been previously published in [173] and [174], where the 
latter treats the manipulator more generally as a spherical four-bar linkage. Additionally, 
the original 3-DOF Agile Eye’s kinematics have been documented extensively in [138], 
[147]–[150], [169], [175]. For completeness, the inverse kinematics solution for the SAE 
is reformulated below with an approach similar to that found in [149] for the original Agile 
Eye. This section considers the inverse kinematics problem for both the isolated SAE as 
well as the hybrid (RR-RRR)R manipulator, beginning with the former. 
Isolated 2-DOF SAE 
Per the definition of the inverse kinematics problem for a generalized 
manipulator, the position and orientation of the isolated SAE’s end-effector frame {2}SAE 
is numerically given at the start of this analysis: 
67 
 
11 12 13
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21 22 230 2 3 1
2
31 32 33 1 3
0
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0 0 1
0 0 0 1
q q q
q q q
q q q


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   
 
 
N
N
R
T
SAE
SAE
 (3.49) 
where each term ijq  for i, j = 1, 2, 3 is known. Since the manipulator’s COR is selected 
as the origin for all link frames, including the local reference frame, each homogeneous 
transform has a zeroed position vector (i.e., 
3 10  ) in the top three rows of the matrix’s 
fourth column. Consequently, the remainder of the kinematic analyses will only consider 
rotation matrices. 
As shown in Figure 3.12 and discussed above, the 
2yˆ
SAE  axis of 0
2 NR
SAE  identifies 
the position of joint Ju, which is connected to active joint 
SAE
1J  via link 
SAE
AL . In fact, the y-
component of 0
2yˆ
SAE  represents  1 SAEcos  while the z-component of 0 2yˆSAE  represents 
 1 SAEsin . This is more obvious if the symbolic 02 SRSAE  rotation matrix is composed using 
ordered X then Y' Euler angles; the X rotation angle is 
1
SAE  for this order, given the 
direct connection from SAE
1J  to the end-effector through 
SAE
AL : 
 
11 12 13
0 0
2 21 22 23 2 ' 1 1 1 1
31 32 33 1 1 1
0
,XY
q q q c s
q q q s s c s c
q q q c s s c c
 
      
    
   
       
   
      
N SR R R
SAE SAE SAE SAE SAE SAE
SAE SAE SAE
 (3.50) 
where β is the unknown Y' rotation angle. The active joint angle 
1
SAE  is thus given by: 
  1 32 22atan2 ,q q 
SAE  (3.51) 
Next, recalling that frame {1}SAE is defined such that the z-axis of 0
1R
SAE  identifies 
wJ  and noting the connection of wJ  to 
SAE
2J  via link 
SAE
B1L , 
0
1R
SAE  can be symbolically 
defined in terms of 
2
SAE  as follows: 
 
 
2 2
0
1 2
2 2
0
0 1 0
0
Y
c s
s c
 

 
 
 
    
 
 
SR R
SAE SAE
SAE SAE
SAE SAE
 where 
2
1
2
ˆ ˆ 0
s
w z
c


 
 
   
 
 
SAE
SAE
SAE
 (3.52) 
By the design of link 
SAE
B2L , vˆ  and wˆ  are orthogonal, and vˆ  is given by 
0
2xˆ
SAE . Therefore, 
the dot product between the two vectors yields an equation in terms of 2
SAE : 
 
   
2 11
21 11 2 31 2
2 31
ˆ ˆ 0 sin cos 0
s q
w v q q q
c q

 

   
            
     
SAE
SAE SAE
SAE
 (3.53) 
Consequently, there are two solutions for 2
SAE : 
  2 31 11atan2 ,q q   
SAE  (3.54) 
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Physically, the two solutions correspond to the SAEB1L -
SAE
B2L  link branch being below or 
above the isolated SAE end-effector’s top surface, respectively. For the design under 
evaluation, this branch is positioned above the end-effector’s top surface for zeroed 
values of 
1
SAE  and 
2
SAE , so the solution involving 
31q  and 11q  from Equation (3.54) is 
selected as the appropriate one (i.e., 
2
SAE  should equal zero if 0
2 NR
SAE  is 
3 3I ). Note that if 
the arrangement of branches connecting the base to link SAEC1L  were swapped (i.e., if the 
base- SAEB1L  connection position was mirrored in the 0xˆ
SAE -
0zˆ
SAE  plane, all else unchanged), 
then the SAE
2J  joint direction would be the same as that of 0yˆ
SAE ; as a result, the solutions 
for 
2
SAE  would become: 
  2 31 11atan2 ,q q  
SAE  (3.55) 
and the solution involving 
11q  would be appropriate for that alternative assembly 
scheme. This completes the inverse kinematic analysis for the isolated SAE, where 
Equations (3.51) and (3.54) provide the final solutions for the active joint angles. 
Hybrid 3-DOF SAE 
If a third active revolute joint is mounted on the 2-DOF SAE end-effector such 
that its axis of action coincides with 
2zˆ
SAE , then the inverse kinematics procedure must be 
adjusted. First, the problem assumes that the orientation of the hybrid SAE’s end-
effector frame {3}SAE is given numerically: 
 
11 12 13
0
3 21 22 23
31 32 33
r r r
r r r
r r r
 
 
 
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NR
SAE  (3.56) 
where each of the nine matrix elements has a known value. In this new case, the hybrid 
manipulator’s end-effector orientation includes an additional rotation about the 
2zˆ
SAE  axis. 
Therefore, the numerical end-effector orientation can be equated to a symbolic rotation 
matrix constructed from the intrinsically-ordered X-Y'-Z'' Euler angle set: 
 
 0 03 3 ' '' , ,XY Z
c c c s s
s s c c s s s s c c s c
c s c s s c s s s c c c
    
              
           
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 
    
N SR R R
SAE SAE  (3.57) 
which in turn has the two inverse kinematic solution sets: 
 
 2 213 11 12atan2 ,r r r    , 23 33atan2 ,r r
c c

 
 
  
 
, and 12 11atan2 ,
r r
c c

 
 
  
 
 (3.58) 
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A direct connection exists from SAE
1J , acting along the 0xˆ
SAE  axis, to link SAEC1L  via 
SAE
AL . Similarly, there is a direct connection from 
SAE
3J , acting along the coaxial 2zˆ
SAE  and 
3zˆ
SAE  axes, to the hybrid manipulator’s end-effector. Because these two conditions are 
true, the following equations are valid: 
 
1 
SAE  and 
3 
SAE  (3.59) 
The positive-root solution for β from (3.58) is selected as the appropriate one for the 
present design, because it yields zeroed values for 
1
SAE and 
3
SAE when 0
3 NR
SAE  is the 
3 3I  
identity matrix. Finally, 0
2 NR
SAE  can be reconstructed by substituting the selected solutions 
for β and 
1
SAE  from Equations (3.58) and (3.59) into Equation (3.50), and then 
2
SAE  can 
be solved using the appropriate selection from Equation (3.54), given the intended 
manipulator assembly. This yields solutions for each active joint angle, thus completing 
the inverse kinematic analysis for the hybrid SAE. 
3.4.3. Forward Kinematic Analysis 
An advantage of the SAE over the original Agile Eye architecture is that the 
former has a simpler forward kinematic analysis, which permits only four assembly 
modes in contrast to the AE’s eight possible assembly modes [172]. Like Subsection 
3.4.2, this subsection addresses the forward kinematics problem for the SAE in two 
parts: the 2-DOF SAE in isolation, and then the hybrid SAE. 
Isolated 2-DOF SAE 
The values of active joint angles 
1
SAE  and 
2
SAE  are known for the forward 
kinematics problem, and the desired output is the orientation of frame {2}SAE (i.e., 
numerically as 0
2 NR
SAE ). To start this analysis, the symbolic 0
2 SR
SAE  matrix can be 
constructed the same way as in Equation (3.50) during the inverse kinematics 
development: 
 
   02 1 ' 1 1 1
1 1 1
0
X Y
c s
s s c s c
c s s c c
 
      
    
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 
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SR R R
SAE SAE SAE SAE SAE
SAE SAE SAE
 (3.60) 
Thus, the forward kinematics solution requires solving for the unknown angle denoted by 
β. 
From their definitions, vˆ  and wˆ  can be expressed as: 
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 (3.61) 
Next, the orthogonality of vˆ  and wˆ  yields: 
 
2 1 2
ˆ ˆ 0w v c s c c s        SAE SAE SAE  (3.62) 
Since 
1
SAE  and 
2
SAE  are known, β has two solutions: 
  2 1 2atan2 ,s c c    SAE SAE SAE  (3.63) 
which physically represent the SAE’s link SAEC1L  being upright or upside-down. For the 
present design, zeroed 
1
SAE  and 
2
SAE  values should produce 3 3I  upon substitution into 
Equation (3.63) followed by (3.60), so the solution with negative sine and positive cosine 
terms in Equation (3.63) is selected. Note that if the SAE is constructed with swapped 
connections from the base to link SAEAL  and base to link chain 
SAE
B1L -
SAE
B2L , the only forward 
kinematics adjustment is that β is computed as: 
  2 1 2atan2 ,s c c     SAE SAE SAE  (3.64) 
where the positive-term solution is appropriate for an upright assembly mode. 
Hybrid 3-DOF SAE 
When the active revolute joint SAE
3J  is attached to link 
SAE
C1L  to complete the hybrid 
orientation manipulator, as illustrated in Figure 3.12, the forward kinematics problem 
requires a solution for 0
3 NR
SAE . Because it acts along the 
2zˆ
SAE  axis, this additional joint 
simply adds an intrinsic z-axis rotation to the matrix developed in Equation (3.60), 
yielding: 
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1 3 1 3 1 3 1 3 1
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SAE SAE SAE SAE SAE SAE SAE SAE SAE
 (3.65) 
where β is known from Equation (3.63) and 
1
SAE  and 
3
SAE  are known for the forward 
kinematics problem. Thus, Equations (3.63) and (3.65) represent the forward kinematics 
solution for the hybridized 3-DOF SAE. 
The SAE’s inverse and forward kinematic analyses are new contributions insofar 
as the author has researched. A series of soundness checks were performed on a 
simulation model to verify that the kinematic algorithms produced reasonable results. 
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This was done for end-effector motions that can be visually confirmed (e.g., pure 
rotations about each of the local reference frame axes). However, given the simplicity of 
these analyses along with the highly analogous approach of their development to the 
proven AE kinematic analyses, development of a plot demonstrating kinematic analysis 
verification for the SAE is foregone for the sake of brevity. 
3.4.4. Jacobian Analysis 
Recall from the beginning of Chapter 3 that q  and x  respectively denote the 
active joint variables and angle set defining the orientation of an orientation 
manipulator’s end-effector. Thus, in the context of the SAE, these vectors are: 
 1
2
q


 
  
 
SAE
SAE
SAE
 and x


 
  
 
SAE
 (3.66) 
where 
 1 
SAE  and  2 1 2atan2 ,s c c     SAE SAE SAE  (3.67) 
Because the final active joint cannot contribute to the development of a singular 
configuration, the hybridized form of the SAE is not considered here in its Jacobian 
analysis. Taking the time-derivatives of the two equations in Equation (3.67) yields: 
 
1 
SAE  and 
   
     
2
2 1 2 1 2 1 1 2 2
2 2 2
1 2 2
s s c c s c c
c c s
        

  
 


SAE SAE SAE SAE SAE SAE SAE SAE SAE
SAE SAE SAE
 (3.68) 
Expressing this in matrix form produces: 
 
   
1
2
22 1 2 1 2 1 2
1 0
s s c c s c c

      
   
   
     
SAE
SAESAE SAE SAE SAE SAE SAE SAE
 
     
2 2 2
1 2 2
1 0
0 c c s

  
   
   
    
SAE SAE SAE
 
(3.69) 
Thus, the Jacobians of the isolated SAE are: 
 
   
2
2 1 2 1 2 1 2
1 0
q
s s c c s c c      
 
 
   
J
SAE
SAE SAE SAE SAE SAE SAE SAE
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     
2 2 2
1 2 2
1 0
0
x
c c s  
 
 
  
J
SAE
SAE SAE SAE
, and  
1
q x

J J JSAE SAE SAE  
(3.70) 
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3.4.5. Performance Indices 
In this subsection, the SAE’s manipulability, dexterity, and sensitivity 
performance indices have been computed using the same methods as discussed in 
Subsection 3.2.6 for the RUS manipulator. Figure 3.13 shows surface plots and box 
plots of each index for the SAE manipulator. Since the Jacobian matrix was derived for 
the isolated SAE, there is only one pairing option for the independent variables in the 
indices’ surface plots: the two angles that define the orientation of the isolated SAE end-
effector (i.e., α and β). From Subsection 3.2.6, the rotation pairing that achieves the best 
manipulator performance should be matched with the largest movements of its target 
joint in the exoskeleton design. Because these movements are normally 
flexion/extension and abduction/adduction for the hip and ankle joints of the human 
lower limb, the implied assumption here is that the axes associated with the α and β 
rotations would both lie in the transverse plane of the subject’s body. Moreover, the 
considered workspace for these variables is [–0.2   0.2] radians, which is consistent with 
the performance index plots associated with the previous candidate manipulators. 
Finally, note that a GPI for optimizing the design of the SAE is not derived because the 
SAE’s Jacobian matrix does not depend on the relative dimensions of its branch links. 
As a result, the relative sizes of the SAE’s links can be adjusted without inducing any 
changes in its performance, provided that essential design conditions are not violated 
(i.e., the orthogonality of adjacent joints). GPI analysis is also irrelevant for the original 3-
DOF Agile Eye for the same reasoning. 
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Figure 3.13. Surface plots and box plots of the SAE’s manipulability (left), 
dexterity (middle), and sensitivity (right) for a [–0.2   0.2] radians 
range in end-effector orientation angles α and β 
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3.5. Comparison of the Candidate Orientation Manipulators 
and Selection 
To facilitate the selection of the most desirable orientation manipulator amongst 
the three candidates considered for implementation in the exoskeleton system, a 
decision matrix has been developed. First, however, Figure 3.14 provides a review of the 
three manipulator architectures for the reader’s reference. 
3-RUS/S 3-RRR (RR-RRR)R
 
Figure 3.14. Schematic models of the RUS (left), AE (middle), and SAE (right) 
orientation manipulators 
As shown in Table 3.3, the design criteria used to identify the best alternative 
are: the manipulator’s manipulability, dexterity, and rotational sensitivity indices as well 
as the number joints included in their designs. The scores assigned to each candidate 
regarding performance are based on the average index value achieved across the 
considered [–0.2   0.2] workspace. To obtain scores limited to the range of 1 to 10 (i.e., 
with larger values associating with a more desirable design than smaller values), the 
average index values have been multiplied by 10 for manipulability and dexterity. As 
smaller index values are preferable for rotational sensitivity, scores in its category have 
been developed by subtracting the average index values from 10. Furthermore, to 
promote distinction between the candidates’ scores, they include precision to the nearest 
tenth decimal place. 
The number of joints in the candidate manipulator designs is included in the 
decision matrix because it reflects three practically-significant factors: propensity for end-
effector positioning error, mechanical compactness, and fabrication complexity. From 
experience with parallel manipulator fabrication, physical joints contain imperfections 
that tend to add one or more unwanted DOFs (e.g., small radial or axial translations in 
revolute joints), albeit often with insignificant ranges when considered in isolation. 
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However, in the context of a complete parallel manipulator, undesirable movements in 
branch joints can compound into appreciable backlash at the end-effector and cause 
positioning errors. Next, the physical space occupied by the manipulator tends to 
increase with the number of joints, and consequently links, in its design. Although it may 
not a concern in some robotics applications, compactness is an especially important 
design consideration for exoskeletons; bulky designs tend to use more materials, which 
consequently increases system weight and cost. Functionally, bulkiness may encumber 
an exoskeleton’s user, while discretion is also a social concern for people who use an 
exoskeleton for mobility assistance. Lastly, the number of joints is correlated with a 
manipulator’s fabrication complexity. Simple designs generally involve less fabrication 
time and susceptibility to mechanical malfunctions than more complex ones. For all 
these reasons, it is preferable for a manipulator to possess a minimal number of joints. 
Accordingly, the scores for the joint number category are developed for each 
candidate as follows. The alternatives with the most and least joints are assigned scores 
of 1 and 10, respectively, and then the remaining candidate score is mapped between 
those limits such that the joint count differences relative to the other candidates are 
proportional to the corresponding score differences. Since universal joints constructed 
from two revolute joints with perpendicular and intersecting axes tend to be less costly 
and have a larger range of rotations than traditional universal joints (e.g., that of a drive 
shaft), each instance of a universal joint is counted as two joints; the revolute and 
spherical joints are both counted as one joint for each instance. Finally, the weighting 
between performance and joint count criteria is selected as a 60%-40% split, with each 
performance index taking on an equal weighting value. 
Table 3.3. Decision matrix for the orientation manipulator selection 
  Orientation Manipulator Alternatives 
Decision Criteria Weight RUS AE SAE 
Manipulability 2 5.4 8.0 9.8 
Dexterity 2 8.8 9.8 10.0 
Rotational Sensitivity 2 9.2 8.9 9.0 
Joint Count 4 1.0 6.1 10.0 
     
Score Total: 50.8 77.8 97.6 
Relative Rank: 3 2 1 
Note: The Relative Rank values order the candidates from most to least desirable in ascending order (i.e., 1 is 
most desirable and 3 is least desirable). 
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Normally it is good practice to evaluate the sensitivity of decision matrix results to 
changes in the criteria weighting. However, in this case, the SAE manipulator’s scores 
are superior to those of the other options for all decision criteria considered; thus, the 
SAE will be found the most desirable regardless of the weighting selections. Because 
the scores for each decision criteria are based on quantifiable properties of the 
candidate manipulators, there is very little subjectivity in the selection of the SAE as the 
best option for the given decision criteria. Moreover, although it is not considered in the 
decision matrix because it is difficult to quantify objectively in this case, the complexity of 
the inverse and forward kinematic algorithms associated with each manipulator is also 
important to consider. Greater complexity results in increased computational expense, 
which in turn limits the rate of output data in the case of real-time applications (e.g., 
mobility-assistance exoskeletons) and increases processing time for non-real-time 
applications (e.g., motion-capture exoskeletons that require post-processing of data). 
The kinematic algorithm may also influence electronic hardware selections due to its 
affect on code storage requirements and complexity level of the required computations. 
Ultimately, the SAE is also superior in this regard, because its kinematic algorithms 
should require the fewest number of computations if coded efficiently. 
One negative characteristic of the SAE is that it is a hybrid manipulator and not a 
true parallel manipulator like the RUS and AE. Therefore, the SAE does not fully attain 
the advantages of parallel manipulators over serial manipulator counterparts, such as 
improved payload-to-weight ratio (see Subsection 2.2.1 for further details). However, 
since the focal objective in this thesis is to develop an unactuated exoskeleton for 
motion-capture (MoCap) applications, several of these advantages are irrelevant at 
present. If the immediate goal was to design and develop an actuated exoskeleton, the 
hybrid form of the SAE would be a more critical aspect to consider in the manipulator 
selection process. 
3.6. Singularity Analysis of the Selected Orientation 
Manipulator 
As mentioned in the Jacobian’s background information of Subsection 3.2.5, the 
functionality of the selected orientation manipulator diminishes at singular configurations. 
Therefore, the singular conditions of the SAE manipulator are identified and discussed in 
this section. Recall the third active joint of the hybrid SAE cannot contribute to the 
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development of a singular configuration, so the following discussion pertains to the 
isolated SAE unless stated otherwise.  
Per Equation (3.70), the qJ
SAE  Jacobian becomes singular when either or both 
 1 0 SAEcos  and  2 0 SAEcos , which occurs for 1 90 180d   SAE  or 
2 90 180d   
SAE , where d is an integer. If the latter inverse kinematic singularity 
condition is met, then passive joint 
wJ  becomes coaxial with 
SAE
1J , which mechanically 
prevents instantaneous end-effector rotations about the 
0zˆ
SAE  axis. Even if the third active 
joint is added to form the 3-DOF hybrid version of the manipulator, SAE
1J  and 
SAE
3J  are 
coaxial and motions about that axis are locked (i.e., one DOF is lost). This condition 
concurrently causes the SAE end-effector to resist torques about 
0zˆ
SAE  without any 
torques applied from the active joints. The left side of Figure 3.15 illustrates an example 
of this inverse kinematic singularity. Next, given the orthogonality between uˆ  and vˆ  as 
well as between vˆ  and wˆ , the former singular condition corresponds to a physical 
situation in which all the 
uJ , vJ , and wJ  joint axes lie in the same plane. Thus, the 
manipulator loses its ability to rotate about its 
2zˆ
SAE  axis. That is, the SAE
2J  active joint 
becomes locked and 
1 
SAE  becomes the only available rotation via SAE
1J . The end-
effector can also resist torques about 
2zˆ
SAE  without action from the manipulator’s active 
joints for this singular configuration, as indicated in the middle image of Figure 3.15. 
Now, the 
xJ
SAE  Jacobian becomes singular when both  1 0 SAEcos and 
 2 0 SAEsin , occurring for 1 90 180d   SAE  and 2 180d  SAE  where d is an integer. 
This represents a direct kinematic singularity for which the passive uJ  and wJ  joints are 
aligned coaxially. Physically, this allows the SAE end-effector to rotate freely about these 
joint axes without any attendant rotations in any of the active joints, thus adding a DOF 
to link SAEC1L  rotations. Concomitant to the additional DOF, the SAE end-effector cannot 
resist torques about that axis. Moreover, this direct kinematic singularity condition 
includes the first inverse kinematic singular condition, so it always materializes as a 
combined singularity for which one uncontrollable DOF is added to the end-effector and 
one DOF is lost. As a consequence, the two inverse kinematic singularities cannot occur 
simultaneously without the manipulator physically breaking. Furthermore, within the 
combined singular condition, the possibility arises for both SAE
1J  and 
SAE
2J  active joints to 
become locked if vJ  becomes coaxial with 
SAE
2J . In this special circumstance, an 
infinitesimal rotation of passive joint wJ  unlocks 
SAE
1J , and a subsequent infinitesimal 
rotation of SAE
1J  unlocks 
SAE
2J . The middle and right-side images of Figure 3.15 
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respectively depict the general combined singularity and the special circumstance for 
which both active joints of the isolated SAE become locked. 
Inverse Kinematic Singularity Combined Singularity
Combined Singularity 
(Special Configuration)
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2xˆ
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Figure 3.15. Examples of the self-contained inverse kinematic singularity (left), 
general combined singularity (middle), and combined singularity’s 
special configuration (right) 
Note: Infinitesimal motions lost, torques resisted, motions gained, and torques that cannot be 
resisted by the SAE end-effector are denoted by L , R , F , and F , respectively (i.e., ‘F’ stands 
for ‘free’). 
Per manipulator-analysis theory, when the third active joint is added to create the 
hybrid SAE, a DOF in end-effector rotation is lost anytime SAE
3J  becomes coaxial with 
either SAE
1J  or 
SAE
2J . However, these alignments are encompassed by the isolated SAE’s 
singular conditions, as can be observed in Figure 3.15. Therefore, the SAE
3J  joint cannot 
contribute to the formation of a new singularity. Note that for the combined singularity 
configurations, the possible redundant alignments of SAE
1J  or 
SAE
2J  with 
SAE
3J  can 
reintroduce the lost DOF caused by the former joint becoming locked, but the overall 
manipulator still loses at least one of its intended 3-DOF rotations. 
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Chapter 4.  
 
Kinematic Analyses of Candidate Motion-Transfer 
Manipulators 
With the selection of an orientation manipulator completed in Chapter 3, this 
chapter advances to the investigation of two different motion-transfer manipulator 
possibilities. These manipulators transfer the 3-DOF rotational motions generated by the 
orientation manipulator about its center-of-rotation (COR) to a corresponding set of 3-
DOF rotations about the COR of a targeted human joint. The following sections detail the 
kinematic architecture along with the inverse and forward kinematic analyses of the two 
proposed manipulators. These represent novel contributions offered by this thesis, as 
well as that of Sadeqi [156], who collaborated with the author in their developments. The 
novelty of the manipulators is supported by their inclusion in a successful international 
patent application and subsequent publication [176]. Figure 4.1 revisits the high-level 
schematic of the proposed lower-limb exoskeleton and highlights the current stage in its 
design development process. 
Chapter 4:
Motion-Transfer Manipulator
(Exoskeleton Module-Target Joint Interface)
 
Figure 4.1. Stage of exoskeleton design development covered in Chapter 4 
Note: The motion-transfer manipulator applies to both the hip and ankle exoskeleton modules, 
whereas the knee exoskeleton module does not expand upon the current state-of-the-art (see 
Subsection 2.2.3). 
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4.1. Candidate #1: SRRP/S Manipulator 
4.1.1. Kinematic Architecture 
Figure 4.2 shows the mechanism architecture for the first motion-transfer 
manipulator. The selected orientation manipulator is considered as an active spherical 
joint, while the targeted human joint is interpreted as a passive spherical joint. It is 
passive in the sense that it is not powered by man-made actuators or monitored directly 
by man-made sensors. The motion-transfer manipulator is then composed of a serial 
chain that connects these two spherical joints. In this case, the motion-transfer 
manipulator comprises a sequence of two revolute joints followed by a prismatic joint, all 
passive, leading from the active spherical joint to the target human joint. Therefore, an 
appropriate structural name for the parallel manipulator is SRRP/S. Like in Chapter 3, 
the ending ‘/S’ represents the spherical constraint imposed on the exoskeleton module 
by the human joint with which it interfaces. For this design, it is important to note that the 
R, R, and P joint axes are parallel to each other. Also, between the prismatic and human 
joints, there is an assumedly rigid connection binding the exoskeleton chain end to the 
human limb segment inferior to the target body joint; likewise, the shared base of the 
active spherical joint and human joint implies a rigid connection between the orientation 
manipulator’s base link and the body segment superior to the targeted human joint. 
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Figure 4.2. Schematic of the RRP motion-transfer manipulator in its home 
configuration with labels for frames, joint types, significant points, 
and link lengths 
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In Figure 4.2 and hereafter, the abbreviation RRP represents this motion-transfer 
manipulator and is used to distinguish frames and rotations associated with it. The local 
reference frame, {0}RRP, is fixed to manipulator’s base link and remains stationary in this 
local context. Frames {1}RRP and {2}RRP are respectively attached to the target human 
joint and orientation manipulator outputs. These frames undergo 3-DOF rotations with 
their associated joints, and their origins are coincident with the COR of those joints. As a 
result, the {1}RRP and {2}RRP frame origins do not translate with respect to the {0}RRP 
reference frame. Consequently, the 0
1O
RRP  and 0
2O
RRP  origin positions are design 
parameters and, as such, their coordinates are assumed to be known and constant in 
the following kinematic analyses. No particular spatial alignments exist between the 
three frame origins. However, in its home configuration, each frame is oriented 
equivalently as shown in Figure 4.2 (i.e., 0
1 3 3R I
RRP  and 0
2 3 3R I
RRP  in the home 
posture). Furthermore, the z-axes of {1}RRP and {2}RRP remain parallel with the passive 
joint axes. Finally, m1 and m2 are points coincident to the centers of the first and second 
revolute joints, where the former is adjacent to the prismatic joint and the latter is 
adjacent to the active spherical joint. Within a plane normal to the passive joint axes, l1 
denotes the Euclidean distance between m1 and the prismatic joint axis, l2 represents the 
distance between m1 and m2, and l3 indicates the distance between m2 and the active 
spherical joint’s planar projection. 
4.1.2. Inverse Kinematic Analysis 
Here, the inverse kinematic analysis is treated as the problem of deriving the 
active spherical joint’s orientation from a numerically-known orientation of the human 
target spherical joint, both in terms of the local reference frame, {0}RRP. To start, per the 
design of the proposed motion-transfer manipulator, each of the two revolute and one 
prismatic joint axes are parallel with each other as well as the z-axes of both {1}RRP and 
{2}RRP frames. Thus, the z-axis of the active spherical joint’s orientation is mechanically 
constrained to be equal to that of the known target joint orientation. Consequently, the 
active spherical joint orientation relates to the target joint orientation via a single intrinsic 
z-axis rotation: 
  0 01 ' 1 2Z  NR R R
RRP RRP  (4.1) 
where the inverse kinematics task is to determine the unknown rotation angle, ζ1. Note 
that the ‘N’ subscript again designates a numerically-known rotation matrix. 
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The inverse kinematics problem now reduces to a two-dimensional analysis of 
the RRP’s projection onto the 
1ˆx
RRP -
1yˆ
RRP  plane. In this context, the manipulator behaves 
as a four-bar mechanism of sorts. As shown in Figure 4.3, the {1}RRP and {2}RRP frame 
origins act as the base-connected endpoints of the four-bar mechanism, with the two 
passive revolute joints and their adjacent links completing the device. However, the 
planar mechanism is atypical in that human joint rotations about the 
1ˆx
RRP  or 
1yˆ
RRP  axes 
cause the 1
2O
RRP  projection point to move relative to the 1
1O
RRP  origin. Since both 0
2O
RRP  
and 0
1R
RRP  are known for the inverse kinematics problem, the location of that moving 
endpoint can be determined by the x- and y-coordinates of the following vector: 
  
T
1 1 0 0 0
2 0 2 1 2O O O R R
RRP RRP RRP RRP RRP  (4.2) 
Also, note that the position of the first revolute joint relative to frame {1}RRP, as given by 
1
1m , is a constant parameter decided by the design of the exoskeleton’s chain-end 
component (i.e., the structure that attaches to the human limb segment). Therefore, the 
coordinates of 1
1m  are constant and known in this analysis. 
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Figure 4.3. Schematic views of the RRP from the x-y plane of frame {1}RRP in its 
home configuration (left) and an arbitrary posture (right) with the m2 
and inverse kinematic solutions indicated 
The planar position of the second revolute joint, 1 2m , can be solved by asserting 
the geometric constraints associated with the adjacent link’s lengths. Specifically, the 
two feasible 1 2m  positions are found at the intersection points of a circle centered at 
1
1m  
and a circle centered at 1 2O
RRP , with respective radii of l2 and l3. Note that the following 
coordinate variables will be used in this analysis: 
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  
T1
1 1 1 1m m m mx y z  and  
T1
2 2 2 2O O OO x y z
RRP  (4.3) 
Also, the l2 and l3 link lengths are clarified in Figure 4.2 and Figure 4.3. The circle 
intersection points then occur at: 
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 (4.4) 
where xm2 and ym2 are the x- and y-coordinates of 
1
2m , and Equations (4.5) define the 
substitution variables introduced in Equation (4.4). 
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(4.5) 
From the two solutions described in Equation (4.4), the subtraction result is selected as 
the appropriate one for the design scheme considered (see the right side of Figure 4.3). 
Analogous to the position of m1 relative to the target joint frame {1}RRP, the 2xˆ
RRP -
2yˆ
RRP  planar position of m2 is known and constant relative to the active joint frame {2}RRP; 
that is, its coordinates are decided by the selections of the RRP manipulator’s l3 link 
design. As a result, there exists a known and constant z-axis rotation that produces the 
1
2xˆ
RRP  axis from the normalized position of 1
2m  relative to 
1
2O
RRP : 
  
1 1 1 1
21 11 2 2 2 2
2 1 1 1 1 1
21 12 2 2 2
m m
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m m
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R
RRP RRP
RRP
RRP RRP
 (4.6) 
where ξ1 is the known rotation angle and the vectors in the above equation are their two-
dimensional versions (i.e., only x- and y-coordinates are considered). Upon solving 
Equations (4.2) and (4.4)–(4.6), the intrinsic z-axis rotation that relates the human joint 
orientation to active spherical joint orientation is given by: 
  1 2 2atan2 ,x xy x   (4.7) 
This represents the inverse kinematics solution for the RRP when substituted into 
Equation (4.1). 
4.1.3. Forward Kinematic Analysis 
The forward kinematic analysis for the RRP motion-transfer manipulator is 
essentially equivalent to the inverse kinematics procedure carried out step-by-step in 
reverse order. As the z-axis orientation equivalence still exists between frames {1}RRP 
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and {2}RRP, the forward kinematics solution entails finding an intrinsic z-axis rotation that 
produces the human joint orientation from a known active spherical joint orientation: 
  0 02 ' 2 1Z  NR R R
RRP RRP  (4.8) 
Here, ζ2 is to be determined and the ‘N’ subscript indicates that the corresponding 
rotation matrix is numerically known. 
To start, recall that the position of the m2 point’s projection onto the 2xˆ
RRP -
2yˆ
RRP  
plane is known and constant relative to the active joint frame {2}RRP. Next, the position of 
the target human joint relative to the {2}RRP frame can be determined as: 
  
T
2 2 0 0 0
1 0 1 2 1O O O R R
RRP RRP RRP RRP RRP  (4.9) 
The possible 
2xˆ
RRP -
2yˆ
RRP  planar positions of m1 are subsequently found at the intersection 
of two circles: one centered at 2 2m  with radius l2, and the other centered at 
2
1O
RRP  with a 
radius of l1. This is illustrated in Figure 4.4. Equation (4.10) provides the corresponding 
solutions expressed in terms of frame {2}RRP: 
 
 
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A
   
  
  
 (4.10) 
where Equations (4.11) provide the substitutions for the new variables used therein and 
the addition result is appropriate for the proposed assembly mode. 
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(4.11) 
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Figure 4.4. Schematic view of the RRP from the x-y plane of frame {2}RRP with 
the m1 and forward kinematic solutions indicated 
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Next, the direction of the 
1ˆx
RRP  axis within the 
2xˆ
RRP -
2yˆ
RRP  coordinate system is 
resolved using the known angle, ξ2, between it and the  1 1m O RRP  vector, as 
established by the manipulator’s design (see Figure 4.4): 
  
2 2 2 2
12 22 1 1 1 1
1 2 2 2 2 2
12 21 1 1 1
m m
ˆ
m m
x
Z
x
xc sO O
x
ys cO O
 
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    
     
    
R
RRP RRP
RRP
RRP RRP
 (4.12) 
The z-coordinate of the 2
1m  and 
2
1O
RRP  vectors are again dropped during the 
computation of Equation (4.12). Finally, the forward kinematic solution is completed by 
solving for the ζ2 angle via the four-quadrant arctangent function: 
  2 1 1atan2 ,x xy x   (4.13) 
4.2. Candidate #2: SPU/S Manipulator 
4.2.1. Kinematic Architecture 
The kinematic architecture of the second motion-transfer manipulator candidate 
is quite similar to the first, but with two major modifications. First, the passive prismatic 
joint is placed adjacent to the active spherical joint, instead of the target human joint. 
Second, the passive revolute joint axes are reoriented such that the first is skew with the 
prismatic joint axis and the second is perpendicular to both the first revolute and 
prismatic joint axes, as illustrated in Figure 4.5. If there was no offset between the 
prismatic and first revolute joint axes, the three passive joint axes would form a mutually 
orthogonal set. Furthermore, because the two revolute joint axes intersect at a right 
angle, they can be interpreted as a single universal joint. Therefore, the closed kinematic 
chain created by the motion-transfer manipulator and interfaced human joint is described 
as SPU/S in generalized shorthand form. The implied assumption is that the active 
spherical joint comprises the selected orientation manipulator from Chapter 3, so the 
longhand structural name for the exoskeleton-target joint system is (RR-RRR)RPU/S, 
because the Simplified Agile Eye was chosen. Note that the final ‘/S’ represents the 
targeted human joint. Also, a rigid connection again exists between the exoskeleton and 
human body segments at two sites: one above and one below the targeted joint. 
The abbreviation PU signifies the motion-transfer manipulator design described 
here and will be used to distinguish frames and frame rotations associated with this 
design in the kinematic analyses to follow. Analogous to the RRP design, the {0}PU frame 
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acts as a reference frame in the local context of this system; {1}PU is fixed to the target 
human joint and tracks its motions; and {2}PU is fixed to and moves with the active 
spherical joint. The latter two frames have origins at the human joint COR and active 
spherical joint COR, respectively, and these origin points do not translate with respect to 
the local reference frame. The 
2zˆ
PU  axis is coincident with the passive prismatic joint axis. 
Additionally, an arbitrary spatial offset may exist between each of the three frame 
origins. The PU motion-transfer manipulator achieves its home configuration when each 
of its frames’ axes are oriented in the same directions (i.e., 0
1 3 3R I
PU  and 0
2 3 3R I
PU ). 
Next, the points n1 and n2 respectively denote the universal joint center (i.e., the 
intersection point of the two revolute joint axes) and the orthogonal projection of that 
point onto the passive prismatic joint axis. An n3 point specifies the position of the 
universal joint center’s orthogonal projection onto the 
1yˆ
PU -
1ˆz
PU  plane. 
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Figure 4.5. Schematic of the PU motion-transfer manipulator in its home 
configuration with labels for frames, joint types, and significant 
points (left) and additional length constants (right) 
As shown on the right side of Figure 4.5, lo denotes the Euclidean distance 
between n1 and n2, while lr indicates that between 1O
PU  and n1. Other design dimensions 
will be expressed in terms of lo, lr, and the constant displacement coordinates between 
0
1O
PU  and 0
2O
PU , which are labeled in Figure 4.5 and defined here: 
  0 02 1 1 2 1 2 1 2O O x y z   
PU PU  and  0 01 2 2 1 2 1 2 1O O x y z   
PU PU  (4.14) 
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Note that these coordinates are signed scalars (e.g., 
1 2x   is negative while 2 1x   is 
positive for the assumed frame orientations and relative origin positions shown in Figure 
4.5). The coordinate values are also assumed to be known design parameters. 
4.2.2. Inverse Kinematic Analysis 
The inverse kinematic analysis for the PU requires the formulation of the active 
spherical joint orientation in terms of a numerically-known target human-joint orientation. 
To begin, note that only the universal joint in the PU design permits relative rotation 
between the {1}PU and {2}PU frames. These two rotational DOFs can be interpreted as 
intrinsic X' and Y'' rotations as the targeted limb segment encounters the two revolute 
joints comprising the universal joint. Therefore, a symbolic relationship between the 
human joint and active spherical joint orientations exists as follows: 
 
   
2 2
0 0 0 0 1
2 1 ' 1 '' 2 1 1 2 1 1 2 1 2
1 2 1 1 2
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X Y
c s
s s c s c
c s s c c
 
      
    
 
    
 
  
N N N SR R R R R R R
PU PU PU PU PU  (4.15) 
where ‘N’ and ‘S’ subscripts respectively denote numerical and symbolic matrices. 
Considering the leading X' rotation first, note that the {1}PU frame position of 
2O
PU  
can be found, because its local reference frame representation is known and constant: 
    
T T1 0 0 1 0
2 1 2 0 2 2 2 2O O OO O O x y z  N NR R
PU PU PU PU PU  (4.16) 
Moreover, the position of n1 is constant in terms of frame {1}PU and is known in terms of 
several design parameters as: 
  
T
21 2 2
1 1 2 1 2 1 2 1 2n o r ox l y l y x l   
      
  
 (4.17) 
Now, when the manipulator is viewed from the 
1yˆ
PU -
1ˆz
PU  plane, as illustrated on the left 
side of Figure 4.6, the planar projections of 1
2O
PU  and 1
1n  both lie on the planar 
projection of the prismatic joint axis and, thus, the 
2zˆ
PU  axis. Consequently, the γ1 angle 
associated with the intrinsic X' rotation is given by: 
   22 21 1 2 2 2 1 2 1 2atan2 ,O O r oy y z l y x l          (4.18) 
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Figure 4.6. Schematic view of the PU from the y-z plane of frame {1}PU (left) and 
the x-z plane of frame {1'}PU (right) with n2 and inverse kinematic 
solutions indicated 
Note: The 1
2yˆ
PU  axis has no component in the 
1ˆx
PU  direction, as predicted by the 1
2 SR
PU  rotation 
matrix in Equation (4.15). 
To find the final intrinsic Y'' rotation, the PU manipulator is examined from the 
plane normal to the {1}PU frame’s updated y axis after undergoing the intrinsic X' rotation. 
For clarity, this intermediate frame will be denoted as {1'}PU, and the current viewing 
plane is that defined by 
1'xˆ
PU -
1'zˆ
PU  as shown in the right-side image of Figure 4.6. The 
positions of 
2O
PU  and n1 are represented in terms of {1'}PU via pre-multiplication by the 
transpose of the matrix associated with the leading intrinsic X' rotation: 
     
T T1' 1 1' 1
2 ' 1 2 1 2 2 2 2' ' 'X O O OO O O x y z  R R
PU PU PU PU  (4.19) 
   
     
T T1' 1 1' 1
1 ' 1 1 1 1 1 1 1n n n ' ' 'X n n nx y z  R R
PU
 (4.20) 
The next task is to determine the position of the n2 point, because the angle of the line 
connecting n2 and 2O
PU  within the {1'}PU frame represents the desired γ2 angle. The 
Euclidean distance between n2 and 2O
PU  is presently unknown, but is yielded by applying 
the Pythagorean theorem to the right triangle composed of those two points and n1: 
 21' 1' 2
2 2 2 1nn O ol O l   
PU  (4.21) 
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where  denotes the Euclidean norm. Next, two theoretically feasible locations for the 
n2 point occur at the intersection points of two circles in the 1'xˆ
PU -
1'zˆ
PU plane. The first circle 
is centered at the planar projection of n1 with a radius of lo, and the second circle is 
centered at the projection of 
2O
PU  with a radius of 
2 2n Ol  . These two solutions are: 
 2
3 3 3 3
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2
n
B B A C
x
A
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 , 3 3 22
3
'
' nn
F D x
z
E

  (4.22) 
where the equivalencies for the variables introduced above are: 
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2
3 2 12 ' 'O nE z z  , 
and 2 2 2 2 2 2
3 2 2 1 2 1 2' ' ' 'o n O n O n OF l l x x z z       
(4.23) 
In Equation (4.22), the lesser quadratic root for x'n2 is appropriate for the 
proposed design and frame definitions because it corresponds to a scenario in which the 
prismatic joint acts along an axis that passes outside of the universal joint. Contrarily, the 
greater quadratic root corresponds to an erroneous configuration for which the prismatic 
joint axis passes through the universal joint, and so it is rejected here. Finally, the 
intrinsic Y'' rotation is given by: 
  2 2 2 2 2atan2 ' ' , ' 'O n O nx x z z     (4.24) 
Upon computing γ1 and γ2 from Equations (4.18) and (4.24), respectively, and then 
applying the results to Equation (4.15), the orientation of the active spherical joint with 
respect to the local reference frame is solved. Thus, the inverse kinematic analysis for 
the PU is complete. 
4.2.3. Forward Kinematic Analysis 
For the forward kinematics problem, the orientation of the active spherical joint is 
numerically known with respect to the local reference frame: 
 11 12 13
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2 21 22 23
31 32 33
q q q
q q q
q q q
 
 
 
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NR
PU  (4.25) 
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where the ‘N’ subscript indicates that each element qij of the matrix is numerically known. 
The task is then to derive a symbolic rotation matrix that relates the known active joint 
orientation to the target human joint orientation. To start, notice again that as the active 
joint frame {2}PU proceeds along the PU manipulator’s kinematic chain to the human 
joint, there are only two possible rotations. These are a y-axis rotation arising at the first 
revolute joint (i.e., the one adjacent to the prismatic joint) followed by an intrinsic x-axis 
rotation due to the second revolute joint. Therefore, post-multiplying the known active 
joint orientation by rotation matrices corresponding to intrinsic Y' then X'' rotations yields 
the target human joint orientation: 
 
   
3 3 4 3 4
0 0 0 0 2
1 2 ' 3 '' 4 2 4 4 2 1
3 3 4 3 4
0Y X
c s s s c
c s
s c s c c
    
   
    
 
    
 
  
N N N SR R R R R R R
PU PU PU PU PU  (4.26) 
Again, the ‘S’ subscript denotes the symbolic nature of its associated matrix. The 
unknown rotation angles γ3 and γ4 can be determined geometrically as follows. 
Starting with the y-axis rotation, γ3, consider the PU manipulator viewed from the 
2xˆ
PU -
2zˆ
PU  plane, as shown in the left and middle images of Figure 4.7. From the geometry 
illustrated in the figure, the desired angle can be computed using the four-quadrant 
arctangent function as follows: 
  3 1 3 3 1atan2 ,n n n nz z x x     (4.27) 
So, the values for the zn1, zn3, xn1, and xn3 variables must be determined. These variables 
represent a subset of the coordinates of 2
1n  and 
2
3n , which are respectively represented 
as: 
  
T2
1 1 1 1n n nn x y z  and  
T2
3 3 3 3n n nn x y z  (4.28) 
Also, the {0}PU frame positions for 
1O
PU  and 
2O
PU  are design parameters assumed to be 
known, so the former can be expressed in terms of the {2}PU frame as per: 
    
T T2 0 0 2 0
1 2 1 0 1 1 1 1O O OO O O x y z  N NR R
PU PU PU PU PU  (4.29) 
The position of 2
1n  may occur at any intersection between a sphere of radius lr centered 
at 2
1O
PU  and the line defined by x = lo and y = 0 in the {2}PU coordinate system. Therefore, 
the two solutions for zn1 are: 
  
22 2
1 1 1 1n O r o O Oz z l l x y      (4.30) 
The addition result in Equation (4.30) is infeasible because it corresponds to a scenario 
in which the targeted limb segment is inverted and extending upwards instead of 
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downwards from the associated human joint (e.g., the upper leg extending upwards from 
the hip joint). This is of course contrary to the intended assembly mode. Next, xn1 is given 
directly by the lo offset length: 
 1n ox l  (4.31) 
As shown in the middle image of Figure 4.7, the possible positions of n3 are 
limited to the intersection points between circle of radius  1 2 ox l   centered at n1 and a 
sphere of radius  
22
1 2r ol x l   centered at 1O
PU . These intersection points exist within 
the 
2xˆ
PU -
2zˆ
PU  plane. Therefore, the equations associated with these two geometric 
constraints are respectively: 
      
2 2 2
1 2 3 1 3 1o n n n nx l x x z z       (4.32) 
   
      
2 2 22 2
1 2 3 1 3 1 1r o n O n O Ol x l x x z z y        (4.33) 
Upon expanding these equations, isolating for  2 23 3n nx z  in both, and then combining the 
results, a linear equation in terms of the unknown 3nx  and 3nz  variables is yielded: 
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
 (4.34) 
Next, the expression for 
3nz  given in Equation (4.34) is substituted into Equation (4.33) 
to produce a quadratic equation in terms of 
3nx . The quadratic roots are given by: 
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  (4.35) 
where the solution containing addition is appropriate for the intended assembly mode 
(i.e., the universal joint should always remain between the human limb and manipulator’s 
prismatic joint). Moreover, Equations (4.36) provide the equivalent expressions for each 
of the new variables introduced in Equation (4.35). 
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 4 1 12 n OF x x   
(4.36) 
The value of zn3 is subsequently determined by substituting the solution for xn3 into 
Equation (4.34). Using the results for zn1, zn3, xn1, and xn3, the human joint’s Y' rotation can 
be found via Equation (4.27). Applying this rotation to frame {2}PU yields an intermediate 
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frame {2'}PU. That is, new 
2'xˆ
PU  and 
2'zˆ
PU  axes are obtained from 
2xˆ
PU  and 
2zˆ
PU  after the γ3 y-
axis rotation. 
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Figure 4.7. Schematic view of the PU from the x-z plane of frame {2}PU (left and 
middle) and the y-z plane of frame {2'}PU (right) with n1, n3, and 
forward kinematic solutions indicated 
Note: The 2
1ˆx
PU  axis has no component in the 
2yˆ
PU  direction, as predicted by the 2
1 SR
PU  rotation 
matrix in Equation (4.26). 
Next, the intrinsic X'' rotation angle, γ4, can be realized by observing the 
manipulator normal to the {2'}PU frame’s 
2'xˆ
PU  axis. As shown in the right-side image of 
Figure 4.7, the unknown rotation angle can be acquired as: 
  4 1atan2 , Og y    (4.37) 
The η angle is a constant that can be obtained from other design parameters as per: 
   22 21 2 1 2 2 1atan2 ,r ol y x l y        (4.38) 
where the reader may refer to Figure 4.5 for clarification of the length parameters used 
here. As for the g variable introduced in Equation (4.37), its value can be obtained using 
the Pythagorean theorem as: 
  
22 2
1 1 2r O og l y x l      (4.39) 
where the known right-triangle side lengths are illustrated on the right side of Figure 4.7. 
The positive solution for g is taken as the appropriate assembly mode because the target 
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human joint is meant to lie in between the active spherical joint and universal joint 
centers in terms of 
2zˆ
PU . The solutions for γ3 and γ4 per Equations (4.27) and (4.37) 
represent the PU’s forward kinematic solution when combined with Equation (4.26). 
4.3. Comparison of the Candidate Motion-Transfer 
Manipulators and Selection 
Figure 4.8 presents side-by-side schematic illustrations of the RRP and PU 
motion-transfer manipulators. Although the two designs comprise the same set of joints 
with differing arrangements, the RRP design has several disadvantages in relation to the 
PU. First, the RRP design requires special attention regarding the link lengths and 
shapes associated with the four-bar subsystem, as inappropriate selections may cause 
collisions and interference with the targeted human limb. Consequently, the RRP also 
generally requires greater lengths between system joints, thus resulting in a bulkier 
design. As mentioned in Section 3.5, bulkiness is detrimental to the design of an 
exoskeleton in terms of weight, cost, user encumberment, and discretion. Lastly, in 
practice, the parallel nature of the RRP’s passive joints cause an amplified degree of 
backlash when subject to torques or forces in the plane normal to these joint axes. For 
these reasons, the PU manipulator is selected as the preferable option; therefore, it is 
incorporated in the complete exoskeleton design to be discussed further in Chapter 5 
and Chapter 6. 
RRP PU
 
Figure 4.8. Schematic models of the RRP (left) and PU (right) motion-transfer 
manipulators 
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Chapter 5.  
 
Kinematic Analysis of the Human Lower Limb and 
Considerations for the Exoskeleton-Limb Interface 
This chapter considers the kinematics of the overall exoskeleton-limb 
manipulator preceded by the human lower limb as a subsystem of that comprehensive 
mechanism. The present stages in the overall progression towards a completed 
exoskeleton design and analysis are highlighted in Figure 5.1. Recall from Chapter 1 
that the proposed exoskeleton targets the primary leg joints that contribute to the spatial 
positioning of the foot relative to the pelvis (i.e., the innominate bone). These are the hip, 
knee, and ankle. Also note that the primary motions of these joints, along with their 
normal ranges [99], are illustrated and labelled in Figure 2.7 in Chapter 2. That figure 
also provides a visualization of the common body planes (i.e., the sagittal, coronal, and 
transverse), which help specify anatomical directions. The discussions in this and the 
next chapter refer to these human joint-motion definitions extensively. Moreover, the 
anatomical ranges of motion for each joint define the intended workspace for the 
kinematic model of the human leg, which is developed and analyzed in isolation from the 
exoskeleton in Section 5.1. After that, Section 5.2 explains how the developments from 
Chapter 3 and Chapter 4 combine with those from Section 5.1 to provide a complete 
kinematic description of the exoskeleton-limb system from a high-level perspective. 
Section 5.1:
Lower-Limb Manipulator
Section 5.2:
Complete Manipulator
(Exoskeleton-Limb Interface)
 
Figure 5.1. Stages of exoskeleton design development covered in Chapter 5 
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5.1. Kinematic Analyses of the Human Lower Limb 
This section begins with the development of a serial manipulator model of the 
human leg for simulation use, along with the rationale for representing the leg in the 
selected form. Note that although the kinematic model is based on the movement 
capabilities of the human lower limb, it largely simplifies the actual leg anatomy. Next, in 
Subsection 5.1.2, the forward kinematic solution for the lower-limb model is formulated. 
Subsection 5.1.3 uses Pieper’s wrist-partitioned method to develop the inverse 
kinematics solution for the serial-manipulator limb. Note that the kinematic analyses of 
the general 6R serial manipulator have already been thoroughly documented in the 
literature; these analyses are reformulated here for completeness, but do not represent a 
novel contribution. Subsequently, Subsection 5.1.4 advances on to the development of 
an unconventional Jacobian matrix. This Jacobian is used in Subsection 5.1.5 to identify 
the singular configurations of the lower-limb model, which are in turn compared to the 
anatomical workspace of the human leg as defined by the joint ranges-of-motion shown 
in Figure 2.7. 
5.1.1. Kinematic Architecture for Simulations (6R Serial Manipulator) 
Anatomical Justification for the Lower-Limb Kinematic Model 
The human hip is a synovial ball-and-socket joint [99] and, as such, its 
articulations can be described by the 3-DOF spherical rotations shown in Figure 2.7. The 
magnitude of joint play (i.e., the amount of allowable translational motion at the joint) is 
small for the hip [177], so all translational DOFs are considered negligible. Thus, the 
human hip is modeled as a ‘spherical wrist’: a series of three revolute joints for which 
adjacent joint axes have perpendicular alignment and all joint axes intersect at a 
common center-of-rotation (COR) point. 
The dominant motions that occur at the human knee joint are sagittal-plane 
flexions and extensions [99], as shown in Figure 2.7. However, the knee is considered a 
modified hinge joint, in part because its rotational axis translates during joint motion [99]. 
Consequently, the joint is often designed as a four-bar linkage mechanism in prosthetic 
devices; the other predominant approach is a single-axis knee design [178]. The other 
main reason for classifying the knee as a modified hinge joint is that it plays a part in 
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axial rotations of the lower leg, or shank. Though, because these rotations occur along 
the full length of the shank, they are typically either attributed to the knee joint as 
medial/lateral rotations or to the ankle joint as adduction/abduction rotations. In this 
thesis, the latter attribution is adopted, so the knee joint is modeled as a single-DOF 
joint. Moreover, the knee is represented here as a single-axis revolute joint instead of a 
four-bar linkage mechanism to support the approach of modeling the leg as a serial 
manipulator and facilitate the kinematic analysis and simulation/verification processes. 
The human ankle joint complex comprises two sub-joints: the talocrural joint and 
the subtalar joint [179]. Collectively, the ankle permits three rotations of the foot with 
respect to the shank; these are plantarflexion/dorsiflexion in the sagittal plane, 
pronation/supination in the coronal plane, and adduction/abduction in the transverse 
plane, as illustrated in Figure 2.7. Note that the adduction/abduction movement also 
involves rotation of the tibia and fibula along the shank [180], as mentioned earlier. 
Neither of the sub-joint axes remain fixed during ankle movement [181], but the axis 
movement has no practical significance, particularly regarding plantarflexion/dorsiflexion 
rotations [99]. Therefore, the translational aspects of motion between the foot and shank 
will be neglected. Another concern is the total degrees-of-freedom associated with the 
leg’s kinematic model, and the impact that has on its kinematic analysis. Since the 
manipulator operates in 3D space, for a given end-effector (i.e., foot) position and 
orientation within its dextrous workspace, the manipulator would have an infinite number 
of inverse kinematics solutions if it contains more than 6 DOFs. Although a ‘best’ 
solution could be identified via an optimization procedure, it is somewhat unnecessary to 
include the ankle’s transverse plane motion capability due to the limited nature of these 
rotations. Ankle adduction/abduction can only occur when the knee is flexed; this DOF is 
also generally unused for movements associated with basic mobility, such as walking 
[182], and during proprioceptive training and ankle rehabilitation exercises [183]. 
Therefore, the ankle joint is modeled here as two revolute joints with intersecting axes, 
similar to the 2-DOF monocentric model employed by Scott and Winter [184]. 
Proposed 6R Kinematic Model for the Human Lower Limb 
With the selections made for the kinematic representations of each of the 
considered leg joints, Figure 5.2 presents schematic illustrations of the complete human 
lower-limb model. These illustrations focus on the right leg. At the start of the serial 
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chain, a point on the pelvis (i.e., the innominate bone) is selected as the inertial 
reference frame origin. Note that the lower limb’s reference frame represents the global 
reference frame for the entire exoskeleton-human system. A base link then connects the 
pelvis to the hip joint, which is depicted by joints LEG
1J –
LEG
3J  in Figure 5.2. The base link 
length provides the medial/lateral offset between the global frame origin and hip joint, 
while the intermediate links between joints LEG1J , 
LEG
2J , and 
LEG
3J  respectively specify the 
hip’s superior/inferior offset from the global origin and the knee’s medial/lateral offset 
from the hip. A fourth link connects the hip joint to the knee joint, joint LEG4J , and a fifth 
link connects the knee to the first of the ankle joints. The fourth link parameterizes the 
upper-leg length, while the fifth link specifies both the inferior and anterior/posterior 
offsets between the knee and ankle joints. The sixth link, between the two ankle joints 
(i.e., LEG5J  and 
LEG
6J ), provides the medial/lateral offset between the knee and ankle. 
Finally, an end-effector link represents the foot and positions the manipulator’s end-
effector at some point on the tip of the foot. Since the model manipulator comprises six 
serially-connected revolute joints, an appropriate structural name is 6R. Note that an 
underline, which identifies active joints, is excluded from this structural name to highlight 
the fact that the model represents biological joints as opposed to man-made actuators; 
this is consistent with the naming convention from Chapter 4 (see Subsection 4.1.1 for 
an explanation). 
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Figure 5.2. Schematic illustration of the 6R human lower-limb model in a neutral 
posture with frame axis and joint labels (left) and in its zero-
displacement configuration with link length and offset labels (right) 
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Two common conventions exist for the attachment of frames to the links of a 
serial manipulator: one proposed by Denavit and Hartenberg (DH) and the other by 
Craig; these conventions establish a mathematical representation for the physical 
manipulator and facilitate its kinematic analyses. As they are shown in Figure 5.2, the 
link frame attachments for the leg model are made in accordance with the Craig 
convention [185]. This convention employs the DH scheme for parameterizing the link 
dimensions and relative orientations between frames, as given in Table 5.1 for the 
proposed leg model. The DH parameters specify: the common normal distance between 
adjacent joint axes (link length); the angle between the adjacent joint-axis projections 
onto a plane perpendicular to the common normal (link twist); the distance along a joint 
axis that separates adjacent common-normal lines (link offset); and the angle of rotation 
between adjacent common-normal lines about a joint axis (joint angle). Thus, the link 
length and offset parameters provide the constant distances between the hip, knee, and 
ankle joints, along with the length of the foot and position of the global origin point on the 
pelvis; these dimensions are labelled on the right side of Figure 5.2. Note that the 
corresponding anatomical measurements vary from person to person. 
Table 5.1. DH parameters of the 6R kinematic model for the human right leg 
Link, i–1 Link Twist, αi–1 Link Length, ai–1 Link Offset, di Joint Angle, θi Link, i 
0 0° –a0 –d1 θ1 1 
1 –90° 0 0 θ2 2 
2 90° 0 0 θ3 3 
3 0° a3 –d4 θ4 4 
4 –90° a4 d5 θ5 5 
5 90° 0 0 θ6 6 
6 0° a6 –de.e 0 e.e 
Note: Here, each ai–1 and di is assumedly a positive value. Thus, to create a left-leg model, a0, d4, and de.e  values 
should be negated while maintaining the orientations of each link frame. Also, e.e is an abbreviation for end-effector. 
Since all joints in the leg model are revolute, the joint angles θi are treated as the 
variables that define the manipulator’s posture. Given the Craig convention’s definition 
for joint angle, there exists a zero-displacement configuration of the serial manipulator 
for which all joint angles are equal to zero. This posture is shown on the right side of 
Figure 5.2. Also, note that in the figure and kinematic analysis to follow, a ‘LEG’ 
superscript is used to distinguish frames and frame axes associated with the leg model 
from those of the different manipulators explored in this thesis. However, unlike previous 
chapters, the superscript notation is dropped from the joint variables in this chapter to 
declutter the presentation of kinematic formulations. 
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5.1.2. Forward Kinematic Analysis 
Recall that the forward kinematics problem is that in which the joint variable 
values are known and the end-effector task coordinates must be determined (i.e., the 3D 
position and orientation of the end-effector). For serial manipulators, the forward 
kinematics solution is trivial. Homogeneous transforms are systematically developed to 
relate one link frame to the next, as per the chosen frame-attachment convention, and 
then the transforms are multiplied in ascending-order succession. Note that 
homogeneous transforms are constructions that combine the rotation matrix and 
translation vector that fully define the relative position and orientation between two right-
handed coordinate frames in 3D space. The homogeneous transform relating link i–1 to 
link i per the Craig convention for link-frame attachments is given by [185]: 
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where the frame attachments and DH parameters associated with the kinematic model 
for the lower limb are detailed in Subsection 5.1.1. Therefore, the set of transforms 
between each consecutive frame in the right-leg manipulator is: 
 1 1 0
1 10
1
1
0
0 0
0 0 1
0 0 0 1
c s a
s c
d
 
 
  
 
 
 
 
 
TLEG , 
2 2
1
2
2 2
0 0
0 0 1 0
0 0
0 0 0 1
c s
s c
 
 
 
 
 
  
 
 
TLEG , 
3 3
2
3
3 3
0 0
0 0 1 0
0 0
0 0 0 1
c s
s c
 
 
 
 
 
 
 
 
TLEG , 
4 4 3
4 43
4
4
0
0 0
0 0 1
0 0 0 1
c s a
s c
d
 
 
 
 
 
 
 
 
TLEG , 
5 5 4
54
5
5 5
0
0 0 1
0 0
0 0 0 1
c s a
d
s c
 
 
 
 
 
  
 
 
TLEG , 
6 6
5
6
6 6
0 0
0 0 1 0
0 0
0 0 0 1
c s
s c
 
 
 
 
 
 
 
 
TLEG , 
6
6
.
.
1 0 0
0 1 0 0
0 0 1
0 0 0 1
e e
e e
a
d
 
 
 
 
 
 
TLEG  
(5.2) 
99 
Recall that c(  ) is an abbreviation for the cosine function and s(  ) represents the sine 
function. Note that each element of the 6
.e eT
LEG  is a constant, because only the joint 
angles, θi, are variables.  
Now, as described above, successive multiplication of the transforms in 
Equations (5.2) yields the forward kinematics solution: 
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This equation represents the forward kinematics solution because it provides the human 
right leg’s end-effector orientation (i.e., [ 0 0 0
. . .
ˆ ˆ ˆ
e e e e e ex y z ] 
0
.e e R
LEG ) and position (i.e., 
0
.e eO ) with respect to the global reference frame as a function of the joint variables. Note 
that the forward kinematic solution for the human left lower limb is carried out in same 
manner with negated terms at each instance of a0, d4, and de.e. 
In terms of simulating the lower limb’s motion trajectories using MATLAB or some 
other computer program that requires complete task-coordinate specification, it is 
necessary to know the homogeneous transforms relating the inertial reference frame, 
{0}LEG, to the frames attached to the thigh, shank, and foot links. The thigh corresponds 
to frame {3}LEG, the shank to frame {4}LEG, and the foot to frame {6}LEG. Therefore, the 
following transforms can be used to specify their respective positions and orientations 
during simulations: 
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Note that the latter two transforms of Equations (5.4) are left in the form of a 
multiplication to reduce complexity for the reader. Also note that in practice, these 
forward kinematic transform multiplications would be systematically carried out in a 
computer algorithm. 
5.1.3. Inverse Kinematic Analysis 
The inverse kinematics problem is that in which the end-effector task coordinates 
(i.e., its spatial position and orientation) are known and the joint variable values must be 
determined. As such, a numerical homogeneous transform is assumedly established 
with end-effector position and orientation information: 
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where the unit vectors represent the normal ( nˆ ), orientation ( oˆ ), and approach ( aˆ ) 
directions of the end-effector, and p  denotes its position. Equating the numerical matrix 
of Equation (5.5) with the symbolic solution for the forward kinematics yields: 
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where the final 6
.e eT
LEG  is a matrix of known constants. 
When considered in forward order (i.e., from link frame {0}LEG to frame {e.e}LEG), 
the serial manipulator model of the human lower limb is not spherically-wristed because 
the link between frames {4}LEG and {5}LEG has an associated length and offset. One 
option to approach this inverse kinematics problem is to use the generalized solution 
developed by Raghavan and Roth [186], which employs dialytic elimination. 
Alternatively, if considered in reverse-order, the human leg manipulator can be 
evaluated using Pieper’s wrist-partitioned method, as described in [187] and [188]. In 
this case, the 3-DOF hip joint is considered as the ‘wrist’, and the links and joints 
spanning from the foot to upper-leg comprise the ‘main-arm’ of the manipulator. Because 
it is simpler and less computationally-expensive, the latter approach is employed for 
developing the lower-limb manipulator’s inverse kinematics solution. 
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However, some preliminary operations must be performed before the wrist-
partition method can be applied to reverse-order lower-limb manipulator. If the 
manipulator is considered as originating at link frame {e.e}LEG and proceeding to frame 
{0}LEG, then the analogous form of Equation (5.6) is given by: 
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where the inverse of a homogeneous transform is given by: 
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Now, for a true spherically-wristed manipulator, the final transform is a matrix of known 
constants that specifies the end-effector’s fixed position and orientation relative to the 
final wrist joint; it does not contain any joint variable. Correspondingly, the second-to-last 
transform does not include any translation component (i.e., 
3 1p = 0  ) for a traditional 
spherically-wristed manipulator. Contrarily,  10 1T
LEG  contains both the θ1 joint variable 
and the translation between the ‘wrist’ center, 1O
LEG , and global origin, 0O
LEG . The latter is 
analogous to the end-effector position when the manipulator is considered reverse-
order. Therefore, to yield the symbolic ‘wrist’ center position from Equation (5.7), 
 10 1T
LEG  should be moved to the left-hand side as follows: 
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However, in doing so, the θ1 joint variable becomes grouped with the known numerical 
values, which precludes the continuation of the wrist partitioned method. 
To remove this unwanted grouping, the 1
0T
LEG  transform is instead separated into 
purely translational and rotational components: 
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Substituting Equation (5.10) into (5.6), and then pre-multiplying both sides by  
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   
    
     
   
   
 
(5.12) 
where all matrix elements on the left-hand side of Equation (5.11) are known constants 
for the inverse kinematics problem. Equation (5.12) can then be expressed in reverse 
order by inverting the transforms on both sides of the equation: 
 60* 1 2 3 4 5 6, , , , ,
L
L L L L L L      T
LEG
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' ' ' ' "
' ' ' ' "
' ' ' ' "
0 0 0 1 0 0 0 1 0 0 0 1
x x x x x y z x x y y z z x y z x
y y y y x y z x x y y z z x y z y
z z z z x y z x x y y z z x y z z
n o a p n n n n p n p n p n n n p
n o a p o o o o p o p o p o o o p
n o a p a a a a p a p a p a a a p

       
     
        
       
     
     
 
(5.13) 
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 
 
 
 
(5.14) 
This completes the preliminary operations for the inverse kinematics, and the wrist-
partitioned method may now proceed. 
The position of the ‘wrist’ with respect to frame {6}LEG (i.e., as given by p''   
T
'' '' ''x y zp p p   ) depends only on joint variables θ6, θ5, and θ4. Pre-multiplying both 
sides of Equation (5.14) by 5
6T
LEG  produces the following position vector in the upper 
three rows of the result’s fourth column: 
 6 6 3 4 5 4 5 4 5
3 4 5 4 5 4 5
6 6 3 4 5
" "
"
" "
x y
z
x y
p c p s a c c d s a c
p a c s d c a s
p s p c a s d
     
   
  
     
   
      
      
 (5.15) 
By squaring and adding all elements on both sides of Equation (5.15), the following 
equation is obtained: 
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     2 2 2 2 2 2 23 4 4 3 5 4 3 4 4 52 2 " " "x y za a c a d s p p p a d a d           (5.16) 
Equation (5.16) produces two solutions for θ4 after applying tangent-of-the-half-angle 
substitutions: 
    2 2 24 5 5 5 5 5 5atan2 , atan2 ,B A A B C C     , where 5 3 42A a a , 
5 3 52B a d  , and 
2 2 2 2 2 2 2
5 3 4 4 5" " "x y zC p p p a d a d        
(5.17) 
Two solutions for θ6 can be subsequently determined from the bottom elements from the 
vectors of Equation (5.15) using the same method of tangent-of-the-half-angle 
substitutions: 
    22 26 3 4 5 3 4 5atan2 ", " atan2 " " ,x y y xp p p p a s d a s d         
 
 (5.18) 
Next, the top and middle elements of the vectors in Equation (5.15) provide two 
equations in terms of θ5 that can be solved as: 
  5 6 6atan2 ,A B   where    6 4 6 6 3 4 4" " "y x zA d p s p c p a c a       and 
  6 4 3 4 4 6 6" " "z y xB d p a c a p s p c       
(5.19) 
Thus, there is one solution for θ5 associated with each combination of θ4 and θ6, for a 
total of four solutions in the ‘main-arm’ kinematics. 
With the solutions for θ6, θ5, and θ4, the solution set for 
3
6 NR
LEG  can be determined 
through joint-variable substitution into its constituent forward kinematic transforms. 
Moreover, a numerical matrix corresponding to the only remaining unknown joint 
variables (i.e., θ3, θ2, and θ1), 
3
0* NR
LEG , can be produced by pre-multiplying the numerically-
known 6
0* NR
LEG  matrix from Equations (5.13) and (5.14) by 3
6 NR
LEG : 
 
3 3 6
0* 6 0* N N NR R R
LEG LEG LEG
 
4 5 6 4 6 4 5 6 4 6 4 5 11 12 13
4 5 6 4 6 4 5 6 4 6 4 5 21 22 23
5 6 5 6 5 31 32 33
x y z
x y z
x y z
c c c s s c c s s c c s n n n r r r
s c c c s s c s c c s s o o o r r r
s c s s c a a a r r r
           
           
    
      
    
        
        
 
     3 2 12 3 1 2 0* 1  R R R
LEG LEG LEG  
(5.20) 
where rij represent known values for i, j = 1, 2, 3. Post-multiplying both sides of Equation 
(5.20) by 0*
1R
LEG  yields: 
 11 1 12 1 11 1 12 1 13 2 3 3 2 3
21 1 22 1 21 1 22 1 23 2 3 3 2 3
31 1 32 1 31 1 32 1 33 2 20
r c r s r s r c r c c s s c
r c r s r s r c r c s c s s
r c r s r s r c r s c
        
        
     
      
   
       
        
 (5.21) 
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Isolating the third-row, second-column elements of the matrices in Equation (5.21) yields 
the following equation and subsequent solution set for θ1: 
 321
1 31
rs
c r


  and  1 32 31, atan2 ,r r     (5.22) 
The first- and third-column elements of the third row in Equation (5.21) then provide one 
solution for θ2 in terms of θ1: 
  2 31 1 32 1 33atan2 ,r c r s r     (5.23) 
Finally, again referring to Equation (5.21), the first- and second-row elements of the 
second column produce a single solution for θ3, also in terms of θ1: 
  3 11 1 12 1 21 1 22 1atan2 ,r s r c r s r c          (5.24) 
This completes the inverse kinematic analysis for the lower-limb manipulator. 
Ultimately, there are eight solutions (i.e., four ‘main-arm’ and two ‘wrist’ solutions) 
in the inverse kinematics of the human lower limb when it is modeled as a 6-DOF serial 
manipulator per Figure 5.2. The correct inverse kinematics solution is selected as the 
joint angle set that matches the normal capabilities of the biological human leg (i.e., the 
solution set that does not hyperextend any of the leg joints). Here, this solution set is the 
one comprised by the addition solutions from both Equations (5.17) and (5.18) and the 
solution with the positive terms from Equation (5.22). Note that the inverse kinematics 
solution for the human left leg can be formulated in the same way, except with negated 
terms at each instance of a0, d4, and de.e. 
5.1.4. Jacobian Analysis of the Reverse-Order Manipulator 
In this subsection, a Jacobian matrix associated with the lower-limb manipulator 
is developed as an intermediate step towards the objective of identifying the 
mechanism’s singularities. Typically, Jacobians are matrices that provide a mapping 
between the joint rates in actuator space to the velocity state in end-effector space [142]. 
However, when considered in forward-order, the 6R serial manipulator modeling the 
human leg does not contain a spherical wrist at its final three joints. Therefore, a 
Jacobian developed from the forward-order manipulator cannot be simplified to include a 
3-by-3 matrix of zeros in its upper right-side quadrant. In turn, such a Jacobian’s 
determinant, which is required for the manipulator’s singularity analysis, is more 
complicated than that of a Jacobian that does have a 3 30 matrix in the upper-right 
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quadrant. Therefore, the manipulator will again be considered in reverse, because the 
reverse-order manipulator is spherically-wristed. This permits development of such a 
simplified Jacobian as outlined in the remainder of this subsection. Recall that the 
reverse-order consideration involves treating the end-effector as the base, the base as 
the end-effector, and joint numbers as proceeding in descending order. 
The reverse-order manipulator’s Jacobian matrix is based on a point on the base 
link that is coincident with the ‘wrist’ center, w*, and oriented with respect to frame {3}LEG. 
In this context, the ‘wrist’ center is coincident with the origins of frames {1}LEG, {2}LEG, and 
{3}LEG. The fundamental difference between the proposed reverse-order Jacobian and 
the standard Jacobian is that the former maps joint rates to the base link’s velocity state 
while the latter maps joint rates to the end-effector’s velocity state. Therefore, the 
reverse-order Jacobian cannot be used in velocity or static force analyses of the 
manipulator, as these require transformation mapping between joint rates and the end-
effector velocity state. To signify this fundamental difference, the reverse-order Jacobian 
and terms that derive from it will be designated with an asterisk (*) marking. 
Using the conventional method for the serial-manipulator Jacobian development, 
as described in [142], the reverse-order Jacobian, 3 *wJ
LEG , is formulated as: 
 
3 3 3 3 3 3
3 6 6 * 5 5 * 4 4 * 3 1 3 1 3 1
3 3 3 3 3 3
6 5 4 3 2 1
ˆ ˆ ˆp p p 0 0 0
*
ˆ ˆ ˆ ˆ ˆ ˆ
w w w
w
z z z
z z z z z z
     
   
  
 
J
LEG LEG LEG
LEG
LEG LEG LEG LEG LEG LEG
 (5.25) 
The upper-right three vectors within the matrix are zero vectors because joints LEG1J , 
LEG
2J , and 
LEG
3J  do not contribute to the linear velocity of the ‘wrist’ when the manipulator 
is considered in reverse-order. Moreover, the 3
*pi w  vectors introduced in Equation 
(5.25), i = 4, 5, 6, are vectors that extend from iO
LEG  to w*; also, each of these vectors is 
represented with respect to frame {3}LEG per their left-side superscripts. Since 3O
LEG  is 
coincident with the ‘wrist’, these 3
*pi w  vectors can be obtained as: 
  3 36 * 6p w p   TLEG ,  3 35 * 5p w p   TLEG , and  3 34 * 4p w p   TLEG  (5.26) 
where  p  represents a function that extracts the position vector (i.e., the top three 
elements of column four) from the input homogeneous transform. Similarly, the z-axis 
direction vectors can be determined as: 
  3 3ˆi iz a TLEG LEG  for i =1, 2, 3, 4, 5, 6 (5.27) 
where  a  extracts the approach or z-axis vector (i.e., the top three elements of column 
three) from the input transform. Each of the required homogeneous transforms from 
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Equations (5.26) and (5.27) can be obtained using appropriate multiplications of the 
basic transforms outlined in Equation (5.2) along with possible inversions per Equation 
(5.8). 
Upon applying Equations (5.26) and (5.27) to each of the required transforms, 
the set of z-axis directions and position vectors for the 3 *wJ
LEG  Jacobian are obtained: 
4 5
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6 4 5
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c s
z s s
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 
 

 
 
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5 4
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z c
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 
  
  
LEG ; 3 3
4 3
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ˆ ˆ 0
1
z z
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 
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  
LEG LEG ;
3
3
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0
s
z c


 
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  
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LEG ;
2 3
3
1 2 3
2
ˆ
s c
z s s
c
 
 

 
 
  
  
LEG
 (5.28) 
   
 4 4 5 4 3
3 3
6 * 5 * 4 4 5 4
4
p pw w
a c d s a
a s d c
d
 
  
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 
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3
3
4 *
4
p 0w
a
d

 
 
  
  
 (5.29) 
Note that it is intuitively sensible for 3 4zˆ
LEG  to be equal to 3 3zˆ
LEG  because the LEG3J  and 
LEG
4J  
axes are parallel; the first two position vectors in Equation (5.29) are equal because 
frame origins 5O
LEG  and 6O
LEG  are coincident. Finally, by substituting the vectors of 
Equations (5.28) and (5.29) into Equation (5.25) and performing the cross products, the 
3 *wJ
LEG  Jacobian is found: 
 
 
4 4 5 5 4 4 5 4 4 4
4 4 5 5 5 4 4 4 3 4 4 3
3 3 4 5 5 5 4 3 4
4 5 4 3 2 3
4 5 4 3 2 3
5 2
0 0 0 0
0 0 0
0 0 0 0
*
0 0
0 0
0 1 1 0
w
d s s c a s d c d c
d c s c d s a c a d s a
a s s d s a a c
c s s s s c
s s c c s s
c c
     
     
   
     
     
 
  
 
     
  
  
  
 
 
  
J
LEG  (5.30) 
5.1.5. Singularity Analysis 
Singularities of a serial manipulator occur when it is configured to a posture for 
which the Jacobian matrix loses its full rank. Physically, the manipulator loses one or 
more DOFs, which prevents it from moving in some directions of the end-effector space 
[142]. Because singularities correspond to manipulator posture, it does not matter that 
the Jacobian developed in the previous section was based on a reverse-order 
observation of the manipulator; regardless of the Jacobian considered, the conditions 
that cause a manipulator to become singular are the same. Therefore, the serial 
manipulator’s singular configurations can be determined by evaluating the 3 *wJ
LEG  for 
rank deficiency (i.e., solving for the joint displacements that cause 3 *wJ
LEG  to be 
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singular). This process is achieved by equating the 3 *wJ
LEG  matrix’s determinant to zero. 
Because the upper-right 3-by-3 submatrix of 3 *wJ
LEG  contains all zero elements, the 
determinant of the Jacobian can be determined as follows: 
 3
3 3 3 3* 0w A C  J
LEG , where 
3 3 3 33
3 3 3 3
0
*w
A
B C
 
 
 
  
  
J
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 (5.31) 
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  
 
(5.32) 
where  signifies the matrix determinant. 
‘Main-Arm’ Singularities 
The determinant of 
3 3A   provides the ‘main-arm’ singularities when equated to 
zero and factorized as follows: 
     3 3 3 4 4 5 4 4 5 4 3 4 5 0A a a s d c d s a a c c              (5.33) 
Note that in practice, it is infeasible for a3 to be zero, because this condition only occurs 
when the knee axis intersects the hip joint (i.e., a zero-length thigh). Therefore, Equation 
(5.33) is only realistically satisfied when: 
 4 4 5 4 0a s d c    and/or  4 5 4 3 4 5 0d s a a c c        (5.34) 
The first case is fulfilled when θ4 takes on a value of: 
  4 5 4atan2 ,d a    (5.35) 
which corresponds the boundary singularities that occur when the manipulator is fully-
extended or folded-back. As shown in the left image of Figure 5.3, these configurations 
align frame origins 1O
LEG  through 6O
LEG  onto a common plane, so the only possible 
direction of end-effector motion is the tangential of the limb; radial motion is not possible, 
which is typical of boundary singularities [142]. The second singularity condition of 
Equation (5.34) occurs when: 
   5 4 3 4 4atan2 ,a a c d     (5.36) 
The loci defined by Equation (5.36) represent interior singularities for which the axes of 
joints LEG1J , 
LEG
2J , 
LEG
3J , and 
LEG
6J  all intersect at the hip COR, as depicted by one 
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example on the right side of Figure 5.3. The end-effector loses a DOF in these 
configurations because the combined rotations of joints LEG1J –
LEG
3J  may be exactly 
canceled by a counterrotation of LEG6J . That is, the end-effector may remain stationary 
despite motions of intermediate links, and LEG
6J  loses its ability to transmit a unique 
motion to the end-effector. It is apparent that the knee angle, θ4, influences the values of 
θ5 that cause such an intersection of joint axes. 
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Figure 5.3. Example boundary (left) and interior (right) ‘main-arm’ singularities 
associated with the 6R kinematic model of the human lower limb 
 ‘Wrist’ Singularities 
Setting the determinant of the 3 *wJ
LEG  matrix’s 3 3C   submatrix to zero yields the 
singularities associated with the manipulator wrist: 
 
2 2
3 3 2 3 2 3 2 0C s s s c s          and 2, 180m    (5.37) 
where m is any integer. Physically, this singularity represents a situation in which the 
LEG
1J  and 
LEG
3J  axes are coincident. As a consequence of Equation (5.37), the 6R model 
of the human lower limb is singular in its zero-displacement configuration, for which m = 
0 (see Figure 5.2). 
6R Manipulator Singularities respecting the Workspace of the Human Leg 
The motivation to find the singular configurations of the kinematic model for the 
lower limb is to check if these postures exist within the human leg’s normal 
biomechanical workspace, as reported at the beginning of Chapter 5. As a manipulator 
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approaches a singular configuration, its Jacobian matrix becomes ill-conditioned and 
may lose its invertibility [142]. In practice, a manipulator’s control may become unstable 
and, in simulation, the model configuration may become erroneous near the singular 
postures. Therefore, if singular configurations do exist within the workspace, they should 
be avoided during the manipulator trajectory planning process, which potentially limits 
the utility of the chosen kinematic model. Note that Denavit and Hartenberg parameters 
associated with the human right leg are used in this subsection (see Subsection 5.1.1), 
but singularity configurations for the left leg would be mirrored from right leg singularities 
with respect to the body’s sagittal plane. 
Before the kinematic model’s singular configurations can be compared with 
biological limb postures, the joint angle values from the two representations must be 
made commensurate. In a biomechanical sense, human leg joint angles are generally 
measured relative to a neutral-standing posture. For the proposed 6R model of the leg, 
joint angles are measured relative to the zero-displacement configuration, as shown on 
the right side of Figure 5.2, as established per the Craig convention of link-frame 
attachments. A neutral-standing posture may vary from person-to-person depending on 
one’s individual morphology. However, this thesis assumes that a neutral-standing 
posture is achieved in the kinematic model when 
0zˆ
LEG , 
1ˆz
LEG , 
2xˆ
LEG , 
3xˆ
LEG , 
4xˆ
LEG , and 
5xˆ
LEG  
are all parallel (i.e., when the knee center is directly below the hip center, and the knee 
is fully-extended straight), as shown on the left side of Figure 5.2. Moreover, the 
6xˆ
LEG  
axis is directed 30 degrees below the horizontal in the neutral-standing posture, such 
that the end-effector tip is positioned inferior and anterior to the ankle (e.g., at the toes). 
This detail is not critical, because the singular configurations are not influenced by θ6. By 
this assumption, the 6R joint variable values that correspond to a neutral-standing 
posture are: 
 1 0   , 2 90   , 3 0   , 4 0   , 5 0   , and 6 60     (5.38) 
Table 5.2 presents the normal biomechanical joint limits associated with the human leg 
[99], along with the correlation between anatomical rotations and model-joint rotations. 
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Table 5.2. Typical upper-biomechanical limits associated with the human leg 
joints and their correspondence to the 6R kinematic model joints 
Joint Motion Max. Angle Model Joint Joint Motion Max. Angle Model Joint 
      
Hip   Ankle   
     Internal Rotation 30° 
LEG
1J  (+)      Pronation 27.5° 
LEG
5J  (+) 
     External Rotation 60° 
LEG
1J  (–)      Supination 50° 
LEG
5J  (–) 
     Abduction 45° 
LEG
2J  (+)      Plantarflexion 40° 
LEG
6J  (+) 
     Adduction 45° 
LEG
2J  (–)      Dorsiflexion 25° 
LEG
6J  (–) 
     Extension 20° 
LEG
3J  (+)      Adduction 40° N/A 
     Flexion 120° 
LEG
3J  (–)      Abduction 40° N/A 
      
Knee   Knee   
     Flexion 120° 
LEG
4J  (+)      Extension 0° 
LEG
4J  (–) 
Note: The positive (+) and negative (–) labels attached to model 
i
LEGJ  indicate whether the corresponding joint 
motion is positive or negative, respectively, about the 
iˆz
LEG  axis in accordance with the right-hand rule. 
Given the information provided in Table 5.2 and Equation (5.38), the biological 
joint limits map to the following ranges for LEG2J , 
LEG
4J , and 
LEG
5J  of the kinematic model: 
  2 45 135    ,  4 0 120    , and  5 50 27.5      (5.39) 
where θ2, θ4, and θ5 are the joint variables that have a role in singular configuration 
development. To start, the θ2 angle range does not include m180°, where m is any 
integer, so the ‘wrist’ singularity of the kinematic model is well outside of its intended 
workspace. Next, the singular configuration values associated with θ4 and θ5 are 
dependent on the value selections for a3, a4, d4, and d5, as per Equations (5.35) and 
(5.36). Therefore, the following example values for each of these parameters are 
adopted to allow a quantitative indication of whether the kinematic model’s singularities 
are included in its intended workspace: 
 a3 = 378.4mm, a4 = 401.6mm, d4 = 41.32mm, and d5 = 43.33mm (5.40) 
These values are approximated from a CAD model based on the 50th-percentile man. 
Using Equation (5.40) numbers, the ‘main-arm’ boundary singularities occur at: 
      4 5 4atan2 , atan2 43.33, 401.6 173.8 , 6.158 0 120d a            (5.41) 
Thus, the θ4 joint angles associated with singular configurations do not belong to the 
range that defines the manipulators workspace for the selected link lengths. Generally, 
the lower-limb model’s boundary singularity is not included in its intended workspace as 
long as d5 is greater than zero and within reasonable biomechanical limits for the offset 
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between the knee and ankle CORs. Physically, the boundary singularities tend to require 
hyperextension or hyperflexion of the knee joint (see the left-side image of Figure 5.3). 
Finally, the joint variable range for θ4 from Equation (5.39) restricts the values for θ5 that 
can produce interior singularities to the following ranges: 
     
    
 
5 4 3 4 4
5 4 3 4 4
atan2 , 93.03 101.0
50 27.5
atan2 , 86.97 78.99
a a c d
a a c d
 
 
      
   
        
 (5.42) 
As indicated in the equations, both of these singularity loci do not exist within the 
intended θ5 workspace limits. Moreover, the ranges that could cause singularity are well 
outside of the intended workspace range. Thus, it is unlikely for these ranges to overlap 
for wide range of design parameter selections, within the practical limits of human 
morphology. This is reasonable, because it is difficult and unusual for a person to align 
their ankle’s plantarflexion/dorsiflexion axis to intersect the hip joint on the same leg. 
Overall, none of the singularity configurations associated with the proposed 6R model for 
the human leg occur within the limits of its intended, anatomically-motivated workspace, 
so it is a valid model for simulation use. 
5.2. Kinematic Considerations for the Exoskeleton-Human 
System 
With the kinematic formulations completed for the isolated human lower-limb 
model in Section 5.1 above, this section brings these together with the kinematic 
analyses for the selected orientation manipulator and motion-transfer manipulator to 
provide a complete kinematic description of the exoskeleton-human system. Subsection 
5.2.1 does so with the 6R model for the human leg, which is useful for kinematic 
simulations, while Subsection 5.2.2 considers a modified human-leg model that has 
utility for motion-capture (MoCap) experimentation with a physical exoskeleton. 
5.2.1. Complete System Kinematics with the 6R Simulation Model for 
the Human Lower Limb 
Figure 5.4 presents a schematic illustration of the complete manipulator system, 
in which the Simplified Agile Eye (SAE) is chosen for the orientation manipulator 
subsystem, the PU scheme is selected for the motion-transfer manipulator, and the 
human leg is represented by the 6R model. In the figure, the relative sizes of the 
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subsystem’s links are intentionally disproportionate to promote visual clarity; as a 
spherical manipulator, note that the SAE’s links can be scaled without changing the 
manipulator’s kinematic performance. 
Before the kinematic formulations from each of the subsystems can be 
combined, a common reference frame must be established. As mentioned in Subsection 
5.1.1, the human lower limb’s reference frame, affixed to the innominate bone of the 
pelvis, is chosen as the global reference frame for the complete exoskeleton-limb 
system. Anatomically, the innominate bone contains the acetabulum socket, relative to 
which the hip joint undergoes its articulations [99]. Therefore, the kinematic model does 
not neglect any human body joints between the global reference frame and hip joint. In 
addition to a global reference frame, any frame rotations that exist between the SAE’s 
local reference frame and its active spherical joint representation in the PU must be 
considered. Likewise, any rotation between the target joint frame in the PU scope and 
the corresponding joint frame in the 6R model must be taken into account. Essentially, a 
set of constant rotations must be introduced such that the orientation pairings between 
the spherical joints (i.e., orientation manipulator and target body joint) and PU local 
reference frame are consistent with the frame definitions in the complete-system context. 
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Figure 5.4. Schematic of the complete exoskeleton-limb system with frame 
labels (left) and recap image of the PU subsystem (right) 
Note: The {3}SAE frame is not shown within the ankle exoskeleton module to reduce visual 
complexity. Also, the 6R model for the human lower limb is adopted here. 
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To achieve the desired consistency, several new frames are introduced in the 
scope of the complete exoskeleton-limb system as shown in Figure 5.4. First, a {PEL} 
frame is attached to the pelvis with its z-axis normal to the transverse plane, y-axis 
normal to the coronal plane, and x-axis normal to the sagittal plane of the body. This 
happens to be the same orientation as the {0}LEG frame: 
 
0 3 3
1 0 0
0 1 0
0 0 1

 
 
  
  
R I
PEL LEG  (5.43) 
Although it is not strictly necessary to differentiate these two frames, the new {PEL} 
frame is introduced in the interest of generality (i.e., if the {0}LEG frame was defined 
differently). As shown in the figure for the hip exoskeleton module, the SAE base link is 
rigidly attached to the pelvis such that the 
0zˆ
SAE  axis is normal to the transverse plane of 
the body and a 135-degree rotation exists between the 
0xˆ
SAE  and xˆPEL  axes: 
 
 
   
   0
cos 135 sin 135 0
135 sin 135 cos 135 0
0 0 1
Z
     
 
        
 
 
R R
PEL SAE  (5.44) 
Next, a {UL}LEG frame is rigidly attached to the upper-leg link of the lower-limb 
manipulator. When the leg is configured to a neutral-standing posture, this frame is 
oriented with respect to the body frames in the same manner as the {PEL} frame. 
Therefore, a constant y-axis rotation exists between the {3}LEG and {UL}LEG frames: 
 
 3
0 0 1
90 0 1 0
1 0 0
Y
 
 
     
  
R R
LEG
UL  (5.45) 
A {S}SAE frame is also introduced here. It is fixed to the SAE’s end-effector link and is 
oriented with its axes parallel to the exoskeleton module’s universal joint axes (i.e., just 
as frame {2}PU is oriented within the scope of the PU manipulator). For the right-leg 
exoskeleton shown in the left-side schematic of Figure 5.4, this is: 
 
 
   
   3
cos 135 sin 135 0
135 sin 135 cos 135 0
0 0 1
Z
   
 
     
 
 
R R
SAE
S  (5.46) 
This applies for both the hip and ankle exoskeleton modules. 
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At the lower-leg, a {LL} frame is attached to the shank such that it is oriented with 
the body frames equivalent to {PER} and {UL}LEG when the leg is in its neutral-standing 
posture. Therefore, the {LL} frame relates to {4}LEG in accordance with: 
 
 4
0 0 1
90 0 1 0
1 0 0
Y
 
 
    
  
R R
LL LEG  (5.47) 
Like the hip exoskeleton’s attachment to the pelvis, the ankle exoskeleton module is 
oriented with respect to the {LL} frame as follows: 
 
 
   
   0
cos 135 sin 135 0
135 sin 135 cos 135 0
0 0 1
Z
     
 
        
 
 
R R
LL SAE  (5.48) 
Similarly, a {FT}LEG frame is attached to the foot link of the lower-limb manipulator, and is 
oriented to match the {PER}, {UL}LEG, and {LL} frames when the leg achieves its neutral-
standing posture. Since the {6}LEG frame is also attached to the foot link, and θ6 is 
defined to equal 60 degrees when the leg assumes its neutral posture, the relationship 
between {FT}LEG and {6}LEG is given by: 
 
   
   
   6
0 sin 60 cos 60
60 90 0 cos 60 sin 60
1 0 0
Z Y
    
 
        
 
 
R R R
LEG
FT  (5.49) 
Now, upon comparing the left- and right-side images of Figure 5.4, it is apparent 
that RPEL LEGUL  and R
PEL SAE
S  represent 
0
1R
PU  and 0
2R
PU , respectively, with regard to the hip 
exoskeleton module. That is, the former two matrices provide the appropriate conversion 
constants to transition from the complete-system scope to the PU subsystem scope. 
Similarly, RLL LEGFT  and R
LL SAE
S  represent 
0
1R
PU  and 0
2R
PU  for the ankle exoskeleton 
module. The 3RSAES  matrix then provides the mapping between the PU scope and SAE 
scope, and the remaining rotations from Equations (5.43)–(5.49) provide connections 
between the subsystem levels (i.e., SAE, PU, and LEG) and high-level complete system. 
Furthermore, the proposed knee exoskeleton module simply comprises an active 
revolute joint that is coaxial with the single-DOF knee. Therefore, the knee exoskeleton 
joint directly measures the human knee’s angular position, assuming the exoskeletal 
joint is appropriately zeroed (i.e., set to zero when the lower limb is configured to its 
neutral posture). Note that the {PEL} and {LL} frames do not have superscripts because 
they are used in both the SAE and LEG scopes. Furthermore, the origin positions of the 
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frames introduced to the complete-system scope are not significant in the high-level 
kinematic analyses to follow. 
Complete System Inverse Kinematic Analysis 
Within the context of the complete exoskeleton-limb system, the inverse 
kinematics problem involves a known target position and orientation for the human foot, 
and the corresponding angles for the exoskeleton’s active joints must be solved. This 
analysis is thereby an essential component of trajectory planning for the complete 
manipulator system. From a practical standpoint, the inverse kinematics solution is 
imperative in the control of an actuated exoskeleton; some form of user interface would 
define a target posture for the leg based on the user’s intended motion, so the system 
controller would then aim to align the exoskeleton’s active joints to angular positions that 
achieve the desired leg posture. 
To start the inverse kinematics analysis for the complete system, the inverse 
kinematics solution for the 6R serial manipulator is performed, as outlined in Subsection 
5.1.3. This process produces values for each of the lower-limb model joints, θi for i = 1, 
2, 3, 4, 5, and 6. This permits computation of the 0
3 NR
LEG  and 4
6 NR
LEG  rotation matrices, 
which are obtained as the upper-left 3×3 matrices of the following homogeneous 
transforms, after the appropriate joint variable substitutions are made: 
 
0 0 1 2
3 1 2 3T T T T
LEG LEG LEG LEG  and 4 4 5
6 5 6T T T
LEG LEG LEG  (5.50) 
Note that the matrix elements for each of the transforms multiplied above are specified in 
Equation (5.2). Proceeding with the inverse kinematic analysis of the hip exoskeleton 
module, 
NR
PEL LEG
UL  is evaluated as: 
 
0 3
0 3N NR R R R
PEL LEG PEL LEG LEG LEG
UL UL  (5.51) 
where Equations (5.43) and (5.45) provide the constant rotations associated with 
0R
PEL LEG  and 3RLEGUL , respectively. Recall that NR
PEL LEG
UL  represents 
0
1 NR
PU  in the context of 
the hip exoskeleton module. Hence, the two matrices are equated, and the inverse 
kinematics procedure outlined in Subsection 4.2.2 is carried out for the hip’s motion-
transfer manipulator. This process yields 02 NR
PU , which corresponds to NR
PEL SAE
S  for the hip 
exoskeleton. So, the orientation of the SAE’s end-effector with respect to its local 
reference frame can now be found as: 
    
T T
0 3
3 0N NR R R R
SAE PEL SAE PEL SAE SAE
S S  (5.52) 
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where expressions for 
0R
PEL SAE  and 3RSAES  are provided in Equations (5.44) and (5.46). 
Finally, the inverse kinematics solution for the SAE, as presented in Subsection 3.4.2, 
yields the 
1
SAE , 
2
SAE , and 
3
SAE  active joint states for the hip exoskeleton module. 
The process for the ankle exoskeleton module continues in a parallel manner to 
the hip exoskeleton. First, 
NR
LL LEG
FT  is computed as: 
 
4 6
4 6N NR R R R
LL LEG LL LEG LEG LEG
FT FT
 (5.53) 
where 
4R
LL LEG  and 6RLEGFT  are matrices of constant elements, as given in Equations 
(5.47) and (5.49). Next, because 
NR
LL LEG
FT
 represents 01 NR
PU  for the ankle exoskeleton 
module, the PU inverse kinematics is conducted to produce 0
2 NR
PU , which in turn 
represents NR
LL SAE
S . Subsequently, 
0
3 NR
SAE  for the ankle exoskeleton’s SAE can be 
computed as per: 
    
T T
0 3
3 0N NR R R R
SAE LL SAE LL SAE SAE
S S  (5.54) 
where the pre- and post-multiplier matrices are given in Equations (5.48) and (5.46), 
respectively. The inverse kinematics solution for the SAE then yields the ankle 
exoskeleton module’s active joint angles in accordance with the formulations prepared in 
Subsection 3.4.2. Lastly, the angular position of the knee exoskeleton’s active joint, 
KNEE , is given directly from θ4, which is obtained after the initial 6R inverse kinematic 
computations. In summary, Figure 5.5 provides a block diagram illustrating the inverse 
kinematics procedure for the complete exoskeleton-limb system. In the diagram, note 
that  I.K.f
ABC  denotes the inverse kinematic algorithm for the ABC subsystem (i.e., where 
ABC is either LEG, PU, or SAE). 
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Figure 5.5. Block diagram for the complete-system inverse kinematic analysis 
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Complete System Forward Kinematic Analysis 
The generalized forward kinematics problem associated with a manipulator is to 
determine the position and orientation of the end-effector in terms of a known set of joint 
variable values. For the complete exoskeleton-limb system, the end-effector is the leg 
model’s foot link, and the known joint variables are those associated with the 
exoskeleton’s active joints. In a simulation context, the forward kinematic solution is 
necessary for animating each system link with the appropriate position and orientation 
with respect to the global reference frame. In practice, motion capture applications use 
the exoskeleton as a tool for tracking the anatomical joint angle trajectories, which in turn 
relies on the forward kinematic solution. That is, the forward kinematics solution provides 
the means of mapping sensed exoskeleton joint angles to anatomical joint angle 
measurements. Additionally, the forward kinematic solution may be used to predict leg 
posture for controller feedback in fully-actuated exoskeletons. In these contexts, inverse 
kinematic procedures are only used to obtain joint angle values from rotation matrices. 
The high-level forward kinematics procedure for the complete exoskeleton-limb 
system is essentially completed by carrying out the inverse kinematics process step-by-
step in reverse order. Starting with the hip exoskeleton module, the 
1
SAE , 
2
SAE , and 
3
SAE  active joint angles are known, so the SAE forward kinematics presented in 
Subsection 3.4.3 can be effectuated to produce 0
3 NR
SAE . The NR
PEL SAE
S  can then be 
obtained by rearranging Equation (5.52) as follows: 
 
0 3
0 3N NR R R R
PEL SAE PEL SAE SAE SAE
S S  (5.55) 
Since NR
PEL SAE
S  represents 
0
2 NR
PU  for the hip exoskeleton module when projected into the 
PU subsystem scope, the PU forward kinematics are then performed as per the 
developments in Subsection 4.2.3. This results in a numerical rotation matrix for 01R
PU , 
which corresponds to 
NR
PEL LEG
UL  in the full-system context. Subsequently, the orientation of 
the lower-limb model’s thigh with respect to the pelvis can be determined by isolating for 
the 0
3 NR
LEG  matrix in Equation (5.51): 
    
T T
0 3
3 0N NR R R R
LEG PEL LEG PEL LEG LEG
UL UL  (5.56) 
Now, from Equation (5.4) in the 6R manipulator’s forward kinematic analysis, the 
numerical 0
3 NT
LEG  homogeneous transform can be populated as follows: 
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 0
0
30
3
1
3 1
0
0 1
a
d

 
 
 
 
 
  
N
N
R
T
LEG
LEG  (5.57) 
Recall from Subsection 5.1.1 that a0 and d1 are constant design parameters associated 
with the lower limb’s kinematic model. 
Now considering the ankle exoskeleton module, the 
1
SAE , 
2
SAE , and 
3
SAE  active 
joint angles are again known for the forward kinematics problem. Therefore, the SAE 
forward kinematic solution for 0
3 NR
SAE  can ultimately be obtained from the formulations in 
Subsection 3.4.3. Upon rearranging Equation (5.54), in which 
0R
LL SAE  and 3RSAES  are 
constant rotations defined earlier, the NR
LL SAE
S  matrix is found: 
 
0 3
0 3N NR R R R
LL SAE LL SAE SAE SAE
S S  (5.58) 
Given that NR
LL SAE
S  represents 
0
2 NR
PU  at the PU subsystem level, the motion-transfer 
manipulator forward kinematics given in Subsection 4.2.3 can be used to obtain 01 NR
PU . In 
turn, the 01 NR
PU  matrix is equal to 
NR
LL LEG
FT  in the ankle-exoskeleton context. The numerical 
matrix relating the 6R model’s fifth link to its end-effector can then be extracted from a 
rearranged version of Equation (5.53): 
    
T T
4 6
6 4N NR R R R
LEG LL LEG LL LEG LEG
FT FT  (5.59) 
Next, using the information from Equation (5.2), a numerical 4
6 NT
LEG  homogeneous 
transform can be arranged: 
 4
4
6 54
6
3 1
0
0 1
a
d

 
 
 
 
 
  
N
N
R
T
LEG
LEG  (5.60) 
Moreover, a numerical 3
4 NT
LEG  transform can also be obtained, because the knee 
exoskeleton module directly provides the θ4 joint angle: 
 4 4 3
4 43
4
4
0
0 0
0 0 1
0 0 0 1
c s a
s c
d
 
 
 
 
 
 
 
 
NT
LEG
, where 
4 
KNEE  (5.61) 
In the previous two equations, note that a3, a4, d4, and d5 are all constants. Furthermore, 
6
.e eT
LEG  is always a matrix of constant elements, so the complete-system forward 
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kinematic solution is realized by successive ascending-order multiplication of the 
numerical transforms from Equations (5.57), (5.60), and (5.61): 
 
0 0 3 4 6
. 3 4 6 .e e e eN N N NT T T T T
LEG LEG LEG LEG LEG  (5.62) 
Figure 5.6 summarizes the complete-system forward kinematics procedure in the form of 
a block diagram. In the figure,  F.K.f
ABC  denotes the forward kinematic algorithm for the 
ABC subsystem (i.e., where ABC is either LEG, PU, or SAE). 
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Figure 5.6. Block diagram for the complete-system forward kinematic analysis 
Walking Gait Simulation based on the 6R Lower-Limb Model 
To provide an indication of the correctness of the complete-system kinematic 
analysis, a walking gait simulation was developed. To start, SolidWorks models for the 
exoskeleton and human limb were developed, where the latter was based on 3D scans 
of a custom-articulated lower-body mannequin. These models were saved in 
stereolithography (STL) format to facilitate simulation within the MATLAB environment. A 
trajectory for the foot was then generated using data obtained from a walking gait 
simulation available in the open-source biomechanical simulation software, OpenSim 
[82], [182]. The complete-system inverse kinematics procedure was then performed to 
generate joint angle trajectories for 6R manipulator joints and the exoskeleton’s active 
joints. Subsequently, the complete-system forward kinematics was used to determine 
the positions and orientations of all the system links relative to the global reference 
frame throughout the gait-motion cycle. This information was then applied to graphically 
animate the system motions. Figure 5.7 shows the starting configuration of the 
simulation model overlaid with a 3D plot of the end-effector path. Figure 5.8 shows a 
sequence of screens captured during the gait simulation for the exoskeleton-limb 
system. Note that the exoskeleton is mounted to the left leg in the simulation, so 
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adjustments to the 6R kinematic analyses and rotation constants of Equations (5.43)–
(5.49) were made accordingly. Moreover, the ankle exoskeleton module was placed 
posteriorly instead of laterally from the shank, so the rotation values used in Equations 
(5.47)–(5.49) were correspondingly modified. Note that the simulation model also 
features a simple RPR/R planar parallel manipulator at the knee exoskeleton-body 
interface; the analysis of this manipulator is not discussed here because it was not 
implemented in the final exoskeleton design. Table 5.3 provides a listing of the DH 
parameter values associated with the 6R simulation model. 
 
Figure 5.7. Overlay 3D plot of the complete-system model and the end-effector 
path for the walking gait simulation 
Table 5.3. DH parameter values for the 6R manipulator in the simulation model 
Parameter a0 d1 a3 d4 a4 d5 a6 de.e 
Value (mm) 98.02 175.9 426.7 23.42 426.7 20.00 199.4 0.2497 
Note: The lower-body mannequin on which the 6R model for the simulation is based is not representative of a 
typical human morphology. So, different values are used in Equation (5.40) to evaluate 6R singularities. 
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Figure 5.8. Side (top), front (middle), and isometric (bottom) views of the 
complete-system simulation model performing walking gait motions 
5.2.2. Complete System Forward Kinematics with a SRS 
Experimentation Model for the Human Lower Limb 
To facilitate the presentation of experimental results obtained from a prototype 
exoskeleton system, as is done in Chapter 6, a second model for the human lower limb 
is considered here. This model comprises a serial chain of a spherical joint, revolute 
joint, and another spherical joint, producing a SRS manipulator structure. By preserving 
the link lengths and offsets from the 6R model, the experimentation model is functionally 
equivalent, except the adduction/abduction capability of anatomical ankle is now taken 
into consideration. This DOF was excluded from the first model because its movements 
are limited in the context of general human mobility, and its inclusion would produce an 
infinity of solutions to the inverse kinematics problem. However, exoskeletal motion-
capture only makes use of the forward kinematics solution, which is trivial for an open-
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chain serial manipulator, so the third DOF of the ankle is taken into consideration for the 
added generality it provides. Moreover, the new model makes full use of the ankle 
exoskeleton module’s 3-DOF sensing capability. Figure 5.9 shows a schematic 
illustration of the complete exoskeleton-limb system with the SRS model for the human 
lower limb.  
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Figure 5.9. Schematic of the complete exoskeleton-limb system with a SRS 
model for the human lower limb and important frame labels 
Note: Like in Figure 5.4, the various systems links are intentionally disproportionate to facilitate 
visualization of the manipulator and frame attachments. 
Experimentation Model Forward Kinematic Analysis 
In the literature, anatomical limb posture measurements are typically reported as 
the corresponding joint angles relative to a neutral-standing posture. To achieve this 
form of presentation for the forward kinematics results, the complete system with the 
SRS leg model makes use of the same {PEL}, {UL}LEG, {LL}, {FT}LEG, and {S}SAE frames 
as introduced in Subsection 5.2.1. Note the visibility of these frames in Figure 5.9. 
Furthermore, the forward kinematics solution for this experimentation model proceeds in 
the same manner as presented in Subsection 5.2.1. However, the process is truncated 
at the points that 
NR
PEL LEG
UL  and NR
LL LEG
FT  are obtained. That is, Equations (5.56), (5.57), 
(5.59), and (5.60), as well as the 6R model’s forward kinematic algorithm from 
Subsection 5.1.2, are not used here. 
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Instead, anatomical joint angle measurements are taken directly from the 
NR
PEL LEG
UL
 
and 
NR
LL LEG
FT  matrices using the Tait-Bryan roll-pitch-yaw convention. This method can be 
interpreted as an intrinsic Z-Y'-X'' ordering of rotations, such that the two rotation 
matrices are represented symbolically as: 
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(5.64) 
Therefore, if the numerical elements of the 
NR
PEL LEG
UL  and NR
LL LEG
FT  matrices are defined by: 
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then the solutions for 
1
SRS , 
2
SRS , 
3
SRS , 
5
SRS , 
6
SRS , and 
7
SRS  are: 
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(5.67) 
The selection of the positive square root terms for 
2
SRS  and 
6
SRS  is appropriate and 
robust; it produces hip adduction/abduction and ankle pronation/supination 
measurements within [–90   90] degrees, which completely encompasses the anatomical 
ranges-of-motion for these DOFs. Finally, the forward kinematics solution is completed 
by equating the knee exoskeleton’s active joint measurement to the anatomical knee-
joint angle: 
 
4 
SRS KNEE  (5.68) 
Table 5.4 provides the correspondence between the experimentation model’s lower-limb 
joint angles and the anatomical motions outlined in Figure 2.7. 
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Table 5.4. Correlation between experimentation model joint rotations and 
anatomical motions for the human right-side lower limb 
 Hip Knee Ankle 
Model Joint Rotation: 1
SRS  
2
SRS  
3
SRS  
4
SRS  
5
SRS  
6
SRS  
7
SRS  
Anatomical Motion: Int. Rot. Abd. Ext. Flex. Add. Pro. Pla. 
        
Model Joint Rotation: 1
SRS  
2
SRS  
3
SRS  
4
SRS  
5
SRS  
6
SRS  
7
SRS  
Anatomical Motion: Ext. Rot. Add. Flex. Ext. Abd. Sup. Dor. 
Note: The anatomical motion abbreviations are clarified in the List of Acronyms. 
5.2.3. Practical Considerations for the Complete System 
When the exoskeleton system moves from the computer-based simulation 
environment towards physical implementation, there are a few characteristics of the 
system model and design that demand particular attention.  
Exoskeleton-Limb Connections 
To start, the models depicted in Figure 5.4 and Figure 5.9 show rigid connections 
between the human limb segments and the adjacent base and output links of the 
exoskeleton modules. In practice, these connections should be realized in a non-
invasive manner that closely approximates a rigid attachment without causing undue 
discomfort to the human subject. The chosen approach is to utilize orthotics that fit 
tightly to the subject’s pelvis, thigh, shank, and foot. In fitting these orthotics to the 
subject’s body, care should be taken to align the exoskeleton modules with the body 
planes, as intended by the experimentation model. Specifically, since they are treated as 
known design parameters, the attachment orientations of the hip exoskeleton module 
relative to the pelvis and the ankle module relative to the shank should be made 
mindfully. The base links of these modules are designed to support a proper alignment, 
so this only involves wearing the orthotics to appropriately align with the subject’s 
transverse, coronal, and sagittal planes. The relative positions of the SAE COR and 
target body joint must then be measured with respect to the body frames, as these 
coordinates are taken to be known constants in the kinematic analyses of the motion-
transfer manipulator. Additionally, the knee exoskeleton’s active joint axis should be 
fitted with respect to the flexion/extension axis of the subject’s knee such that axial 
misalignments are minimized (i.e., insofar as is possible, given the translational nature of 
the anatomical knee axis). Anatomical landmarks on the subject’s lower limb (e.g., bony 
prominences of the greater trochanter external surface at the hip, medial epicondyle and 
125 
lateral epicondyle at the knee, etc.) are used to facilitate these joint position 
measurements and axial alignments. 
Zero-Angle Establishment at the Neutral-Standing Posture 
Another important consideration is that, in practice, the subject’s leg generally 
does not achieve its neutral-standing posture when the exoskeleton subsystems are 
posed in their home configurations. One might erroneously assume this is the case 
based on the schematic of Figure 5.9, for which attachments and alignments are exact. 
The adopted approach for handling this issue is to instruct the motion-capture subject to 
assume a neutral-standing posture for the first several seconds of each capture session. 
From within this period of steady neutral posture, the exoskeleton’s active joint angles 
are used in the complete-system forward kinematic algorithm to produce neutral-
standing orientation measurements for the hip and ankle joints:  qNR
PEL LEG
UL NEUTRAL  and 
 qNR
LL LEG
FT NEUTRAL . Here, qNEUTRAL  is a vector containing the angular position states of 
each active joint in the exoskeleton when the subject’s lower limb is posed in its neutral-
standing posture. These matrices are then treated as constant rotations for the 
remainder of a motion capture session. By post-multiplying each subsequent 
NR
PEL LEG
UL  
measurement by   
T
qNR
PEL LEG
UL NEUTRAL  and NR
LL LEG
FT  measurement by   
T
qNR
LL LEG
FT NEUTRAL , 
the resulting values for 
i
SRS , i = 1, 2, 3, 5, 6, and 7, are relative to the recorded neutral-
standing posture. For example, when this neutral posture is achieved, the post-
multiplication yields 3 3I , which in turn produces a set of anatomical joint angles with all 
zero values; this is the desired result for the neutral-standing posture. 
Exoskeleton-Limb Workspace in Relation to the Leg’s Anatomical Motions 
Next, it is important to consider the target-anatomical-joint range-of-motion 
permitted by the workspace of the SAE-PU exoskeleton module when it is interfaced 
with a human subject. Ideally, the exoskeleton should allow the user to move through 
their complete ranges-of-motion for each target-joint DOF without reaching or coming 
into close proximity of an SAE singular configuration. Recall from Section 3.6 that 
singular conditions are met when either 1 90 180d   
SAE  or 2 90 180d   
SAE , where d 
is an integer. To facilitate a workspace check for the proposed exoskeleton design and 
to prepare for system prototyping, a detailed SolidWorks model of the exoskeleton-
human system was developed. The design parameters associated with the model’s hip 
exoskeleton module are listed in Table 5.5. 
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Table 5.5. Hip-exoskeleton-module design-parameter selections for the 
workspace and singularity considerations 
Design Parameter (from Section 4.2) Value Used for Workspace/Singularity Investigations (mm) 
  
x12 –134.02 
y12 –9.99 
z12 118.34 
lo 22.06 
lr 263.72 
To begin an evaluation of the exoskeleton’s workspace in relation to the human 
leg, the model’s lower limb was configured to each of the hip’s individual DOF limits (see 
Figure 2.7 in Section 2.1.2). Table 5.6 provides the corresponding angular positions of 
the hip exoskeleton’s active joints, as measured within the SolidWorks model. During 
this set of pure body-plane rotations, the closest proximity to a singular condition in the 
SAE occurs when the model’s hip joint is flexed to 120 degrees, which corresponds with 
a 76.23-degree angle for 
1
SAE . The other hip motions cause 
1
SAE  and 
2
SAE  values to 
remain well within the [–90   90] degree range, the limits of which represent singularities. 
This provides a preliminary indication that the proposed exoskeleton supports the lower 
limb’s full range-of-motion without encountering a singular configuration. 
Table 5.6. Hip-exoskeleton-module active-joint angles associated with the 
individual rotational limits of each anatomical hip DOF when Table 
5.5 parameters are asserted 
Hip DOF Limit 
SAE
1J  Angle, 1
SAE  (deg) SAE2J  Angle, 2
SAE  (deg) SAE3J  Angle, 3
SAE  (deg) 
    
Extension = 20 deg –17.03 –8.96 2.25 
Flexion = 120 deg 76.23 17.59 35.20 
Abduction = 45 deg –37.45 16.40 –10.98 
Adduction = 45 deg 14.15 –19.33 0.18 
Int. Rot. = 30 deg 3.79 8.46 29.91 
Ext. Rot. = 60 deg –10.93 –25.41 –54.18 
Note: The SAE
3J  joint angle does not contribute to the development of singular configurations in the SAE. 
To further investigate whether the exoskeleton design should be expected to 
accurately track target-joint angles through their complete range-of-motion without 
restriction, a reachable workspace plot is developed for the hip exoskeleton module. To 
start, this analysis applies limits on each of the module’s active joints as follows: 
  1 85 85    
SAE ,  2 85 85    
SAE  and  3 150 150    
SAE  (5.69) 
The selected ranges for 1
SAE  and 2
SAE  ensure that the workspace does not include any 
SAE singularities, while the that for 
3
SAE  is based on the approximate range of the 
revolute sensors employed in the prototype system, to be discussed further in Chapter 6. 
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The analysis proceeds by iteratively conducting the complete-system forward kinematic 
algorithm (i.e., to the point at which 
NR
PEL SAE
UL  is solved) for each pairing of the active-joint 
angles within their Equation (5.69) ranges and using 1-degree incrementation. Next, 
assuming the knee center lies at a point of unit-length distance directly below the hip, the 
partial-sphere surface of attainable knee positions is given by the collection of points: 
  
T
p 0 0 1knee  NR
PEL SAE
UL  for each NR
PEL SAE
UL  (5.70) 
The left side of Figure 5.10 shows the benchmark range-of-motion for a healthy 
human hip reported by Turley et al. in [189]; that study considers similar hip-motion limits 
as those assumed in this thesis. The middle image of Figure 5.10 presents a 3D 
scatterplot of the results from the workspace analysis described above overlaid with the 
benchmark. Note that the middle image’s exoskeleton-hip workspace surface offers a 
visualization of the extents of hip extension/flexion and abduction/adduction, but the 
extent of hip rotation cannot be depicted in this 3D-plot format (i.e., the orientation of the 
knee is not specified). Therefore, to help clarify the workspace, the right-side image of 
Figure 5.10 shows the system workspace after removing data points that are only 
attainable with a hip-rotation angle beyond the normal limits depicted in Figure 2.7; 
clearly, atypical ranges in the other DOFs are still considered here in the right-side plot. 
As expected, this restriction removes data points from the edges of the workspace 
surface, which correspond to the most extreme-angle postures. Also, the hip-rotation 
angles were computed using an order of rotations consistent with [189] to facilitate 
comparison with the range-of-motion benchmark. 
Posterior Direction Posterior Direction
Superior Direction
Posterior Direction
Lateral Direction
Superior Direction Superior Direction
Medial DirectionMedial Direction
 
Figure 5.10. Healthy range-of-motion benchmark for the human hip (left), hip 
workspace permitted by the exoskeleton when Table 5.5 parameters 
and Equation (3.19) active-joint ranges are asserted (middle), and 
the permitted workspace after removing atypical hip rotations (right) 
Note: The range-of-motion benchmark considers the left hip while the hip exoskeleton module 
workspace considers the right hip, so lateral and medial directions are swapped. However, the 
benchmark displays mirror-symmetry about the sagittal plane, so the comparison is still valid. 
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Upon comparing the considered exoskeleton-hip workspace with the benchmark, 
it is apparent that the hip exoskeleton module permits the vast majority of healthy-hip 
postures, along with many postures outside of the healthy range, without encountering a 
singular configuration. However, the benchmark range extends beyond the computed 
exoskeleton-hip workspace in both the middle- and right-side images for some postures 
near the upper-limit of hip flexion. This finding does not indicate that the hip exoskeleton 
module restricts joint motions to those postures, because the range of the revolute 
sensors constituting SAE1J  and 
SAE
2J  is larger than that asserted to the joints during the 
workspace computation. Although, this lack of workspace overlap with the benchmark 
does suggest that the SAE requires a closer proximity to a singular configuration before 
those high-flexion postures are attainable. Note the discrepancy between the Figure 
5.10 results and those of Table 5.6, which predicts that the exoskeleton can attain 120 
degrees of hip flexion without exceeding the ±85-degree thresholds for SAE1J  or 
SAE
2J . 
This disagreement arises despite consistent use of design parameters because the 
SolidWorks model inherently incorporates a rotational offset in the SAE when the human 
achieves neutral-standing posture (i.e., qNEUTRAL ), whereas the reachable workspace 
analysis does not take this into account. This difference in approach between the two 
workspace investigations is intentional, because it helps highlight why these analyses 
have limited ability to predict the actual workspace of a physical human-interfaced 
system. These limitations are further elaborated after the discussion on SAE singularities 
in relation to lower-limb postures in the next low-level subsection.  
The ankle joint has smaller ranges-of-motion than the hip, especially in the 
sagittal-plane DOF (i.e., plantarflexion/dorsiflexion – see Figure 2.7). Thus, the proposed 
exoskeleton design is likely to support its complete ranges-of-motion given the large 
exoskeleton-module workspace demonstrated in Figure 5.10. So, in the interest of 
brevity, a workspace analysis for the ankle exoskeleton module is not included here. 
Additionally, as the knee exoskeleton module simply involves a sensor aligned coaxially 
with the anatomical joint, provision of a complete range-of-motion is ensured by the 
selection of a sensor with equal or greater rotation range than the knee. Ultimately, the 
main takeaways from these workspace-analysis exercises are that the exoskeleton is 
expected to provide kinematic compliance with the human lower limb through the 
complete range-of-motion in each of its DOFs, but the hip exoskeleton module may 
approach a singular configuration in its SAE when the hip is flexed to large angles. The 
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next paragraphs explore this further by considering how hip-exoskeleton singularities 
map to postures in the anatomical joint. 
SAE Singularities in Relation to Lower-Limb Postures 
Recall from Section 3.6 that singular conditions in the SAE materialize as either 
an inverse kinematic singularity if 
2 90 180d   
SAE  or a combined singularity when 
1 90 180d   
SAE  and 
2 180d  
SAE , d is an integer. Starting with the former, Figure 5.11 
illustrates two example postures that occur when 
2
SAE  is set to ±90 degrees within the 
SolidWorks model developed for the exoskeleton-human system. As shown in the figure, 
both postures involve significantly exceeding at least one of the rotational limits among 
the hip joint’s DOFs. Note that these are only two of an infinite number of postures 
associated with the inverse kinematic singularity in the hip exoskeleton module’s SAE, 
because the orientation manipulator’s SAE1J  and 
SAE
3J  active joints may assume any 
angular position within their respective ranges without affecting the singular condition. 
However, these maintained DOFs in the SAE tend to only influence rotations about the 
thigh’s longitudinal axis. So, the system is expected to avoid the hip exoskeleton 
module’s inverse kinematic singularities throughout the anatomical hip joint’s healthy 
range-of-motion. 
Abduction   82° > 45° = Limit
Extension   74° > 20° = Limit
Adduction   –28°   [–45°    45°] = Range
External Rotation   –73° < –60° = Limit  
Figure 5.11. Example lower-limb postures associated with the inverse kinematic 
singularities of the hip exoskeleton module’s SAE for 
2
SAE  = 90 
degrees (left) and 2
SAE  = –90 degrees (right) 
Note: The hip rotation angles corresponding to both images and their relation to the anatomical 
upper limits or ranges from Figure 2.7 are indicated. 
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Next, Figure 5.12 presents a series of thigh postures associated with the 
combined singularity in the hip exoskeleton module’s SAE. Although this condition 
causes the SAE2J  active joint to become locked, it introduces an unsensed DOF about 
2yˆ
SAE  to the manipulator’s end-effector and permits SAE
3J  rotations as well. As such, there 
again exists an infinity of thigh postures associated with the singularity. These postures 
are generally limited to those outside of the hip’s typical range-of-motion. Considering 
the leftmost image in Figure 5.12, the hyper-abducted thigh can rotate towards the 
posterior about the vertical while maintained the SAE’s combined singularity; however, 
such postures are well outside of the hip’s normal motions. Alternatively, the thigh can 
move anteriorly as shown in the right three images of Figure 5.12. Although the hip 
tends to remain hyper-flexed and/or hyper-rotated in these loci of the combined 
singularity, it approaches or possibly encroaches on the hip’s anatomical workspace 
near the postures illustrated in the middle two images. Note that the introduced DOF 
within the SAE for the combined singularity results in no significant differences between 
the +90-degree and –90-degree cases for 
1
SAE  (i.e., the rotational difference can be 
counteracted by the free rotation about 
2yˆ
SAE ). 
Abd.   83° > 45° = Limit
Ext. Rot.   –15°   [–60°    30°] = Range
Flex.   –87.5°   [–120°    20°] = Range
Int. Rot.   55° > 30° = Limit
Flex.   –130° < –120° = Limit
Flex.   –150° < –120° = Limit
Int. Rot.   60° > 30° = Limit  
Figure 5.12. Example lower-limb postures associated with the combined 
singularities of the hip exoskeleton module’s SAE 
Note: The hip rotation angles corresponding to each image and their relation to the anatomical 
upper limits or ranges from Figure 2.7 are indicated. 
In agreement with the results from the workspace analyses above, the Figure 
5.12 findings provide further evidence that the proposed exoskeleton may approach a 
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singular configuration during movements involving large hip flexion. Since the ankle 
exoskeleton module oriented with respect to its target joint in the same manner as the 
hip module and ankle plantarflexion/dorsiflexion has a significantly reduced range 
relative to hip flexion/extension, this issue is not expected for the ankle exoskeleton 
module. However, although their considerations are important, the practical utility of the 
specific results obtained during these workspace and singularity analyses is limited. The 
numeric values obtained are dependent on the design parameters listed in Table 5.5 as 
well as the SAE orientation that corresponds with a neutral-standing posture of the 
subject. In practice, all these quantities vary on an intra- and inter-subject basis and are 
ultimately determined by the wearer’s individual morphology and orthotic attachment 
decisions. Thus, aside from brevity and its reduced ranges-of-motion relative to the hip, 
another reason for excluding the ankle joint from the workspace and singularity analyses 
is the limited usefulness associated with the specific numerical results. Also note that 
singularities are not applicable for the single-joint knee exoskeleton module.  
In the end, the workspace and singularity evaluations suggest that the 
exoskeleton manipulator is expected to offer complete kinematic compliance with each 
major DOF of the lower limb and not impose restrictions on their full ranges-of-motions. 
Additionally, the hip exoskeleton module may approach a singular configuration when 
the hip is flexed to great extents; proximity to such a singular condition is expected to 
diminish the exoskeleton’s MoCap-measurement accuracy, but the severity of the 
degradation is unclear. The ultimate test of the exoskeleton’s functionality in these 
aspects is to construct a physical prototype of the proposed design and evaluate its 
performance in the presence of the various nuances associated with real-world 
application that the system models overlook. 
With the sum of these practical considerations in mind, a physical prototype of 
the exoskeleton system was developed. Its efficacy as a motion capture device was then 
tested in an experimentation setting, using the complete-system forward kinematic 
solution for the experimentation model to process the exoskeleton’s sensor data. The 
relevant materials on these matters are presented next in Chapter 6. 
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Chapter 6.  
 
Prototype Development and Efficacy Study of a 
Hybrid-Manipulator Exoskeleton as a Lower-Limb 
Motion-Capture System 
To verify the forward kinematic accuracy of the selected exoskeleton manipulator 
in an applied scenario, a prototype system was developed and tested alongside an 
optical motion capture (MoCap) system. The experiment was designed to evaluate the 
efficacy of the exoskeleton as a motion capture device. Recall from Chapters 1 and 2 
that such a passive (i.e., non-motorized) motion-capturing exoskeleton is a beneficial 
precursor to an active one, because it provides a low-cost assessment of the 
exoskeleton’s ability to accurately detect the wearer’s lower-limb posture; the ability of 
an active-exoskeleton counterpart to control fine movements and maintain balance 
during mobility assistance depends on this accurate detection of limb posture. Aside 
from assistive applications, the exoskeleton’s inherent mechanical connection to the 
human body also yields the opportunity for a low-power active version to provide haptic 
feedback functionality in virtual reality or augmented reality applications. Moreover, a 
sufficiently accurate passive exoskeleton that can track all rotations of multi-DOF joints 
may be an attractive alternative to other MoCap solutions in its own right. Sections 6.1 
and 6.2 respectively detail the prototype system development and the experimental 
proceedings for verifying its proper functionality and measurement accuracy. 
6.1. Novel Motion Capture Exoskeleton Prototyping 
6.1.1. Mechanical Design 
The prototype’s mechanical design can be considered modularly as the 
combination of hip exoskeleton, knee exoskeleton, and ankle exoskeleton subsystems. 
As depicted in the SolidWorks model of Figure 6.1, the hip and ankle exoskeleton 
module designs are based on the hybridized Simplified Agile Eye (SAE) manipulator 
selected in Chapter 3 and the PU motion-transfer manipulator discussed in Chapter 4. 
Consequentially, the overall mechanism architecture for these modules is (RR-
RRR)RPU/S, where the underlines identify joints with position sensors and ‘/S’ indicates 
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the spherical constraint asserted on the exoskeleton module by its connection to the 
anatomical spherical joint. This connection is formed by mechanical attachments to 
orthotics worn by the subject on body segments superiorly and inferiorly surrounding the 
targeted joints. That is, for the hip module, the SAE base is attached to a pelvis orthotic 
and the PU transfer manipulator’s end-effector is attached to a thigh orthotic; meanwhile, 
the SAE base and PU end-effector attach to a shank orthotic and foot orthotic, 
respectively, for the ankle module. Next, the knee exoskeleton module simply consists of 
a sensed revolute joint with its axis of rotation coincident to that of the biological knee 
joint. Recall from Chapter 5 that the biological knee is considered here as a single 
degree-of-freedom joint. 
Shank Base
Pelvis Base*
Link A
Link B1
Link B2
Link C
Link D
Link E
Link F
Link G
Link H
Thigh Base*
Track Cap
Pot. #1
Pot. #2
Pot. #3
Pot. #4
Pot. #5
Pot. #6
Pot. #7
Thigh 
Orthotic
Shank 
Orthotic
MoCap 
Subject
Knee 
Brace
Pelvis 
Orthotic
Foot 
Orthotic
Knee:
Hip and Ankle:
 
Figure 6.1. SolidWorks model of the MoCap exoskeleton’s mechanical design 
with potentiometer numbering convention (left) and exploded view 
of module components (right) 
Note: Components in the right-side image marked with an asterisk (*) are included in the hip 
module but not in the ankle module; the Shank Base is only used in the ankle module. 
In terms of component composition, all the exoskeleton linkages are 3D-printed 
from ABSplus thermoplastic filament using the uPrint machine at Simon Fraser 
University’s Mechatronic Machining and Testing Centre. The sensed exoskeleton joints 
are composed of Mode Electronics rotary potentiometers with linear 10kΩ resistance. At 
one end, each potentiometer housing is fastened to its proximal linkage by way of a nut 
tightened to the fixed and threaded portion its shaft; at the other end, the joint’s distal 
134 
linkage is press-fitted to the rotating portion of the potentiometer shaft. The left side of 
Figure 6.1 shows the numbering convention applied to the potentiometers. All 
unmeasured rotary joints are realized using concentric contact surfaces between the 
distal linkage and a nylon shoulder screw press-fitted to the proximal linkage. The hip 
and ankle exoskeleton’s prismatic joints are made from a sleeve bearing carriage 
mounted to a 9mm-wide anodized aluminum guide rail. Finally, the orthotics to which the 
exoskeleton modules attach are taken from an Ober leg brace; originally, the shank and 
foot orthotics were combined, so the piece was cut to separate it into two orthotics. 
Each exoskeleton module is attached to the orthotics surrounding its target joint 
using bolts, except for the knee exoskeleton which is respectively bolted and press-fitted 
to the upper and lower portions of the Ober knee brace pieces. Additionally, the knee 
brace is bolted to the thigh and shank orthotics at its upper and lower ends, respectively. 
Bolts are also used within the hip and ankle exoskeletons to fix adjacent 3D-printed parts 
to the prismatic joint’s carriage and track; this includes a cap part on the top of the track 
to prevent it from passing completely through the carriage and separating the module. 
Table 6.1 provides a bill of materials and summary of costs for the MoCap exoskeleton 
prototype at the time of purchase in May 2017, including electrical components [190]–
[203]. The right side of Figure 6.1 specifies the 3D-printed part naming convention used 
in the bill of materials, excluding the electrical housing case. Note that the expense of 
most of these items would be reduced for a hypothetical marketable version of the 
MoCap exoskeleton, because the components would be sourced in bulk quantities. 
Moreover, 3D-print prototyping, leg-brace orthotics, and precision sleeve-bearings, the 
latter two of which comprise 70.5% of the prototype cost, would be replaced with more 
cost-effective alternatives to help reduce the expense. 
6.1.2. Electrical Design 
As shown in the electrical schematic of Figure 6.2, the core electrical 
components of the MoCap exoskeleton are: the seven rotary potentiometers, a 
microcontroller unit (MCU) board, a microSD shield, a normally-open pushbutton, a 
manual rocker switch, and a 9V power source. Each potentiometer provides voltage 
readings proportional to the angle of the joint that it mechanically comprises, as detailed 
in the previous subsection. The high and low voltage pins of each potentiometer are 
wired to the 5V and ground pins of the MCU board, respectively; the potentiometers’ 
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wiper pins are sequentially wired to the A0–A6 analog input ports of the MCU in 
ascending numeric order. An Arduino Mega was selected for the MCU to digitize the 
potentiometer readings through analog-to-digital conversion (ADC) and transfer this raw 
data to a computer for processing. This board was chosen primarily for its sufficient 
number of on-board analog input ports (i.e., 16) to measure all 14 of the assumed DOFs 
associated with two human lower limbs, although the prototype only measures 7 DOFs 
of one lower limb. A secondary reason for this board’s selection was familiarity and ease 
of use with the Arduino integrated development environment. 
Two options are established for MCU-to-personal computer (PC) data transfer: 
direct communication via Universal Serial Bus (USB) or microSD card storage and later 
transfer. The former caters to real-time applications and circumstances permitting wired 
PC connection, while the latter allows more mobility from the PC. For both methods, a 
normally-open pushbutton is used to trigger the start and end of a data recording 
session when activated and deactivated, respectively. The record pushbutton is wired to 
the MCU’s 5V port at one end and a general-purpose input/output (GPIO) port at the 
other end. A 1kΩ pull-down resistor connects the GPIO line to ground to ensure the 
logical value near zero is read at the GPIO port when the pushbutton is deactivated (i.e., 
to prevent the open button terminal from acting as an antenna). The second data 
transfer method necessitates the inclusion of a circuit board dedicated to SD card data 
storage in the circuit design. An OSEPP-MSDS-01 microSD shield board was selected 
due to its availability at a local electronics vendor and suitably low cost. This board is 
appropriately wired to the Arduino Mega such that the latter sends the digitized 
potentiometer readings for SD card storage and power (i.e., via 3.3V connection) to the 
former. More specifically, the Arduino’s Slave Select (SS), Master Out Slave In (MOSI), 
Master In Slave Out (MISO), and System Clock (SCK) pins respectively connect to the 
microSD shield’s corresponding pins [204], [205]. Note that the SD card-based data-
transfer method was ultimately used to perform the experiments described in Subsection 
6.1.5. Finally, a 9V battery is wired between the input voltage and ground ports of the 
MCU board to provide mobile power when the second data collection method is used; a 
manual on/off switch is serially connected on the battery line, so the electronics can be 
deenergized when not in use. Moreover, as the PC provides power during the tethered 
scheme, the on/off switch should be off when that method is used to prevent any 
possible current backflow and subsequent damage to the circuit or PC. 
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Table 6.1. Bill of materials and costs associated with the MoCap-exoskeleton 
prototype 
Category/Item Qty. Unit Vol./Lgth. Unit Cost Cost (CAD)  
       
Orthotics/Knee Brace    
 Ober Leg Brace 1 - $381.23/unit $381.23 
       
3D-Printed Linkages    
 Set-Up Fee 1 - $20.00/print $20.00 
 Pelvis Base 
   Hip Module 
1 0.98 in.3 $5.00/in.3 $4.90 
 Thigh Base 1 0.57 in.3 $5.00/in.3 $2.87 
       
 Shank Base    Ankle Module 1 0.66 in.3 $5.00/in.3 $3.29 
       
 Link A  2 0.40 in.3 $5.00/in.3 $4.05 
 Link B1  2 0.29 in.3 $5.00/in.3 $2.90 
 Link B2  2 0.22 in.3 $5.00/in.3 $2.24 
 Link C    Hip and Ankle 
   Modules 
2 0.38 in.3 $5.00/in.3 $3.81 
 Link D 2 1.44 in.3 $5.00/in.3 $14.42 
 Link E  2 0.09 in.3 $5.00/in.3 $0.93 
 Link F  2 0.22 in.3 $5.00/in.3 $2.23 
 Track Cap  2 0.06 in.3 $5.00/in.3 $0.56 
       
 Link G 
   Knee Module 
1 0.17 in.3 $5.00/in.3 $0.84 
 Link H 1 0.46 in.3 $5.00/in.3 $2.32 
       
 Electrical Housing Case Bottom 1 1.33 in.3 $5.00/in.3 $6.64 
 Electrical Housing Case Top 1 3.04 in.3 $5.00/in.3 $15.21 
       
Unmeasured Joints/Fasteners     
 Sleeve-Bearing Carriage 2 - $49.90/unit $99.79 
 Sleeve-Bearing Track (155mm) 1 - $29.99/unit $29.99 
 Sleeve-Bearing Track (275mm) 1 - $49.67/unit $49.67 
 10-24 Thread Nylon Shoulder Screw 12 - $0.32/unit $3.80 
 10-24 Thread Hex Nut  12 - $0.07/unit $0.85 
 M3 Thread Socket Cap Screw 10 - $0.14/unit $1.36 
 M3 Thread Hex Nut  2 - $0.09/unit $0.18 
 M2.5 Thread Socket Cap Screw 8 - $0.15/unit $1.20 
 M2.5 Thread Hex Nut  16 - $0.06/unit $0.97 
      
Sensed Joints/Electrical Components    
 Potentiometer 7 - $2.80/unit $19.60 
 Arduino Mega 2560 Rev. 2 1 - $59.26/unit $59.26 
 OSEPP-MSDS-01 MicroSD Shield 1 - $13.95/unit $13.95 
 On/Off Rocker Switch 1 - $4.20/unit $4.20 
 Record Push Button 1 - $10.40/unit $10.40 
 9V Battery 1 - $5.99/unit $5.99 
 9V Battery Clips 1 - $0.75/unit $0.75 
 1kΩ Resistor 1 - $0.15/unit $0.15 
 MicroSD Card with Adapter for PC 1 - $10.99/unit $10.99 
 22 AWG Wire 1 38 ft. $0.22/ft. $8.36 
 Braided Wrap Sleeving (1/2") 1 6.4 ft. $0.93/ft. $5.94 
      
PROTOTYPE GROSS TOTAL   $795.83 CAD 
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Figure 6.2. Schematic of the MoCap exoskeleton’s electrical subsystem 
Note: Each potentiometer (i.e. ‘Pot.’) has a 10kΩ linear resistance. 
6.1.3. Software Design 
In order for the MCU board to appropriately sample and log the measured 
potentiometer data, it has to be programmed to do so. The software uploaded to the 
Arduino MCU is based on open-source code called “AnalogBinLogger.ino” by Bill 
Greiman [206]. This program samples the targeted analog pins during interrupt routines 
(i.e., based on time elapsed from the system clock) to establish a regular sampling 
interval, the value for which is set in the code. The program’s author reports conducting 
a reliability test by sampling five analog pins at a 5kHz rate, which resulted in zero 
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dropped values on the Arduino Uno board after logging 512MB of data [207]. A buffer is 
also used in the program to overcome possible sampling delays due to SD card writing 
latency. Furthermore, this software saves multiple MoCap recording sessions as 
separate files on the SD card. However, to suit the needs of the MoCap exoskeleton, the 
“AnalogBinLogger.ino” code required some adjustments; these included: establishing the 
record pushbutton activation as the log trigger, setting the pushbutton release as the 
condition for ending a log session, and automatically converting the recorded data from 
binary to comma-separated values (CSV) file format at the end of each record session; 
originally, the program would perform these actions based on serial input from a 
connected PC. Figure 6.3 shows a high-level logic diagram of the modified 
“AnalogBinLogger.ino” program including, a lower-level diagram for the data-logging 
function used within the main program. 
6.1.4. Preparatory Procedures for Data Conversion and Zeroing 
The measured potentiometer angles are interpreted by the ADC process on the 
Arduino board as an integer value on the range 0-1023, inclusive (i.e., from 10-bit 
digitization). A value of 0 corresponds to the potentiometer wiper contacting the 
grounded lead, whereas a value of 1023 is achieved when the wiper contacts the high 
voltage lead. Before the digitized value can be used by the exoskeleton mechanism’s 
kinematic algorithm, they must be converted into physically-meaningful values with 
angular units of either degrees or radians. To determine the appropriate conversion 
factors, the total angular range swept by each potentiometer wiper between its two 
physical limits was measured. The measuring apparatus comprised: fixing each 
potentiometer to a tracing surface with temporary adhesive, fitting a 3D-printed 
measurement arm to the potentiometer wiper, and attaching a pencil lead to the distal 
face of the measurement arm such that the graphite contacted the tracing surface. The 
potentiometer wiper was then rotated through its range, leaving a pencil tracing on the 
tracing surface. The range was then measured using a protractor. Once the physical 
ranges were measured for each potentiometer, the conversion factors were obtained by 
dividing each of those angular ranges by the digitized value range (i.e., 1023). Table 6.2 
provides the range, conversion factor, and zeroing offset (discussed later) for each 
potentiometer. Figure 6.4 shows the measuring apparatus with an example tracing, as 
well as an indication of the rotation-vector direction associated with the potentiometers. 
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Figure 6.3. Logic diagram of MCU program used for logging data from the 
MoCap exoskeleton’s potentiometers 
Note: ‘Rec. Button’ denotes the normally-open pushbutton for recording MoCap sessions. 
Table 6.2. Angular range, ADC value-to-angle conversion factor, and zeroing 
offset (as a 10-bit ADC value) for each exoskeleton potentiometer 
 Pot. #1 Pot. #2 Pot. #3 Pot. #4 Pot. #5 Pot. #6 Pot. #7 
Angular Range: 302.0° 302.0° 300.0° 301.2° 297.5° 301.0° 300.0° 
Conversion Factor: 
302.0°
1023
 
302.0
1023
 
300.0
1023
 
301.2
1023
 
297.5
1023
 
301.0
1023
 
300.0
1023
 
Zeroing Offset: 542 376 429 889 661 550 651 
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Figure 6.4. Potentiometer angular range-measuring apparatus with example 
range tracing (left) and rotation vector for the potentiometers (right) 
The reported conversion factors are only valid if the potentiometers are linear 
and repeatable. Although they are advertised as such, a verification test was developed 
and executed to confirm these characteristics. This procedure involved rigidly mounting 
both a Dynamixel RX-28 servo actuator and test potentiometer to a wooden frame such 
that the actuator and sensor axes were collinear. Additionally, a 3D-printed interfacing 
piece was bolted to the actuator’s output shaft at one end and press-fitted to the 
potentiometer shaft at the other end. Finally, a simple electric circuit was wired to record 
the potentiometer measurements with 16-bit digitization, and the actuator was driven to 
ramp up and down at a constant rate across the potentiometer’s rotation range. Figure 
6.5 shows the test rig and three overlaid sample results from one of the potentiometers. 
The plotted result sets are closely aligned, demonstrating repeatability, and the 
measurements occur on a straight line, demonstrating sensor linearity. 
Actuator Encoder Values (1 tick = 0.088 deg)
0 1000 2000 3000 4000 5000
P
o
t.
 A
D
C
 R
e
a
d
in
g
s
 (
1
6
 b
it
) ×10
4
0
0.5
1
1.5
2
2.5
3
Potentiometer
ADC BoardDynamixel RX-28 
Interfacing Piece
 
Figure 6.5. Test rig (left) and sample results (right) for three trials of 
potentiometer linearity and repeatibility tests 
Note: The flattened sections on either end of the line indicate rotations beyond the pot.’s range 
(i.e., the actuator continued to rotate but the potentiometer did not). 
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In addition to converting the potentiometer readings into values in degrees, the 
angles must also be represented with respect to their installation on the exoskeleton 
mechanism. As described in the kinematic analysis of the hybrid SAE mechanism (see 
Subsection 3.4.1), a home configuration is established for which all active-joint angles 
are zero. Thus, to match the physical angle measurements with this convention, thereby 
facilitating the kinematic analysis process, the hip and ankle exoskeleton potentiometer 
angles were measured after aligning these exoskeleton modules to their home 
configurations. Figure 6.6 shows a photograph and SolidWorks model of a hip-
exoskeleton module in its home configuration. As for the knee exoskeleton, a zeroed 
potentiometer angle is taken to occur when the knee brace to which it attaches is aligned 
straight (i.e., all flat knee brace side faces are parallel as shown on the left side of Figure 
6.1). With the potentiometer angles obtained from each exoskeleton module’s home 
configuration, hereafter called the ‘offset values’, each potentiometer measurement is 
properly zeroed by subtracting its corresponding offset value. In its final row, Table 6.2 
lists the offset value for each potentiometer of the prototype exoskeleton. 
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Figure 6.6. Photograph and SolidWorks model of the hip exoskeleton module in 
its home configuration 
Note: The ankle exoskeleton module’s home configuration is identical. Also, a square tool was 
used to achieve orthogonal-axis alignments before clamping base components to the tabletop. 
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6.1.5. System Integration and Final Design 
After verifying the functionality of the electrical and software designs and 
assembling the mechanical components, these subsystems were integrated into a 
cohesive system. The electrical components were compactly encased in a 3D-printed 
housing, which was then bolted to the pelvis orthotic to allow the user to easily start and 
stop an untethered motion-capturing session. The potentiometer leads were soldered to 
the MCU board from their respective mechanical installation points via 22 AWG wire. 
Whereas each wiper lead had its own wire and port connection, the ground and high-
voltage leads daisy chained from sensor to sensor ending with Pot. #2, which was 
soldered to the GND and 5V ports. All the wire was sheathed in sleeving to minimize 
interference with the user’s movements. Figure 6.7 shows a photo of the completed 
prototype, highlighting the electrical housing, alongside a SolidWorks model. Although 
the electrical subsystem remained unchanged throughout the prototype’s development, 
the mechanical and software subsystems each had one preliminary iteration prior to the 
final forms described in Subsections 6.1.1 and 6.1.3, respectively. Appendix C details 
these initial designs, which did not achieve the desired level of functionality. 
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Figure 6.7. Photograph of MoCap exoskeleton prototype mounted on a 
mannequin with a callout of the electrical housing (left) and its 
SolidWorks design reference (right) 
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6.2. Motion Capture Experiment with a 
Stereophotogrammetrical Reference 
6.2.1. Experimental Setup 
To evaluate the efficacy of the proposed MoCap exoskeleton, the prototype 
system was worn and tested during various lower-limb movements with simultaneous 
data capture from a Qualisys optical system for reference and comparison. Xsens MTw 
inertial measurement units (IMUs) were also worn as a secondary reference, but their 
results were ultimately disregarded, as will be explained later. The two reference 
systems were chosen on the basis that optical- and inertial-based systems are the most 
commonly-used techniques for MoCap. Moreover, since optical MoCap is widely 
considered the gold standard for this type of technology, the data obtained from the 
Qualisys system are considered the correct results. Finally, as most human motion 
occurs on a frequency range between 3Hz and 26Hz [73], [208], [209], a sufficiently 
rapid data-sampling rate of 100Hz was used for each MoCap system. 
Exoskeleton System’s Setup and Calibration 
The setup and calibration procedure associated with the proposed exoskeleton 
system began with the MoCap subject placing the exoskeleton’s orthotics against their 
corresponding leg segments and then securing them in place via the orthotics’ hook-
and-loop-fastener straps. To achieve comfort and maximal accuracy of the knee 
exoskeleton module, care was taken to approximately align the exoskeleton’s knee 
brace rotational axis with the flexion/extension axis of the knee. Moreover, to facilitate 
data processing, effort was made to align the hip and ankle exoskeletons such that the 
orthotic-attachment faces of the pelvis and shank base components were parallel to the 
body’s sagittal plane and orthogonal to the transverse plane (i.e., such that the 
0xˆ
SAE  and 
0yˆ
SAE  axes had a 135-degree offset from those axes of the subject’s body frame per the 
Figure 5.9 design). Once the exoskeleton was properly fitted to the subject’s body, a 
calibration procedure involving several distance measurements was necessary. As 
illustrated in Figure 6.8, the required measurements for the hip and ankle are the three-
dimensional coordinates of the anatomical-joint center-of-rotation (COR) to the 
corresponding exoskeleton-module COR, and the length from the anatomical-joint COR 
to the exoskeleton-module universal-joint center. Note that the universal joint occurs at 
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the axes-intersection of the two revolute joints between the prismatic joint and inferior 
orthotic. Also, recall from Subsection 4.2.1 that the distances correspond to variables of 
known value in the kinematic analyses of the exoskeleton-limb manipulator. Table 6.3 
lists the calibration measurements made prior to the experiment. The final steps of the 
exoskeleton system setup were to insert a microSD card into the accessible slot of the 
SD card shield and switch on the power. Overall, the setup and calibration of the 
exoskeleton system required about 5–10 minutes. 
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Figure 6.8. Variables requiring measurement for MoCap exoskeleton calibration 
Table 6.3. Experimental calibration parameters for the MoCap exoskeleton 
Hip Parameter Value (mm) Ankle Parameter Value (mm) Variable Name in Section 4.2 
     
xHE –115 xAE –102 x12 
yHE –2 yAE 22 y12 
zHE 37 zAE 137 z12 
lHU 295 lAU 169 lr 
Note: Parameter measurements were made using digital calipers (i.e., for absolute values <150mm) or a ruler (i.e., 
for greater lengths); also note that lo = 22.1mm in the prototype, where the value is set by the design of Link E. 
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Qualisys and Xsens Systems’ Setup Summary 
Since the exoskeleton prototype only tracks motions of the hip, knee, and ankle 
joints of the subject’s right leg, four groups of optical system’s passive markers and four 
Xsens MTw sensors were attached to surround each of these joints. Each marker group 
consisted of four markers, which allowed for orientation computation with one redundant 
marker to be considered in case of an occlusion. Moreover, the markers for limb 
segments superior to each target joint were attached to flat surfaces in common with the 
exoskeleton-module attachment sites to facilitate the development of shared local 
reference frames between these two MoCap systems. As for the inertial system, sensors 
were also attached on the pelvis, thigh, shank, and foot. Their placements were chosen 
to avoid proximity with the exoskeleton’s ferromagnetic components, which could 
interfere with the IMUs’ magnetometer readings. Also, because the IMUs were fitted with 
a hook-fastener surface, they were attached to the orthotics’ straps for the thigh, shank, 
and foot; the pelvis MTw sensor was secured in place between the pelvis orthotic’s 
plastic shell and subject’s body with its hook-fastener side against the orthotic fabric. 
Figure 6.9 illustrates the passive-marker and MTw placements used for the experiment. 
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Figure 6.9. Experimental attachments for Qualisys markers (left) and Xsens 
sensors (middle), along with a photo of the Xsens MVN suit (right) 
Note: The chosen MTw placements resemble those recommended for the Xsens suit [210]. 
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In addition to the retroreflective-marker attachments, the Qualisys system setup 
required positioning and calibrating MoCap cameras on tripods to establish a 3D 
measurement space. For a preliminary experiment, a semicircular arrangement of five 
high-speed Oqus cameras was employed, as shown in schematic illustration of Figure 
6.10. However, upon reviewing the marker trajectories captured by the optical system, it 
was discovered that 25 of 29 movement trials had discontinuous trajectory detections for 
one or more markers, most often from the pelvis group. Thus, if the data were to be 
processed, manual interpolation for those markers would be necessary, which would 
significantly increase processing complexity and severely degrade the accuracy of 
motion data. There are several likely causes for this loss of data. First, during the 
calibration procedure, all cameras were oriented such that the lab-room frame-reference 
object placed on the floor was in their field-of-view, per the Qualisys user manual’s 
recommendation. Therefore, the pelvis markers were systematically undetected because 
they would occasionally move above the downward-oriented fields-of-view. Another 
factor was the initial placement of pelvis markers was directly on the curvature of the 
pelvis orthotic. The resulting recessed positions of these markers potentially made them 
more susceptible to occlusion, prompting the subsequent inclusion of the wooden 
extension piece shown in Figure 6.9. Moreover, no redundant markers were used in the 
preliminary experiment, so any instance of occlusion would prevent the orientation 
computation for the affected marker group. Lastly, the experiment subject generally kept 
his arms crossed to avoid blocking the pelvis markers from the cameras’ fields-of-view, 
but he may have temporarily lapsed from this posture. 
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Figure 6.10. Qualisys camera setup for the preliminary experiment 
Note: The camera numbering was done automatically by the Qualisys software and does not 
necessarily follow the order of camera connection. 
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In addition to adding a redundant marker to each marker group and preparing the 
wooden extension piece for the pelvis orthotic, three more MoCap cameras were used 
during the final experiment procedures to reduce the likelihood of occlusions. As shown 
in Figure 6.11, the direction of the cameras within the lab room was also reversed from 
that during the preliminary experiment just in case ambient lighting was also a factor in 
the initial occlusions. Moreover, a mock experiment was conducted during the Qualisys 
system setup, prior to camera calibration. This mock experiment involved attaching 
markers on the studied body segments in roughly the same positions as planned for the 
actual experiment, and then performing the protocol movements while observing the 
camera’s video images on the lab-PC screen. If any marker was detected by less than 
two cameras at any point in the mock movements, the position and orientation of the 
camera(s) that lost detection of the marker were adjusted. Once a suitable arrangement 
of cameras was achieved for all trials, tape was placed on the lab-room floor to mark the 
allowable space for each movement (i.e., limits of measurement workspace were 
roughly identified). The final camera arrangement had alternating downward orientations 
(i.e., to capture the lower markers and the lab-room frame-reference object during 
calibration) and approximately horizontal orientations (i.e., to capture higher markers). 
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Figure 6.11. Qualisys camera setup for the final experiment 
Note: The camera numbering was done automatically by the Qualisys software and does not 
necessarily follow the order of camera connection. 
As for the Xsens IMUs, one of the MTw sensors dropped all its data packets for 
one of the preliminary trials. This meant that one of the body joints had no motion 
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captured for that trial. The most likely reason for this loss of data is that the system’s 
Awinda wireless receiver became too far away from the MTw sensor during the subject’s 
movements. Therefore, the receiver was placed closer to the measurement space during 
the final experiments. The issues experienced with the Qualisys and Xsens systems 
exemplify some of the common shortcomings associated optical and inertial MoCap 
technologies, respectively. For the reader’s reference, Appendix D provides greater 
details regarding the calibration process for the optical system as well as the setup for 
the software accompanying the Qualisys and Xsens systems. Ultimately, the setup and 
calibration of the Qualisys system required between two and three hours, whereas the 
Xsens system required about 5–10 minutes. A photograph of the final experimental 
setup is shown in Figure 6.12. 
Camera #2
Type: Oqus 500+
Camera #8
Type: Oqus 100
Awinda Station
Camera #7
Type: Oqus 100
Camera #4
Type: Oqus 500+
Camera #3
Type: Oqus 100
Experimentation 
Room PC
Tape Marking
Limits of Measurement 
Workspace for Various 
Trials
 
Figure 6.12. Photograph of the final experiment setup 
Note: Three of the Qualisys system’s Oqus cameras are outside of the photographed area. 
6.2.2. Experimental Protocol 
The protocol for subject motion-tracking tests considered three categories of 
human movement: joint range-of-motion, general mobility, and extended mobility. Table 
6.4 lists the set of individual movements studied during the MoCap experiment as well 
as the number of trials conducted for each movement; duplicate trials were performed to 
verify the repeatability of exoskeleton system measurements. The range-of-motion tests 
were designed to demonstrate the hip and ankle exoskeleton modules’ non-restrictive 
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compliance with its corresponding body joints’ ranges-of-motion. The latter two 
categories of tests were included to respectively demonstrate MoCap competency for 
lower-limb motions associated with daily tasks and more dynamic activities. These 
respectively reflect the general requirements of mobility-assisting exoskeletons and 
those used for augmentation or virtual-reality applications. Each trial began with a few 
seconds of standing still to provide a zero-angle reference posture; body-joint angles 
were ultimately measured relative to this neutral-standing posture for each movement 
(see the discussion on practical considerations in Subsection 5.2.3 for more details). 
After the standing period, the knee joint was quickly flexed and then extended to provide 
an identifiable motion peak with which to time-synchronize the data obtained from each 
MoCap system. The experiment was a proof-of-concept study, so only a single subject 
performed the experimental procedures: an able-bodied 25-year-old male with height 
and body mass of 175cm and 75kg, respectively. The experimental protocol was 
approved by the Research Ethics Board of Simon Fraser University (reference no. 
2013s0750). 
Table 6.4. Protocol for subject movements during the experimental study 
Movement No. of Trials 
   
Category 1: Joint Range-of-Motion Tests  
 1.1. Hip Flexion/Extension 8 
 1.2. Hip Abduction/Adduction 8 
 1.3. Hip Internal/External Rotations 8 
 1.4. Knee Flexion/Extension 8 
 1.5. Ankle Dorsiflexion/Plantarflexion 8 
 1.6. Ankle Supination/Pronation 8 
   
Category 2: General Mobility Tests  
 2.1. Walking Gait 8 
 2.2. Walking with Left/Right Turn (~90 degrees) 3 
 2.3. Lateral Walking (Leftward/Rightward) 3 
 2.4. Bending at the Waist 3 
 2.5. Standing Still 3 
 2.6. Stair Ascending/Descending 3 
 2.7. Standing-to-Sitting/Sitting-to-Standing 3 
 2.8. Squatting 3 
   
Category 3: Extended Mobility Tests  
 3.1. Fast Walking Gait 3 
 3.2. Double-Leg Horizontal Jumping 3 
 3.3. Walking Lunges 3 
 3.4. Kneeling (Left Leg/Right Leg) 3 
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6.2.3. Data Processing 
Exoskeleton System’s Data Processing 
During the experiment, the mobile method of data collection was employed, as 
described in Subsection 6.1.2. So, the digitally-converted potentiometer readings from 
each movement trial were stored in CSV files on a microSD card. After transferring the 
MoCap files onto a processing PC and importing the data into Matlab, the first 
processing action was to two-way filter the potentiometer readings using a fourth-order 
Butterworth low-pass filter with 10Hz cut-off frequency. This removed noise from the raw 
potentiometer readings without affecting the underlying signal. Afterwards, the 
corresponding zeroing offset was subtracted from each potentiometer reading trajectory, 
and the result was multiplied by the appropriate conversion factor (see Table 6.1). This 
produced time sequences for each potentiometer with appropriate zero values and units 
of degrees. Next, the initial peak in the knee angle trajectory was identified in each trial 
for synchronization with other systems’ data. Finally, the forward kinematic algorithm 
outlined in Subsection 5.2.2 was used to convert the potentiometer angles to body joint 
angles. Note that if any potentiometer was installed with a rotation vector (see Figure 
6.4) aligned in the opposite direction as assumed in the forward kinematic algorithm, the 
zeroed and converted potentiometer readings were negated. The exoskeleton calibration 
parameters (see Table 6.3) were also mandatory inputs for the exoskeleton’s forward 
kinematic algorithm. Additionally, an extra calibration factor, named kFactor and equal to 
0.86, was applied to the exoskeleton’s detected knee angle data to compensate for any 
systematic differences with the Qualisys measurements. Figure 6.13 shows a block 
diagram summarizing the data processing procedures for the exoskeleton MoCap data. 
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Figure 6.13. Block diagram of the data processing method for the MoCap 
exoskeleton 
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Qualisys and Xsens Systems’ Data Processing Summary 
As for the Qualisys system, the 3D positional data of the marker clusters on each 
limb segment were converted into segment orientation data (i.e., in the form of a rotation 
matrix) using the strategy outlined in [211]. That is, for each limb segment’s marker 
cluster, one marker’s position was chosen as the origin for that segment’s orientation 
frame. Next, the normalized vector from that origin marker position to another marker’s 
position was taken as one of the three axes in the segment’s frame. The frame axis 
normal to the plane of the marker cluster was then determined by the normalized cross-
product of the first established axis and the vector from the origin position to a third 
marker’s position. The limb segment’s third frame axis was finally established by the 
cross-product of the first two axes. Overall, this orientation frame-development process 
required three marker positions for each limb segment and guaranteed the mutual 
orthogonality of the frame axes. However, the resulting frame is arbitrarily oriented with 
respect to the underlying bony segment; oftentimes a calibration with markers at 
anatomical landmarks (e.g., bony prominences of the greater trochanter external surface 
at the hip, medial epicondyle and lateral epicondyle at the knee, etc.) is undergone to 
define anatomical frames that can be created with intra- and inter-subject repeatability 
[211]. For this proof-of-concept study, such an anatomical calibration procedure was 
foregone because the current prototype design made many bony prominences 
inaccessible to marker placements or susceptible to occlusion. Efforts were instead 
focused on aligning optical system frames with those of the exoskeleton. Note that the 
roll-pitch-yaw angle computations from the Qualisys frames were also subjected to a 4th-
order two-way Butterworth low-pass filter with 10Hz cut-off frequency. 
The Xsens system can directly log MoCap data in the form of rotation matrix 
entries. Thus, the only processing tasks were to multiply the captured orientations by a 
set of constant rotation matrices to establish the same common reference frame for each 
limb segment as used by the other systems, and then filter the associated rotation 
angles (i.e., using the same filter parameters as for the other systems). However, upon 
attempting to process the Xsens-captured data in this way, strong evidence of 
measurement distortion due to magnetic interference from the exoskeleton’s 
ferromagnetic components was unveiled. Appendix E details the processing attempts 
and distortion evidence for the Xsens data along with further processing details for the 
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Qualisys data. Because of its corruption, the Xsens data is excluded from the results 
presented in the next subsection. 
6.2.4. Experimental Results and Discussion 
Results Sample and Summary 
To highlight some key results from the Category 1: Joint Range-of-Motion Tests, 
Figure 6.14 presents photograph sequences and result plots for hip abduction/adduction 
and hip internal/external rotation movements. These results demonstrate that the 
exoskeleton does not restrict those degrees-of-freedom (DOFs) of hip joint rotations 
within their normal ranges. From Category 2, the left side of Figure 6.15 presents results 
associated with a normal-walking-gait trial, which is showcased here because it 
illustrates the exoskeleton’s ability to track the independent motions of each target joint 
DOF during this routine movement. Next, the MoCap results and a photographic 
sequence for a double-leg horizontal-jump trial is also included in Figure 6.15 to illustrate 
the exoskeleton’s performance in tracking highly dynamic movements. Additionally, the 
results of Figure 6.15 demonstrate that the hip exoskeleton module permits a full range-
of-motion in hip flexion/extension movements. Within the joint trajectory plots, note that 
the movement associated with increasing/positive angle values is listed before the 
movement associated with decreasing/negative angles (e.g., hip extension has a 
positive value whereas hip flexion is associated with negative values). These joint 
rotation directions correspond to the forward kinematic model for the human right leg 
developed in Subsection 5.2.2 (see Table 5.4). 
In the interest of brevity, result plots for each of the studied movements are not 
presented in this subsection. Instead, one trial’s result plots for each of the remaining 
movements are attached to Appendix F; moreover, Table 6.5 summarily lists the root 
mean square error (RMSE) and standard deviation (STD) of error associated with the 
exoskeleton measurements relative to the Qualisys measurements for all movements 
performed by the motion capture subject. These statistics were computed across two 
cycles of all Category 1: Joint Range-of-Motion, standing-to-sitting/sitting-to-standing, 
and squatting movements; one motion cycle was considered for all other movements. 
Note that only the positive joint motion abbreviation is used to identify results in the 
figure box plots and Table 6.5, although the complete motion signal is considered. 
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Figure 6.14. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements associated with two cycles of hip
  abduction/adduction (left) and hip rotation (right) movements
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Figure 6.15. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements associated with one cycle of
  walking (left) and double-leg horizontal jumping (right) movements
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Table 6.5. Mean and standard deviation of error in exoskeleton measurements 
for lower-limb joint angles during the experimental movements 
 Joint Angle RMSE±STD (deg) 
 Hip Knee Ankle 
Trial Movement Rot. Abd. Ext. Flex. Add. Pro. Pla. 
        
Category 1: Joint Range-of-Motion Tests      
1.1. Hip Ext./Flex. 4.0±3.7 2.6±2.3 1.3±1.3 0.7±0.7 1.3±1.3 1.3±0.8 1.2±0.9 
1.2. Hip Abd./Add. 1.0±0.9 3.1±3.0 2.0±1.8 0.3±0.3 1.0±0.9 1.8±1.8 0.8±0.8 
1.3. Hip Int./Ext. Rot. 1.6±1.5 0.5±0.5 1.3±1.0 0.2±0.1 3.9±1.8 1.7±1.7 2.1±1.1 
1.4. Knee Flex./Ext. 1.9±1.2 0.9±0.8 3.2±2.8 1.1±1.1 1.3±0.7 1.5±1.1 1.8±0.7 
1.5. Ankle Pla./Dor. 1.3±0.5 1.1±0.8 1.3±1.3 0.7±0.5 2.3±1.5 4.3±4.2 3.1±3.1 
1.6. Ankle Pro./Sup. 2.0±0.9 1.2±1.2 1.2±1.2 0.2±0.2 3.1±3.1 3.4±2.4 3.9±2.4 
Averages: Category 1 2.0±1.5 1.6±1.4 1.7±1.6 0.5±0.5 2.2±1.6 2.3±2.0 2.2±1.5 
        
Category 2: General Mobility Tests      
2.1. Normal Walk 1.4±1.4 1.2±1.2 3.2±3.1 2.2±2.2 1.5±1.5 1.9±1.8 2.1±2.1 
2.2.a. L Turn Walk 2.2±1.3 1.8±1.4 3.3±2.5 0.4±0.3 1.7±1.7 1.7±1.6 3.6±2.4 
2.2.b. R Turn Walk 2.0±2.0 1.5±1.5 2.9±2.8 0.7±0.3 2.7±2.2 3.1±2.9 2.9±2.2 
2.3.a. Lateral Walk L 2.0±1.4 1.4±1.3 2.3±1.6 0.2±0.2 2.7±1.9 2.0±1.5 1.0±1.0 
2.3.b. Lateral Walk R 1.6±1.5 1.8±1.7 2.7±1.7 0.5±0.3 1.4±1.4 1.8±1.8 1.6±0.8 
2.4. Bend at Waist 1.7±1.7 1.1±1.1 0.8±0.7 0.2±0.1 0.6±0.6 0.6±0.5 0.9±0.8 
2.5. Stand Still* 0.3±0.2 0.1±0.1 0.3±0.2 0.1±0.1 0.1±0.1 0.1±0.1 0.3±0.2 
2.6.a. Ascend Stairs 1.1±0.9 1.4±1.4 2.8±2.2 0.3±0.3 2.3±2.2 2.0±1.6 3.6±1.9 
2.6.b. Descend Stairs 1.3±0.9 1.1±1.1 4.5±3.5 0.8±0.8 4.3±4.0 2.8±2.8 3.8±2.7 
2.7. Sit/Stand 30.2±25.4 3.4±2.2 5.7±5.6 0.6±0.6 5.0±1.9 1.1±0.6 1.0±0.8 
2.8. Squat 11.1±10.0 2.1±1.4 1.6±1.4 0.6±0.2 1.9±1.8 0.7±0.7 1.0±0.9 
Averages: Category 2 5.5±4.6 1.7±1.4 3.0±2.5 0.6±0.5 2.4±1.9 1.8±1.6 2.1±1.6 
        
Category 3: Extended Mobility Tests      
3.1. Fast Walk 1.7±1.7 1.1±1.0 2.7±2.7 0.9±0.9 1.9±1.5 3.3±2.9 3.1±3.1 
3.2. Dbl.-Leg Jump 2.5±2.3 1.3±1.2 3.3±2.3 0.3±0.3 4.6±3.4 3.3±3.3 4.6±3.7 
3.3. Lunge Walk 2.3±2.1 1.1±1.0 5.4±4.0 0.7±0.4 5.4±5.4 4.6±4.6 5.1±4.8 
3.4.a. L Leg Kneel 4.9±4.2 2.2±2.0 3.4±2.2 0.6±0.5 17.2±17.2 7.3±7.3 5.4±5.2 
3.4.b. R Leg Kneel 1.4±1.2 1.7±0.9 7.4±4.5 0.2±0.2 5.2±3.6 2.8±1.3 4.2±4.2 
Averages: Category 3 2.6±2.3 1.5±1.2 4.4±3.1 0.5±0.5 4.3±3.5 3.5±3.0 4.2±3.9 
        
Overall Averages: 3.8±3.2 1.6±1.4 3.0±2.4 0.6±0.5 3.4±2.8 2.5±2.2 2.7±2.2 
*Note: The Category 2 and overall averages do not include the stand-still trial results, as doing so could be 
interpreted as skewing these values. The standing trial was intended to demonstrate the exoskeleton’s immunity from 
measurement drift and potentially reveal the Xsens IMUs’ susceptibility to it. 
Discussion of the Results 
Considering only the hip and ankle DOFs from the results above and excluding 
the standing-still trial, 90.5% of the exoskeleton-based measurements have RSME 
values within 5 degrees relative to the Qualisys system’s reference measurements. 
Regarding the same result subset, 83.3% and 68.3% of the exoskeleton-captured values 
have RSMEs within 4 degrees and 3 degrees, respectively. This level of accuracy is 
comparable to that achieved using MoCap systems based on Xsens inertial 
156 
measurement units, as reported in [212] and [213]. Note that both of those studies aimed 
to benchmark the Xsens MVN MoCap system against an optical MoCap reference by 
considering independent anatomical-frame calibrations from the evaluated systems, 
although the latter did eliminate potential soft tissue artifact differences by placing optical 
marker clusters atop the Xsens sensors. Conversely, this study focuses on verifying the 
accuracy of the prototype exoskeleton system by using an optical system as a 
measurement reference. Table 6.6 shows a comparison in RMSE and STD between 
exoskeleton system results from this experiment and Xsens system results from similar 
movements in the experiment conducted using the same Qualisys reference [212]. 
Because the exoskeleton prototype can measure lower-limb joint angles with a similar 
magnitude of RMSE and STD in error as the commercially-available and widely-adopted 
Xsens MVN system, the efficacy of the proposed exoskeleton system is confirmed. 
Table 6.6. Average RMSE and STD of error in the exoskeleton’s and Xsens 
MTw’s joint angle measurements during walking/stair-climbing and 
jumping/fast-walking trials 
Subject Movement Average RMSE ± Average STD of Error Relative to Qualisys (deg) 
   Joint DOF Exoskeleton (Current Experiment) Xsens (Data from [212]) 
   
Walking Gait/Stair Ascent   
   Hip Abd./Add. 1.3±1.3 2.9±1.5 
   Hip Flex.Ext. 3.0±2.7  2.7±1.7 
   Knee Flex./Ext. 1.3±1.2 3.5±1.1 
   Ankle Dorsi./Plant. 2.9±2.0 1.4±0.5 
   
Jumping/Fast-Walking   
   Hip Abd./Add. 1.2±1.1 3.7±1.8 
   Hip Flex.Ext. 3.0±2.5 3.4±2.1 
   Knee Flex./Ext. 0.6±0.6 4.5±1.3 
   Ankle Dorsi./Plant. 3.8±3.4 2.1±0.9 
Although the MoCap results obtained from the exoskeleton are suitably accurate, 
sources of its systematic errors should be investigated and understood in order to 
improve the system design in the future. Considering the hip exoskeleton module, it 
generally tracked the motion trends with sufficient accuracy except for some localized 
regions of increased error. The motion results with notably greater error, particularly in 
the hip’s internal/external rotation DOF, are: the standing-to-sitting/sitting-to-standing 
and squatting trials, and to a lesser extent the hip-flexion/extension, left-leg-kneeling, 
and walking-lunge trials. A common feature amongst all these movements is their 
inclusion of large hip-flexion angles. For the body-interfacing arrangement employed by 
the prototype system, large hip flexions cause the Simplified Agile Eye (SAE) in the hip 
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exoskeleton module to approach the combined singularity occurring when 
1 90 180d   
SAE  and 
2 180d  
SAE  (d is an integer; see Section 3.6). As discussed in 
Subsection 3.2.6, when a parallel manipulator nears a singular configuration, its local 
dexterity correspondingly approaches zero. Figure 6.16 shows a plot of the SAE’s 
dexterity in terms of its SAE1J  and 
SAE
2J  active joint angles. The physical implication for the 
hip exoskeleton is that errors in potentiometer readings are amplified to greater errors at 
the forward kinematic function output. Near the singularity under consideration, there is 
very little difference in sensed joint angles between a hip rotation associated with 
flexion/extension and one associated with internal/external rotation, hence the 
prominence of large errors in the latter DOF. The possibility of approaching a singularity 
was predicted in Subsection 5.2.3, although its practical ramifications could not be fully 
understood until the experimental study was completed. Ultimately, the hip exoskeleton’s 
approach towards a singular configuration is the primary cause for increased 
measurement errors for movements involving large angles of hip flexion. 
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Figure 6.16. Dexterity of the SAE versus active joint angles 
1
SAE  and 
2
SAE  
Note: Dexterity reaches a value of zero (i.e., singular condition) when either 1 90 180d   
SAE  
or 2 90 180d   
SAE , as expected from the singularity analysis results of Section 3.6. 
Another limitation of the exoskeleton prototype worth noting is that its knee brace 
at least partially restricts adduction/abduction movements of the foot, which occur along 
the length of the shank’s longitudinal axis and can only naturally occur when the knee is 
flexed [99]. However, this constraint did not obstruct the subject’s ability to perform any 
of the experimental movements, and the knee brace helped impose the assumption of a 
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single-DOF knee. Also, note that both exoskeleton and Qualisys systems detected 
nonnegligible movements in the foot adduction/abduction DOF due to the lack of a 
precise anatomical-alignment procedure in this study, as described in Section 6.2.3 
regarding Qualisys data processing. Because it does not improve upon the current state-
of-the-art, the knee exoskeleton module is not a focus in this results discussion; 
however, note that it achieves accurate measurements with error generally within one 
degree relative to the optical reference system. 
Such a clear trend in localized error as observed for the hip exoskeleton does not 
exist in the ankle exoskeleton results. In fact, some of the distinctly larger errors in the 
ankle exoskeleton’s MoCap measurements seem to stem from erroneous reference-
system results. The Qualisys system generally produced noisy measurements at the 
ankle and occasionally struggled to properly detect and track the markers placed on the 
foot orthotic, perhaps due to their proximity to the ankle exoskeleton components and 
the floor. An illuminating example of this occurs during the left-leg-kneeling trial, for 
which the optical system measured an instance of foot abduction exceeding 150 
degrees. Obviously, the subject did not actually carry out this motion, so the large 
corresponding error reported in Table 6.5 may not actually reflect inaccurate ankle 
exoskeleton measurements. Another possible occurrence of Qualisys error occurs 
around the two-second mark in the double-leg horizontal jumping results. As can be 
observed in the ankle angles versus time plot on the right side of Figure 6.15, the 
Qualisys measurement of dorsiflexion diverges from the exoskeleton near this time, 
which roughly corresponds to the first image in photo sequence. It is likely that the 
Qualisys measurement magnitude is greater than the true value around this time, 
because during the ankle-dorsiflexion/plantarflexion trials, the extent of dorsiflexion 
range was approximately 10 degrees less than maximum magnitude measured by 
Qualisys in the jumping trial. Further evidence is that the maximum dorsiflexion angle 
captured by Qualisys during double-leg jumping exceeds the typical range for this joint 
DOF [99]. In this case, it is possible that the foot orthotic’s heel lost contact with the 
subject’s heel. This would have a greater affect on Qualisys measurements than 
exoskeleton measurements, because optical markers were placed directly onto the foot 
orthotic whereas the loss-of-contact may only attribute to a passive-joint rotation in the 
ankle module (i.e., in the universal joint adjacent to the foot orthotic). 
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It is also important to mention that, in addition to the protocollary movements of 
Table 6.4, the subject performed running-gait movements. This is differentiated from the 
fast-walking gait by the inclusion of an aerial stage (i.e., in which both feet do not contact 
the floor). However, the Qualisys system failed to provide continuous marker trajectories 
for at least three pelvis markers during each trial of this movement. As a result, none of 
these trials’ reference data could be processed, so the associated results cannot be 
reported. Visible in the photographs of Figure 6.14, Figure 6.15, and Appendix F, the 
experiment’s subject was instructed to maintain an arms-crossed upper-body posture 
during MoCap movements to deter optical-system occlusions caused by the upper limbs. 
The likely cause of the Qualisys’ missing data is the subject’s inability to completely 
maintain this unnatural posture while performing the running movements. This 
exemplifies one of the major disadvantages of marker-based optical-MoCap technology. 
Further issues encountered with the Qualisys system and noteworthy discrepancies 
between the exoskeleton and reference measurements are included alongside the 
remaining result plots in Appendix F. 
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Chapter 7.  
 
Conclusions and Future Work 
7.1. Summary of Thesis and Contributions 
The prominent high-level applications of lower-limb exoskeletons are motion 
capture; strength augmentation or energy conservation for muscularly weakened 
persons; rehabilitation for victims of relevant injury or disease; and personal-mobility 
assistance for those with ongoing ambulatory disablements. Utilization of the technology 
in these contexts has the propensity to improve the quality of life for many people by 
providing a means to improve competency in independent walking and perform valid, 
reliable clinical assessments. The demographics that could benefit most include 
individuals living with the effects of stroke, spinal cord injury, Parkinson’s disease, or 
multiple sclerosis, along with members of the elderly population. In serving these 
functions, it is fundamental that an exoskeleton offer kinematic compliance with the 
primary leg-joint movements associated with walking and daily activity. However, most of 
the existing lower-limb exoskeletons restrict several of these degrees-of-freedom 
(DOFs). Moreover, the current state-of-the-art mostly requires coaxial joint alignments in 
the exoskeleton-human interface, which is prone to inducing undesired interaction 
forces; it also generally neglects to employ parallel manipulators, which provide pertinent 
performance advantages over serial-manipulator alternatives. Considering these 
motivating factors and current-system shortcomings, the main objectives of this work 
have been to design, prototype, and test a novel lower-limb exoskeleton with advanced 
kinematic characteristics in the above-mentioned areas. Correspondingly, the principal 
contributions of this thesis can be summarized as follows. 
7.1.1. Contributions from Chapter 3 
In the development of the proposed exoskeleton’s orientation manipulator 
component, a novel parallel manipulator with 3-RUS architecture is presented. Inverse 
kinematic, forward kinematic, and Jacobian analyses for the manipulator are conducted, 
and its manipulability, dexterity, and rotational sensitivity performance indices are 
formulated. Moreover, a global manipulability index is derived in order to determine 
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optimal design parameters for maximizing that performance criterion. The same 
kinematic analyses are then performed for Gosselin’s and Caron’s Simplified Agile Eye 
(SAE) along with a hybridized 3-DOF form, which are both new contributions to the best 
of the author’s knowledge. The SAE’s manipulability, dexterity, and rotational sensitivity 
are evaluated, but a global performance index is irrelevant because the manipulator’s 
Jacobian is not dependent on any design parameters (e.g., link lengths). The 3-RUS and 
SAE are then compared alongside Gosselin’s and Hamel’s original Agile Eye spherical 
manipulator. The SAE is deemed superior in terms of the three considered performance 
indices as well as smallest joint count, which is beneficial in terms of system simplicity, 
size, and minimal backlash. So, this manipulator is selected for use in the proposed 
exoskeleton design, and its singular configurations are identified based on an evaluation 
of its Jacobian matrix. 
7.1.2. Contributions from Chapter 4 
Two possible design schemes for the motion-transfer manipulator of the 
proposed exoskeleton system are described: a SRRP/S architecture and a SPU/S 
architecture. Both are novel contributions, as corroborated by an affirmative examination 
by the World Intellectual Property Organization and their successful inclusion in Patent 
Cooperation Treaty publication. The manipulators’ inverse and forward kinematic 
analyses are formulated. The SPU/S is selected for inclusion in the proposed 
exoskeleton design due to the alternative’s proneness to backlash and bulkiness. 
7.1.3. Contributions from Chapter 5 
Chapter 5 puts the selected developments from Chapter 3 together with those 
from Chapter 4 and then describes how the complete exoskeleton system interacts with 
two models for the human lower limb. The first model is a 6R serial manipulator suited 
for simulations of the exoskeleton-limb system; the manipulator’s singular postures are 
confirmed to be outside of its anatomically-inspired intended workspace for expected 
design parameter selections. The second model considers the hip and ankle as 
spherical joints and the knee as a revolute joint to comprise a SRS structure. This latter 
model is used to interpret the experimental data described in Chapter 6. To support 
these simulation and experimentation functions, the forward and inverse kinematics are 
evaluated for the exoskeleton-6R system, whereas only the forward kinematics solution 
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is formulated when the human leg is modeled as a SRS manipulator. This latter solution 
represents the data-processing algorithm for a physical construction of the motion-
capture (MoCap) exoskeleton. 
7.1.4. Contributions from Chapter 6 
A low-cost method of prototyping the lower-limb exoskeleton design is outlined. 
Experimental results obtained from the prototype and its data-processing algorithm 
reveal average root mean square errors and standard deviations of error to be: 3.8±3.2 
degrees for hip rotations; 1.6±1.4 degrees for hip abduction/adduction; 3.0±2.4 degrees 
for hip extension/flexion; 0.6±0.5 degrees for knee flexion/extension; 3.4±2.8 degrees for 
ankle adduction/abduction; 2.5±2.2 degrees for ankle pronation/supination; and 2.7±2.2 
degrees for ankle plantarflexion/dorsiflexion (i.e., in RMSE±STD format). The averages 
are taken across three categories of movement tests: joint range-of-motion, general 
mobility (e.g., walking, sitting, and ascending/descending stairs), and extended mobility 
(e.g., fast walking, double-leg horizontal jumping, and lunging). Also, a Qualisys optical 
MoCap system with passive markers was used as the reference from which errors were 
computed. 
7.2. Concluding Remarks 
In the end, this work fulfills its primary objectives, with one minor deviation. First, 
as demonstrated by its ability to independently track 3-DOF rotations at the hip, 1-DOF 
rotation at the knee, and 3-DOF rotations at the ankle, the exoskeleton design achieves 
kinematic compliance with all seven of the main human-leg articulations. The 
experimentation subject also reports being able to move through his full range-of-motion 
in each of these DOFs while wearing the exoskeleton, with the exception of ankle 
adduction/abduction. This movement ability is partially sacrificed to exploit the flat 
reference surface and limb attachment rigidity offered by the knee bracing component 
included with the off-the-shelf orthotics; since ankle adduction/abduction occurs along 
the length of the shank, the shank orthotic would need to be limited to a narrow 
attachment surface immediately below the knee to minimize the restriction on the DOF. 
This trade-off is justified by the negligible role of ankle adduction/abduction in normal 
ambulatory and general-mobility movements. 
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The proposed exoskeleton design is also developed without any requirement for 
coaxial alignments between the exoskeleton and human at the hip and ankle joints, per 
the thesis objectives. Moreover, the exoskeleton design includes the SAE as a parallel 
manipulator with two active joints in its hip and ankle modules. Lastly, the prototype 
successfully achieves a level of MoCap accuracy comparable to that of the inertial-
based Xsens MVN system during similar subject movements. Thus, the proposed 
exoskeleton design shows promising potential for use in motion capture applications. 
Not only does the developed system resolve the primary shortcomings of current 
exoskeleton MoCap systems by satisfying this work’s core objectives, but it also 
maintains the various electromechanical advantages over other MoCap system types; 
these include freedom from a limited measurement volume, low cost, quick setup and 
calibration, and immunity from occlusions and magnetic disturbances. 
7.3. Future Work 
The following subsections suggest several application-specific research 
directions that would constitute a continuation of the work presented in this thesis. 
7.3.1. Unactuated Exoskeleton Applications (Motion Capture) 
The presented exoskeleton design provides satisfactorily accurate results on 
average. However, the appearance of localized high-error regions should be eliminated 
from any measurements made within the operating workspace, which is defined by the 
upper extremes of human capability in joint mobility. These high-error regions have been 
observed to coincide with postures of close proximity to SAE singularities, which is 
consistent with the concept of manipulator dexterity. That is, as a parallel manipulator 
approaches a singular configuration, its Jacobian matrix becomes ill-conditioned and its 
kinematic accuracy declines. Therefore, a hypothetical approach to resolve this issue is 
to formulate an optimization procedure that identifies the orientation(s) of the SAE base 
with respect to the human body planes that maximizes its dexterity throughout the 
largest possible joint workspace. Perhaps this optimization routine could apply heavier 
weighting to the human joint angles associated with the most common MoCap 
movements or in a task-specific manner. The study could also investigate the effects of 
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employing revolute sensors with higher accuracy and precision on the overall accuracy 
in MoCap measurements. 
Other recommendations for future work are to investigate the efficacy of adding 
sensors to the hip and ankle modules (i.e., at motion-transfer manipulator’s revolute 
joints) in eliminating the need for parameter inputs in the data-processing algorithm. This 
would be beneficial because the act of measuring the required parameters is currently a 
potential source of error and a factor in system-setup time. Also, due to the wearable 
nature of the exoskeleton system, intra-subject measurement repeatability could be 
promoted by recording the states of the mechanical adjustments made upon interfacing 
with the system (e.g., strap-attachment lengths) or affixing the system to clothing; 
systematic inter- and intra-subject comparisons could then consider the differences in 
these adjustment states between MoCap sessions (e.g., for standardization in clinical 
assessments). The knee exoskeleton module should also be replaced with a design that 
does not require coaxial joint alignment nor restrict foot abduction/adduction movements. 
Next, since the prototype’s orthotics and prismatic joints represent the most expensive 
components, cheaper and potentially more practical options for these items should be 
explored (e.g., mechanism integration with clothing instead of orthotics). Finally, 
additional exoskeleton modules should be subsequently developed for the capture of 
primary upper-body joint movements. In doing so, the selected motion-transfer 
manipulator should be tested and potentially modified for measuring the motions of 
multi-DOF joints in the human upper body. The attendant increase in sensors would 
likely necessitate adjustment or the addition of multiplexing to the MCU board in the 
electrical design of the system. 
7.3.2. Actuated Exoskeleton Applications 
After the dexterity optimization work outlined above is completed, the resulting 
design could also be fitted with actuators at its active joints in preparation for haptic 
feedback, strength augmentation, energy conservation, rehabilitation, or daily assistive 
applications. To start, application-specific expectations for human inertial properties and 
joint torques should be established, and a dynamic analysis of the exoskeleton-human 
system should be performed (e.g., by Newton-Euler or Lagrangian Formulation). This 
would provide a sense of appropriate actuator selections. Thereafter, the various 
actuated-exoskeleton applications are complex, each with their own set of numerous 
165 
considerations that will not be elaborated here. Notwithstanding, the author expects that 
the applications involve some form of sensory input based on user intention and/or 
environmental interaction that can be mapped to a desired lower-limb posture; following 
that, the present work provides a method of translating the desired posture to actuated 
joint position targets (i.e., the exoskeleton-limb system’s inverse kinematic solution). In 
the pursuit of efficient and optimized power consumption, the author suggests 
consideration of the force-length relationship in skeletal muscle for an assist-as-needed 
approach to strength augmentation applications; moreover, the concept of passive 
dynamics should be explored and implemented in the exoskeleton control scheme 
during repetitive movements (e.g., level-ground gait or stair descent) if deemed 
appropriate and safe for strength augmentation or daily mobility-assistance applications. 
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Abstract—This paper presents a kinematical performance 
analysis of the 6-UPS parallel manipulator in the context of 
hip exoskeleton applications. The inverse kinematics 
derivation and Jacobian development procedures are first 
reviewed to facilitate the subsequent evaluation of 
manipulability, dexterity, and rotational sensitivity 
performance indices. These studies consider two methods for 
interfacing the 6-UPS device to a human user, as well as three 
different robotic limb arrangement possibilities. A global 
conditioning index is then evaluated, leading to the 
formulation of a design-optimization equation for maximizing 
manipulability. Finally, a preferable combination of bodily 
interfacing scheme, robotic limb arrangement, and 
dimensional parameter settings that correspond to a superior- 
performing hip exoskeleton are proposed. 
Keywords- hip exoskeleton; Stewart-Gough platform; parallel 
manipulator; Jacobian; kinematic performance indices 
I.  INTRODUCTION 
An exoskeleton is a wearable robotic device intended to 
augment the abilities of the human body segment to which is 
attached. Common motivations for exoskeleton use are energy 
conservation for limbs that are otherwise functional or strength 
augmentation for limbs that have weakened or complete loss of 
functionality. One significant challenge associated with either 
of these goals arises when the targeted limb contains a joint 
with multiple active degrees-of-freedom (DOFs) that must be 
supported by an external robotic structure. 
One candidate robot that may be used to overcome this 
challenge is the 6-UPS parallel manipulator, which is also 
commonly referred to as the Stewart-Gough platform. This 
manipulator has been extensively analyzed and proposed for 
use in a number of different technology applications. First, 
Stewart introduced the mechanism and suggested application as 
a flight simulator for pilot training in [1]. Later, Merlet and 
Tsai among others revisit the device and discuss its kinematical 
and Jacobian matrix analyses [2, 3]. Additionally, Gosselin 
presents a method of inverse kinematics development and 
workspace analysis for the Stewart-Gough platform in [4]. 
Abedinnasab and Vossoughi also present a performance 
analysis of the mechanism when the device is limited to planar 
translational motions in [5]. More recently, Takaiwa et al. 
discuss the use of a pneumatically-actuated Stewart-Gough 
platform for use in wrist rehabilitation [6], while Onodera et al. 
propose an assistive device incorporating a Stewart-Gough 
platform for ankle-foot rehabilitation [7]. 
This paper explores the use of the 6-UPS manipulator 
within a hip exoskeleton system. Specifically, this paper 
revisits the inverse kinematics and Jacobian development 
processes for the Stewart-Gough platform and then analyzes its 
performance for two different body attachment schemes and 
three different intra-device limb arrangements. 
II. KINEMATIC ANALYSIS & GEOMETRY CONSIDERATIONS 
A. Structure Description 
Fig. 1 shows a geometrical schematic of a 6-UPS parallel 
manipulator. As shown in the schematic, six identical limbs 
connect a moving platform to a fixed base via spherical joint 
connections to the fixed base at points Ai and universal joint 
connections to the moving platform at points Bi, for i = 1,2, …, 
6. Each limb consists of an upper member and a lower member 
connected by an active prismatic joint. Actuated ball screws, 
hydraulic jacks, or other linear actuators can be used to vary the 
lengths of the prismatic joints and thereby control the position 
and orientation of the moving platform. 
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Figure 1.  Schematic model of a 6-UPS parallel manipulator 
This work was supported by the Natural Sciences and Engineering 
Research Council of Canada. 
 2 Copyright © 2016 by CSME 
Stewart-Gough platforms can have various different 
manifestations depending on how the joints on the moving 
platform and fixed base are configured. This paper considers 
three common design schemes of the Stewart-Gough platform 
(see Fig. 2) as possible candidates for utilization in a lower 
extremity exoskeleton hip joint. 
a) b) c)
Bi Ai Bi Ai
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Figure 2.  Top view of a) 6-3, b) 3-6, and c) 3-3 Stewart-Gough platforms 
B. Inverse Kinematics 
The inverse kinematics analysis for the 6-UPS manipulator 
has been extensively studied previously by a number of 
academics [2–4]. However, the procedure is briefly outlined 
here again for the sake of completeness and to familiarize the 
reader with the notations and naming conventions used in 
subsequent sections of this paper. First, consider two Cartesian 
coordinate systems: frame R attached to the base with axes x, y, 
and z, and frame R' attached to the moving platform with axes 
u, v, and w, as shown in Fig. 1.  Note that the origin of frame 
R', denoted P, is located on the central axis of the moving 
platform and lies in the plane defined by the universal joint 
attachment points. 
Vectors ai and bi respectively designate the positions of 
each spherical and universal joint, where the subscript i 
differentiates the six limbs (i.e. i = 1, 2, …, 6). Because the 
spherical joints and frame R are both attached to the fixed base 
structure, vectors ai are constant when expressed in frame R. 
Similarly, vectors bi are constant with respect to frame R'. 
Furthermore, Q is the transformation matrix describing the 
orientation of R' with respect to fixed frame R. This 
transformation is uniquely defined by roll, pitch, and yaw 
rotation angles. Specifically, Q is produced by a rotation of θ 
about the fixed x-axis, followed by a rotation of ϕ about the 
fixed y-axis, and then a final rotation of ψ about the fixed z-
axis. Mathematically, it follows that the orientation of the 
moving platform frame with respect to the base platform frame 
is obtained as shown in Eq. (1): 
z y x
C C C S S S C C S C S S
S C S S S C C S S C C S
S C S C C
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(1) 
 
If the position of point P with respect to the origin of the 
fixed coordinate frame R is denoted by vector [r]R = [xr, yr, zr]T, 
each vector bi can be expressed in frame R as follows:  
     i iR R R b r Q b  1, , 6i    (2) 
where the subscript outside of the brackets indicates the 
coordinate frame in which the associated vector is expressed. 
Now, subtracting ai from both sides of Eq. (2) provides a vector 
directed along the ith limb, connecting point Ai to Bi: 
       i i i iR R R R   b a r Q b a  1, , 6i    (3) 
Thus, the Euclidean norm of each side of Eq. (3) produces 
       i i i iR R Rd     ib a r Q b a  1, , 6i    (4) 
where di is a scalar measure of the ith limb’s length. Note that 
an alternative form of Eq. (4) is as follows: 
     
2 2 2
i r i r i r id x u y v z w     
 1, , 6i    (5) 
for which the scalar quantities ui, vi, and wi are given as: 
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In Eq. (6), qij is the ith row – jth column element of the 
transformation matrix Q. 
Eqs. (4–6) represent the solution to the inverse kinematics 
problem for the 6-UPS manipulator because they provide the 
required active joint states, di, necessary to achieve a desired 
position and orientation of the moving platform end-effector. 
That is, once each element of Q and r are established as inputs, 
associated lengths for the prismatic actuators can be identified. 
C. Body Interfacing and Geometric Considerations 
Depending on how the 6-UPS is interfaced with the human 
body for application as a hip joint exoskeleton, a number of 
geometric considerations are introduced that may influence the 
manipulator’s preferred method of operation. Fig. 3 illustrates 
two proposed schemes for interfacing the 6-UPS to the body.  
a) b)
 
Figure 3.  The two body interfacing schemes considered for the 6-UPS 
For scheme a), it is assumed that the position of point P 
remains constant with respect to frame R. That is, the 6-UPS 
acts as a 3-DOF rotational joint with center-of-rotation located 
at point P. Mathematically, r then becomes a vector of constant 
values as follows: 
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r
 
(7) 
where Pz is the z-axis coordinate of point P’s position. Fig. 4 a) 
shows examples of moving platform orientations and positions 
attainable given this motion restriction. Note that for this 
example scenario, additional mechanisms would be required to 
prevent forces acting to dislocate the hip joint when 
transferring the 6-UPS manipulator’s motions to the upper leg. 
These mechanisms are not discussed here. 
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Meanwhile, for interfacing scheme b) in Fig. 3, it is 
assumed that the hip joint’s center-of-rotation coincides with 
the origin O of frame R. A further assumption that no 
additional mechanisms are used to guide hip motions (i.e. the 
moving platform is fixed directly to the upper leg) requires that 
point P only move along a spherical surface centered at O and 
that the w-axis always pass through point O. Fig. 4 b) provides 
an illustration of this geometrical constraint on the 6-UPS’ 
motions. Furthermore, the position of P in terms of frame R is 
expressed as follows for this interfacing case: 
 
11 12 13
21 22 23
31 32 33
r x y z
r x y zR
r x y z
x q P q P q P
y q P q P q P
z q P q P q P
   
       
       
r
 
(8) 
where qij is the ith row – jth column term in the Q matrix of Eq. 
(1). Additionally, Pk is the k-coordinate of P expressed in the R 
frame when the manipulator is fitted on the upper leg and it is 
in its starting position. Note that Fig. 4 b) shows the case for 
which Px = 0 and Py = 0 in Eq. (8). 
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Figure 4.  Example 6-UPS motions for two considered methods of operation 
III. JACOBIAN ANALYSIS OF THE 6-UPS MANIPULATOR 
A number of indices are commonly used to compare the 
performance of different parallel manipulator mechanisms [2]. 
These indices are generally acquired from a manipulator’s 
Jacobian matrix and often have physical significance that lends 
itself for use as an objective function for design optimization 
[8]. Therefore, the 6-UPS manipulator’s Jacobian is discussed 
before performance indices are introduced and analyzed in 
Sections IV and V. Note that Merlet and Tsai also present 
Jacobian studies for the 6-UPS manipulator in [2, 3], among 
others. 
To start, a vector q is assigned to describe the active 
articular variables, and vector x is set to denote the moving 
platform position. It follows that Eq. (9) represents the 
kinematic constraints asserted by the manipulator’s limbs in 
general form: 
 ,  f x q 0  (9) 
where f is an n-dimensional implicit function of q and x, and n 
is the device’s active joint count (i.e. n = 6 for the 6-UPS). 
Time-differentiation of Eq. (9) yields the following 
relationship between the input joint rates and the end-effector 
output velocity: 
0 J Jx q
 
   
 
f f
X q X q
x q
 
(10) 
The Jx and Jq components in the above equation are then 
combined into the complete Jacobian matrix: 
1J J Jq x
 q X X  (11) 
Note that the Jacobian of a parallel manipulator is inverted 
compared to that of a serial manipulator [3]. 
Next, the velocity vector-loop closure method is used to 
analyze the Jacobian matrix. Each loop includes points on the 
fixed base, moving platform, and all links of a limb, as follows: 
i i i iOP PB OA A B    (12) 
The velocities associated with passive joints are eliminated by 
taking a dot product of the velocity vector-loop equation above 
with an appropriate vector normal to all vectors representing 
passive joint rates. Lastly, the resulting equations are combined 
to create a Jacobian matrix. 
The input vector for the 6-UPS is given by 
1 1 6[ , ,..., ]q d d d , whereas the output vector is described by the 
velocity of centroid P and angular velocity of the moving 
platform. These terms are obtained by differentiating Eq. (12) 
with respect to time: 
v ,p B i i i i i ib d s d s       (13) 
where 
ib  and si  denote the vector iPB  and a unit vector along 
i iA B  respectively. Furthermore, i  denotes the angular 
velocity of the ith limb with respect to the fixed frame R. Both 
sides of Eq. (13) are dot-multiplied by si in order to eliminate 
i  as follows: 
 . .i i i is b s d  v p Bω  (14) 
When written six times (i.e. once for each limb), Eq. (14) 
yields six scalar equations, which can be assembled into 
matrix form as shown below: 
 
 
 
1 1 1
2 2 2
6 6
6 6 6
TT
TT
TT
s b s
s b s
I
s b s

 
 
 
 
 
  
X q
 
(15) 
IV. PERFORMANCE INDICES 
As mentioned above, the Jacobian matrix’s development 
enables evaluation of the 6-UPS manipulator’s performance 
indices. However, before the performance indices are 
computed for a specific set of 6-UPS designs and operating 
methods, the following subsections provide a brief overview of 
the indices to be considered in this study.  
A. Manipulability 
Articular forces in parallel robots can reach large 
magnitudes near singular configurations [2]. Therefore, the 
ability to measure proximity to a singular configuration is 
useful for analyzing parallel manipulator design. 
Manipulability is a performance index used to achieve this 
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quantification. As given in Eq. (16), this index is calculated as 
the absolute value of the Jacobian determinant [10]: 
J JT   (16) 
Physically, manipulability is an indicator of a 
manipulator’s ability to transmit a desired velocity to its end-
effector [11]. The isotropy index for manipulability is an 
indication of how uniformly velocity can be transferred to the 
end-effector across all directions of motion [12]. The isotropy 
index for manipulability is defined as:  
/iso min max    (17) 
where σmax and σmin are respectively the maximum and 
minimum singular values of the Jacobian matrix, and µiso 
therefore ranges in value from 0 to 1. An isotropy index of one 
indicates that the manipulator is oriented such that it is able to 
transmit velocity uniformly from its actuators to its end-
effector along all directions. Contrarily, when the isotropy 
index is equal to zero, the manipulator is oriented in a singular 
configuration and is therefore unable to transmit velocity to the 
end-effector. 
B. Dexterity (Condition Number) 
Because a parallel manipulator is generally controlled 
using the position coordinates of its joints, any errors in these 
coordinates will cause error in the moving platform position 
and/or orientation [2]. This end-effector error is obtained as 
the product of the errors in the articular coordinates and an 
amplification factor, called the condition number, k [13]. 
Consequentially, the accuracy of a parallel manipulator is 
dependent on its condition number, which is defined in terms 
of the Jacobian matrix as follows [13–15]: 
  1J || J|| |||J |k   (18) 
where J is the Jacobian matrix and ||J|| denotes its Euclidean 
norm: 
1
||J|| JJTtr
n
 
  
 
 (19) 
It follows that Gosselin [16] has defined the local dexterity, ν, 
as the inverse of the condition number and characterized it as a 
criterion for measuring the kinematical accuracy of a 
manipulator. Local dexterity is the second performance index 
considered in this paper: 
1
1
||J|| |||J |


  (20) 
Again, values for ν are limited to the range [0, 1]. A value of 
zero indicates that the Jacobian matrix is singular, whereas 
higher values indicate more accurate motion generation for a 
given device configuration.  
C. Rotational Sensitivity 
Rotational sensitivity is a measure of how severe actuator 
displacements affect the orientation of a parallel manipulator’s 
end-effector. Cardou et al. define τr as the index for rotational 
sensitivity in [17]; technically, it is the maximum-magnitude 
rotation of the end-effector under a unit-norm actuator 
displacement. Therefore, the sensitivity index is 
mathematically represented as:  
|| J ||r   (21) 
for which it is recommended that either a 2–norm or ∞–norm 
is used to normalize the Jacobian. 
V. COMPARISON OF THE PERFORMANCE INDICES 
Upon evaluating the three performance indices introduced 
above for the 6-UPS manipulator, the two body interfacing 
arrangements shown in Fig. 3 are considered. Furthermore, 
each of the three joint configurations depicted in Fig. 2 are 
addressed for both interfacing schemes. Further still, two major 
motions of the hip joint [9] are taken into account: 
flexion/extension and abduction/adduction, while the third 
DOF of the hip joint (i.e. rotation) is assumed to be relaxed and 
unchanging. As can be deduced from Figs. 1 and 3, the 
manipulator’s ψ angle corresponds to flexion/extension 
motions for interfacing scheme a), while ϕ is associated with 
these motions in interfacing scheme b); for both cases, θ 
corresponds to abduction/adduction motions. Moreover, the 
workspace considered for the manipulator during these 
performance studies is the range of [˗0.2 0.2] radians in both 
flexion/extension and abduction/adduction. 
In addition to the study conditions described above, a 
number of device parameter values or ratios are assumed 
before specific performance results can be obtained. To start, a 
6-UPS manipulator with a base radius of rb = 1 and a moving 
platform radius of rm = 0.5rb is considered. It is also assumed 
that the moving platform is initially oriented parallel to the 
base platform and positioned at a distance of Pz = 0.75rb from 
it for each study; this is considered the ‘zeroed’ state for the 
manipulator hereafter. 
Given the above parameter specifications, Fig. 5 and Fig. 6 
show the performance analysis results for both body-
manipulator interfacing schemes shown in Fig. 3. These 
surface plots demonstrate a general trend that greatest 
manipulability, greatest dexterity, and least sensitivity can be 
achieved at the ‘zeroed’ state, with each of these performance 
index values degrading as the manipulator moves towards the 
edges of its considered workspace.  
Comparatively, the 3-3 limb configuration for the 6-UPS 
device has an observably greater isotropy index for 
manipulability and local dexterity than the 3-6 and 6-3 
configurations for both interfacing schemes; meanwhile, the 3-
6 and 6-3 arrangements display relatively similar average 
values for both manipulability and dexterity indices. In terms 
of rotational sensitivity, Fig. 5 and Fig. 6 suggest that the 3-3 
limb configuration has the smallest magnitude average, 
whereas 3-6 and 6-3 arrangements have similar greater 
magnitude averages. For interfacing scheme a) the 3-3 limb 
configuration has the least performance deviation across the 
device’s workspace for all indices, followed by 3-6 and then 
6-3. Contrarily, when the 6-UPS is attached to the body via 
interfacing scheme b), the 3-6 limb arrangement has the least 
associated deviation across its workspace for each index, 
while the 3-3 and 6-3 structures have similar greater 
deviations. 
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Figure 5.  Performance analysis results for interfacing scheme a) 
 
Figure 6.  Performance analysis results for interfacing scheme b) 
VI. DESIGN OPTIMIZATION OF THE 6-UPS MANIPULATOR  
The above performance index results are considered local 
evaluations for the 6-UPS device because they only apply 
when the aforementioned device parameter values and ratios 
are selected. To evaluate the performance of a parallel 
manipulator over a given workspace for a varying set of 
design parameters, Gosselin proposes a global performance 
index (GPI) in [18] as follows: 
 PI dW
GPI
dW



 
(21) 
where PI represents any performance index of interest and W 
indicates the manipulator’s considered workspace. Thus, the 
above equation provides the average value of a given 
performance index for all considered workspace orientations; 
these average values may then be evaluated for a set of device 
parameters as a means of comparing performance for various 
designs. This concept lends itself to design optimization for 
parallel manipulators because the average value of any 
performance index is an important design factor. 
 
The design variables chosen for the optimization process 
are the ratio of moving platform radius to base platform 
radius, rm/rb, and the distance between the moving and base 
platform, h. The optimization procedure is accomplished by 
finding the GPI value for different combinations of height and 
platform radii ratio. For this study, manipulability was selected 
as the performance index under evaluation, and the 
corresponding graphical results are shown in Fig. 7. From this 
surface plot, it is apparent that there is an optimal combination 
of rm/rb and h that produces maximum manipulability for the 
6-UPS device; Table I summarizes the optimal selections for 
these parameters.  
 
Figure 7.  Global manipulability analysis of the 6-UPS manipulator 
TABLE I.  OPTIMAL PARAMETER SELECTIONS FOR 6-UPS 
MANIPULABILITY 
Interfacing Scheme 
Equation for Optimal Value 
rm h 
a) rm = 0.8rb h = rb 
b) rm = 0.8rb h = rb 
 
VII. CONCLUSIONS & FUTURE WORK 
This paper proposes application of the well-established 6-
UPS Stewart-Gough platform as a robotic hip within an 
exoskeleton system. Inverse kinematics and Jacobian 
development for the manipulator were revisited, which in turn 
enabled the analysis of three commonly-studied performance 
indices: manipulability, dexterity, and rotational sensitivity. 
These indices were explored for two possible interfacing 
schemes with the human hip and three different robotic limb 
connection arrangements. 
In general, the 3-3 limb structure provided the most 
preferable average index values for either body interfacing 
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scheme. However, the 3-6 arrangement generally provided the 
most uniform index values across the device’s considered 
workspace. Therefore, the ideal selection of 6-UPS limb 
arrangement is application dependent. That is, if the 
application does not require an extensive workspace and is 
centered on the ‘zeroed’ state, the 3-3 configuration offers 
superior performance indices and would therefore likely be the 
preferred selection. Alternatively, if a significant workspace 
must be covered, the 3-6 limb arrangement may be preferable 
because consistency in performance across the workspace 
could result in ease of control. 
In terms of the method for connecting the robot to the 
user’s body, interfacing scheme a) is preferable in terms of 
performance. This is because the exoskeleton application 
requires a sufficiently large workspace and the performance 
indices associated with scheme a) tend to have greater 
uniformity across the studied workspace.  
After studying the 6-UPS performance for the specific 
parameter values and ratios considered, a global performance 
evaluation was conducted for manipulability. This GPI 
provides an indication of optimal parameter selections to 
achieve the greatest possible manipulability in the device. 
Overall, we propose that a 3-3 Stewart-Gough platform 
attached to its user via interfacing scheme a) and having rm = 
0.8rb and h = rb would provide the best performance for a 6-
UPS-based hip exoskeleton. 
Future work includes singularity, dynamic, and workspace 
analyses, and design and analysis of a 6-UPS-based prototype 
system with bodily interfacing details considered. 
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Design and Performance Analysis of a 3-RRR 
Spherical Parallel Manipulator for Hip Exoskeleton 
Applications 
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Design and performance analysis of a
3-RRR spherical parallel manipulator
for hip exoskeleton applications
Soheil Sadeqi, Shaun P Bourgeois, Edward J Park and
Siamak Arzanpour
Abstract
This paper presents the design and performance analysis and experimental study of a 3-RRR spherical parallel manipu-
lator in the context of hip exoskeleton applications. First, the mechanism’s inverse kinematics analysis and Jacobian
matrix development are revisited. Manipulability, dexterity, and rotational sensitivity indices are then evaluated for two
different methods of attachment to the human body. The superior attachment method in terms of these performance
measures is indicated, and an experimental study based on the selected method is conducted; the experiment
involves testing the capability of a 3-RRR manipulator’s end-effector in tracking the motions experienced by a human
hip joint during normal gait cycles. Finally, the results of the experimental study indicate that the manipulator represents a
feasible hip exoskeleton solution providing total kinematic compliance with the human hip joint’s 3-degree-of-freedom
motion capabilities.
Keywords
Hip exoskeleton, spherical parallel manipulator, inverse kinematics, Jacobian, dexterity, manipulability, rotational sensi-
tivity, experimental data
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Introduction
An exoskeleton is a wearable robot designed to supple-
ment one or more abilities of the human body part
to which it is connected. Exoskeleton usage is often
motivated by energy conservation for functional
bodily limbs or strength assistance for limbs that have
weakened or total loss of functionality. These capabil-
ities stand to improve the quality of life for people
suﬀering from mobility disablements, which have
been reported to aﬀect approximately 20,639,200 non-
institutionalized individuals in the United States (7.1%
of the total US population) in 20131 and 2,512,800
Canadians (7.2% of the total Canadian population)
in 2012.2
The presence of one or more joints with multiple
active degrees-of-freedom (DOFs) in the pertinent
limb complicates the design of an exoskeleton with
complete kinematic compliance. One method to
address this challenge is to restrict the motions that
the exoskeleton supports about the multi-DOF joint,
instead of providing total kinematic compliance.
This is the common design method for current exoskel-
eton research and technologies.3–6 Consequently, most
present-day exoskeletons are composed of kinematic
open chains: serially connected single-DOF rotary or
prismatic joints between rigid linkages. However,
Kizir and Bingul conclude that closed-chain parallel
manipulators (PMs) have better performance than
their serial manipulator counterparts with regard to
positioning accuracy, speed, force application, and pay-
load-to-weight ratio.7 Thus, in order to improve the
robotic performance and kinematic functionality of
exoskeletons, we propose the use of parallel robots
paired with a mechanical structure that transmits
motions to the targeted body part in a comfortable,
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non-restrictive way. One parallel robotic structure that
has potential for use in such an application is the
3-RRR spherical parallel manipulator. Among previ-
ous works in the literature, Gosselin and Angeles pre-
sent an inverse kinematics analysis, along with
discussions of design optimization and singularities,
for this manipulator.8 Gosselin and Lavoie further dis-
cuss the kinematic design and Jacobian derivation for
the mechanism.9 Gosselin and Hamel have gone on to
present a speciﬁc embodiment of the manipulator, the
Agile Eye;10 Gosselin and St-Pierre have further devel-
oped its kinematic description and experimentation.11
More recently, Bai et al. have revisited the forward dis-
placement analysis of the 3-RRR manipulator and
introduced a new embodiment, called the Agile
Wrist.12 Wang et al. have conceptualized, analyzed
(i.e. kinematic performance), and completed experi-
ments (i.e. torque study) on the use of a redundantly
actuated 3-RUS/RRR manipulator for 3-DOF ankle
rehabilitation.13 Most recently, Niyetkaliyev and
Shintemirov detail one method of obtaining forward
and inverse kinematics solutions for the Agile Wrist
design, including simulation results and numerical
examples for veriﬁcation.14
This paper investigates the performance of the
3-RRR in the context of exoskeleton applications.
Speciﬁcally, manipulability, dexterity, and rotational
sensitivity performance indices are evaluated for two
diﬀerent body-interfacing schemes of the manipulator
when it is applied as a hip exoskeleton device; here it is
assumed that the manipulator supports 3-DOF rota-
tional motions of the upper leg with respect to the
pelvis. Our ﬁndings suggest that a 3-RRR manipulator
can be employed as the hip actuator in an exoskeleton
system; this represents an original contribution to the
ﬁeld of exoskeleton research.
Kinematic considerations for the 3-RRR
manipulator
Kinematic architecture
Figure 1 shows a geometrical schematic of a generalized
3-RRR manipulator. This device is considered a
3-DOF spherical mechanism because all of its moving
linkages perform spherical motions about a common
point, O, which is stationary with respect to its base
structure.15,16 That is, all particles’ motions within the
system can be unambiguously described by radial pro-
jections on the surface of a unit sphere centered at the
aforementioned stationary point. Consequently, the
only permissible lower-pair joint within a spherical
mechanism’s limbs is a revolute joint; furthermore, all
joint axes must intersect at the common stationary
point mentioned above. In Figure 1, linkages are
labeled 0–7, where 0 indicates the ﬁxed base structure
and 7 corresponds to the manipulator’s end-eﬀector
(i.e. the moving platform). Ai, Bi, and Ci denote the
three revolute joints of each limb i, where i¼ 1, 2, 3
and only Ai joints are active.
Note that two notable embodiments of the 3-RRR
manipulator are the Agile Eye and Agile Wrist, as men-
tioned in the previous section and shown in Figure 2(a)
and (b), respectively. Although mechanically distinct,
these two embodiments have the same inverse kine-
matics procedure, which is reviewed in the subsection
that follows.
Inverse kinematics derivation
Inverse kinematics analysis for the 3-RRR manipulator
has been examined extensively.8,9,11,12 One approach is
brieﬂy revisited here for the sake of completeness and
to acclimatize the reader to the notations and naming
conventions used subsequently in this paper.
To start, direction vectors u1, u2, and u3 specify the
rotational axes of the system’s three active Ai joints, as
shown in Figure 3. These vectors have constant values
with respect to the global frame (with origin O) because
they correspond to ﬁxed joints. Next, input scalar vari-
ables 1, 2, and 3 deﬁne the angular states of the
respective active joints. Direction vectors w1, w2, and
w3 in turn specify the rotational axes of the joints
between the three proximal–distal link pairs (i.e. the
Ci joints). These vectors vary in element values with
respect to the global frame because they correspond
to free joints. The ﬁnal set of direction vectors, v1, v2,
and v3, specify the rotational axes of the joints between
the three connection points of the distal links to the end
eﬀector (i.e. the Bi joints). Again, these vectors vary
with respect to the global frame because they corres-
pond to free joints.
Scalar constant 1 speciﬁes the angle between each
actuated Ai joint and the corresponding proximal Ci
joint within the plane containing both of these joints
as well as the global origin, O. The value of 1 used for
the 3-RRR design analyzed here is 90. The second
1B
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Proximal 
Linkage
Figure 1. Schematic illustration of a generalized 3-RRR
manipulator.16
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scalar constant, 2, speciﬁes the angle between each
proximal Ci joint and the corresponding distal Bi
joint within the plane containing both of these joints
as well as the global origin. The value of 2 used for the
3-RRR design considered here is also 90. Third, scalar
constant  indicates the angle between the vi direction
vectors and the global z-axis when the device is in its
‘home’ position (i.e. when the plane created by Ai joint
positions is parallel to that deﬁned by the Bi points).
The value of  used here is 54.75. Fourth, scalar
constant  indicates the angle between the ui direction
vectors and the vertical axis (i.e. the global z-axis).
Unlike , this value is constant for all mechanism
states because the joints corresponding to the ui direc-
tion vectors are ﬁxed relative to the global frame. The
value of  used in this analysis is also 54.75.
Finally, scalar constants 1, 2, and 3 are used
to specify the locations of the active joints associated
with direction vectors u1, u2, and u3 and ‘home-
positioned’ distal passive joints associated with v1, v2,
and v3 within the global x-y plane. Measured with
respect to the positive y-axis, the values of 1, 2, and
3 are 0
, 120, and 240, respectively. Using this con-
vention, i directly speciﬁes the directions ui in the
global x-y plane and speciﬁes the directions vi in the
global x-y plane when added to 60 and the mechanism
is in its ‘home’ position. Note that the above parameter
values are not independent, as they are related through
geometry.
Equations for the ui direction vectors can be derived
in terms of the i and  parameters discussed above.
This derivation involves the following ﬁxed-frame rota-
tion process: rotation of a local frame F1 (i.e. originally
identical to the global frame) by (90–) about the
global 0y-axis and then rotation of F1 by i about the
0z-axis. This overall transformation is represented
mathematically in Kucuk and Bingul.17 Note that a
superscript ‘0’ indicates an axis or vector expressed
with respect to the global frame.
R01 ¼ Rz i þ 90ð ÞRy 90  ð Þ
¼
SiS Ci SiC
CiS Si CiC
C 0 S
2
64
3
75 ð1Þ
It follows that the x-axis of the resulting R01 orien-
tation frame is equal to the direction vector ui.
ui ¼
SiS
CiS
C
2
64
3
75
T
ð2Þ
Direction vectors wi are in turn related to the corres-
ponding ui vectors through a ﬁxed rotation by 1 within
the plane containing O, Ai, and Ci, along with a
variable rotation dependent on actuator angle i.
Figure 2. (a) Agile Eye and (b) Agile Wrist embodiments of the 3-RRR manipulator.
Figure 3. 3-RRR schematics with parameters and direction vectors labelled.
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The parameterization of this transformation can be
considered as a set of current frame rotations: ﬁrst a
rotation of i about the local
1x-axis and then a rotation
of 1 about the updated local z-axis. In matrix format,
an expression for this is as follows.
Rx ið ÞRz 1ð Þ ¼
C1 S1 0
SiS1 SiC1 Ci
CiS1 CiC1 Si
2
64
3
75 ð3Þ
Now, to obtain expression in terms of the global
coordinate system, the set of rotations described
above must be pre-multiplied by R01. Finally, the set
of direction vectors wi is obtained from the resulting
matrix set as the x-axes for each i, as shown below.
wi ¼
SiCCi þ CiSið ÞS1  SiSC1
CiCCi þ SiSið ÞS1 þ CiSC1
CC1 þ SCiS1
2
64
3
75
T
ð4Þ
Similarly to the derivation for ui vectors summarized
in equations (1) and (2), the vi vectors can be estab-
lished via two spatial rotations as follows when the
device is in its ‘home’ position.
R03 ¼ Rz ið ÞRyðÞ ð5Þ
Again, vi is given as the x-axis component of the
orientation matrix shown in equation (5). To determine
the vi directions after the mechanism’s end-eﬀector has
undergone roll, pitch, and/or yaw rotations, R03 must
be pre-multiplied by another transformation.
R04 ¼ RrpyR03 ð6Þ
where Rrpy represents the orientation of the end-eﬀector
with respect to the global frame. If it is assumed that Rrpy
is expressed as ﬁxed-frame rotations about the global
x-axis by , y-axis by , and z-axis by  , respectively,
then the vi vector can be explicitly derived as follows.
vix
viy
viz
2
64
3
75 ¼
1
0
0
2
64
3
75  Rz  ð ÞRy ð ÞRx ð ÞR03 ð7Þ
Given that all direction vectors wi and vi are of unit
length, the angle between corresponding wi and vi vectors
is 2 (by the parameter’s deﬁnition), and the geometric
deﬁnition of the vector dot product, the following equa-
tion relates the two sets of direction vectors.
wi  vi ¼ cos2 i ¼ 1, 2, 3 ð8Þ
Now, through substitution of equations (4) and (7)
into equation (8), a set of relationships between the
system inputs and outputs is obtained. Upon perform-
ing this substitution and simplifying the result, the fol-
lowing equation is produced.
A tan2ði=2Þ þ B tanði=2Þ þ C ¼ 0 i ¼ 1, 2, 3
ð9Þ
where
A ¼ CiCS1 þ CiSC1ð Þviy
þ . . . SiCS1  SiSC1ð Þvix
þ . . . CC1  S1Sð Þviz  c2
ð10Þ
B ¼ 2SiS1viy þ 2CiS1vix ð11Þ
C ¼ SiCS1  SiSC1ð Þvix
þ CC1 þ S1Sð Þviz
þ CiCS1 þ CiSC1ð Þviy  c2
ð12Þ
It follows that the input angle required to achieve a
desired end-eﬀector positional output can be found
with the following equation.
i ¼ 2atan2 B
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
B2  4AC
p
2A
 !
i ¼ 1, 2, 3 ð13Þ
Equations (10)–(13) represent the solution to the
inverse kinematics problem for the 3-RRR manipulator
because they provide the required active joint states, i,
necessary to achieve a desired orientation of the end-
eﬀector. That is, once end-eﬀector rotations , , and  
are established, the associated angular states of the
active revolute joints can be identiﬁed.
Jacobian analysis
A number of generally accepted performance indices
for parallel manipulators are often published as a
method for comparing various robotic manipulators.16
The values of these indices usually have physical signiﬁ-
cance and applications for design optimization.17 The
three indices considered in this paper, which are
manipulability, dexterity, and rotational sensitivity, all
derive from the Jacobian matrix of a manipulator.
Thus, the 3-RRR device’s Jacobian development is dis-
cussed in this section, before the performance indices
are examined in the next section.
To start, a vector q is assigned to represent active
joint variables while x is used to characterize the end-
eﬀector’s position. The kinematic constraints associated
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with the device’s limbs can be expressed as follows.
f x,qð Þ ¼ 0 ð14Þ
where f is an n-dimensional implicit function of q and x,
and n is the active joint count within the mechanism.
Now, time-diﬀerentiating equation (14) yields the fol-
lowing relationship between input joint rates and end-
eﬀector velocity.
@f
@x
_Xþ @f
@q
_q ¼ 0! Jx _X ¼ Jq _q ð15Þ
As shown above, two components of the Jacobian
are produced: Jx and Jq. The combination of these com-
ponents yields the complete Jacobian matrix.
_q ¼ J1q Jx _X ¼ J _X ð16Þ
It is important to note that the Jacobian associated
with a parallel manipulator, as in equation (16), is derived
as the inverse of a serial manipulator’s Jacobian.15
when equation (15) is written once for each of i¼ 1,
2, and 3, three scalar equations are produced. These can
be arranged in matrix form as follows.
w1  v1ð ÞT
w2  v2ð ÞT
w3  v3ð ÞT
2
64
3
75xb ¼ 
w1  u1:v1 0 0
0 w2  u2:v2 0
0 0 w3  u3:v3
2
64
3
75_q
ð17Þ
Combining equations (16) and (17) yields a complete
form of the 3-RRR manipulator’s Jacobian matrix.
J ¼ J1q Jx ¼ 
w1  u1:v1 0 0
0 w2  u2:v2 0
0 0 w3  u3:v3
2
64
3
75
1

w1  v1ð ÞT
w2  v2ð ÞT
w3  v3ð ÞT
2
64
3
75
ð18Þ
Recall that vectors ui, wi, and vi can be computed
from equations (2), (4), and (7), respectively.
Hip exoskeleton design based on perfor-
mance indices
With the 3-RRR manipulator’s Jacobian matrix
derived, it is now possible to evaluate several of the
device’s performance indices. In doing so, two methods
for attaching the device to the human body are con-
sidered, as shown in Figure 4. Furthermore, only ﬂex-
ion-extension and abduction-adduction motions are
considered; the ﬁnal major DOF of the hip joint (i.e.
internal/external rotation) is assumed to be constant
and oriented such that the knee’s axis of rotation is per-
pendicular to the sagittal plane of the body. As can be
deduced from Figure 3, the device’s  angle corresponds
to ﬂexion/extension motions for Attachment Method 1,
while  is associated with those motions in Attachment
Method 2; for both cases,  corresponds to abduction/
adduction motions. Additionally, a workspace range of
[–0.2 0.2] radians for both ﬂexion-extension and abduc-
tion-adduction motions was considered for all local per-
formance studies. Finally, the results below are only
applicable when the parameter values (i.e. for 1, 2, ,
, 1, 2, and 3) are selected as per the discussion in
Kinematic architecture section.
Manipulability
Forces experienced by joints within parallel manipulators
tend to become large when such a device nears singular
conﬁgurations.16 Thus, the ability to quantify a manipu-
lator’s nearness to singular conﬁgurations is useful.
Manipulability is a common performance index used to
accomplish this quantiﬁcation. It is deﬁned as the abso-
lute value of the Jacobian’s determinant,18 as given in
equation (19). Alternatively, this index can be interpreted
as the Jacobian matrix’s minimum-magnitude eigenvalue.
 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
JTJ
 q ð19Þ
Figure 4. Considered 3-RRR attachment methods as a hip exoskeleton. (a) Interfacing scheme 1; (b) interfacing scheme 2.
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In mechanical terms, manipulability represents a
manipulator’s ability to successfully create a desired vel-
ocity at its end-eﬀector.19 Alternatively, this index can be
understood as the ellipsoid volume resulting when a unit
sphere is mapped from the manipulator’s n-dimensional
joint space into Cartesian space through its Jacobian
matrix and a constant proportionality factor;20 recall
that n represents the active joint count for the manipula-
tor. It follows that a manipulator achieves greater
manipulability performance if its ellipsoid has a greater
uniformity, or isotropy, characteristic.21 Such an isotropy
index for manipulability can be quantiﬁed as follows.
iso ¼ 	min=	max ð20Þ
where 	min and 	max are the minimum and maximum
singular values of the Jacobian matrix, respectively.
The iso value in equation (20) is limited to the range
[0, 1], where 0 indicates inability to transmit velocity to
the end-eﬀector (i.e. a singular conﬁguration) and 1
indicates ability to transmit velocity to the end-eﬀector
uniformly in all directions. Figure 5 shows the 3-RRR
device’s manipulability deviation and statistical distri-
bution within the considered workspace for the two
attachment methods depicted in Figure 4.
According to the surface plots, the manipulability of
the 3-RRR is greatest when operating near its ‘home’
conﬁguration and least near the boundaries of the con-
sidered workspace for both attachment methods.
Comparatively, Attachment Method 1 achieves a greater
average value for manipulability than Attachment
Method 2. Furthermore, Method 1 achieves less vari-
ance in performance within the workspace considered.
Therefore, Method 1 is superior to Method 2 in terms of
manipulability.
Dexterity (condition number)
Because a manipulator’s control scheme generally relies on
its joint position coordinates, any errors between the
expected and actual joint coordinates cause errors in the
end-eﬀector’s position and orientation.16 This end-eﬀector
error can be determined through multiplication of the
errors in the joint coordinates by a scaling factor: the con-
dition number, k.22 A manipulator’s condition number is
obtained from the Jacobian matrix as follows.22–25
k Jð Þ ¼ kJkkJ1k ð21Þ
where J is the Jacobian matrix. Here, jjJjj denotes the
Jacobian’s Euclidean norm.
kJk ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
tr
1
n
JJT
 s
ð22Þ
Gosselin proposes that the condition number’s
inverse be used to quantify a manipulator’s kinematic
accuracy;24 this criterion is called the local dexterity
index, denoted by 
.

 ¼ 1kJkkJ1k ð23Þ
Again, allowable values for n are constrained
between 0 and 1; zero indicates a singularity, and
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Figure 8. (a) Experimental prototype of the 3-RRR manipulator and (b) 3-RRR manipulator mounted on the Hip mannequin.
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greater values correspond to increasingly accurate
motion generation at the end-eﬀector.
Figure 6 depicts dexterity index surface plots and
statistical box plots for both body-attachment arrange-
ments of the 3-RRR manipulator across its considered
workspace. Similarly to manipulability, these plots sug-
gest that the mechanism’s dexterity is greatest when
conﬁgured in close proximity to its ‘home’ orientation
and that it decreases as the device moves towards the
boundaries of its considered workspace. Additionally,
greater average dexterity and less dexterity variation
are achieved when the 3-RRR robot is interfaced with
the human body according to Attachment Method 1 as
opposed to Method 2, which makes the former
preferable.
Rotational sensitivity
The rotational sensitivity index of a manipulator indi-
cates how reactive its end-eﬀector is to changes in active
joint states. More speciﬁcally, it is the maximum-mag-
nitude rotation of the end-eﬀector under a unit-norm
actuator displacement;20 it is given by either the 2–norm
or the 1–norm of the Jacobian matrix as follows.
r ¼ kJk ð24Þ
Figure 7 shows the sensitivity results for the 3-RRR
manipulator when subject to the body-interfacing
schemes of Figure 4 and constrained to the [–0.2 0.2]
radian workspace range in both ﬂexion-extension and
abduction-adduction motions. Again, Attachment
Method 1 demonstrates preferable performance to
that of Method 2 because the former possesses the
smaller-magnitude average and variance range in sen-
sitivity index value. Furthermore, sensitivity perform-
ance is optimal for both arrangements near the device’s
‘home’ orientation and degrades as the workspace
limits are approached.
Experimental study on the 3-RRR
manipulator
Mechanism fabrication details
In preparation for experimental tests on the 3-RRR
manipulator design proposed in this paper, a prototype
system was fabricated. As shown in Figure 8, all linkage
components of the device are 3D-printed, including the
base structure, proximal and distal links, and end-eﬀec-
tor platform. The prototype’s passive revolute joints
are composed of oﬀ-the-shelf shoulder screws, rotary
ball bearings, and thrust bearings. Meanwhile, the
active revolute joints are prototyped with Maxon
RE-max 29 brushed DC motors. Lastly, a VectorNAV
VN-100 Rugged inertial measurement unit (IMU) is
attached to the end-eﬀector platform for capturing
orientation data during system operation.
Experimental results
The purpose of our experimental study on the 3-RRR
prototype is to conﬁrm its end-eﬀector’s ability to per-
form the 3-DOF motions experienced by the human hip
joint during normal gait cycles. In order to complete
this test, the prototype’s motors are controlled with a
simple proportional-integral (PI) scheme; angular feed-
back is provided by the actuator’s attached encoders.
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In terms of test execution, reference signals for the end-
eﬀector to track are provided by Stanford University’s
OpenSim software.26,27 Subsequently, motor reference
signals are obtained by applying the inverse kinematics
algorithm discussed in Kinematic architecture section
to the OpenSim angular motion signals. Because
Attachment Method 1 is expected to provide manipu-
lability, dexterity, and sensitivity performance that are
superior to those of Method 2, the motion strategy
associated with Method 1 is utilized. That is, the
prototype’s  motions are matched to hip ﬂexion-
extension motions,  to abduction-adduction, and 
to internal/external rotations.
The experimental results of Figure 9 depict the ref-
erence and response signals associated with the individ-
ual system motors. These are the motions required by
the selected design and body-attachment scheme to
achieve the hip motions associated with normal gait
cycles at the end-eﬀector, as determined by the inverse
kinematics algorithm. In turn, Figure 10 presents an
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overlay of the resulting end-eﬀector orientation angles,
as captured by the system IMU, and the desired angles,
as provided by the OpenSim software.
The results shown in Figures 9 and 10 indicate that
the 3-RRR manipulator can achieve the same motion
ranges as the human hip during normal gait cycles.
Furthermore, the plots suggest that the mechanism can
complete these motions with a similar rate to that of the
human hip. The maximum absolute error between a
single desired end-eﬀector angle and the measured
angle is 7.6, and it applies to  (i.e. ﬂexion-extension
motions); the root mean squared error values for , ,
and  are 1.2, 0.7, and 3.1, respectively.
As shown in the absolute error plots of Figure 11,
the error in  rises periodically during a rapid extension
motion of the hip joint. This systematic error can be
primarily attributed to the experiment’s non-optimal
control method, which does not account for inherent
nonlinearities of the device’s dynamics and inhibits the
device from adequately tracking its reference signal.
Therefore, the development of a more eﬀective control
algorithm would likely reduce the end-eﬀector’s orien-
tation errors. Given this solution and the otherwise
small magnitudes of error, it is feasible that the
3-RRR manipulator could be used within a hip exo-
skeleton system.
Conclusion and future work
This paper proposes the use of the well-established
3-RRR manipulator as a robotic component within a
hip exoskeleton system. Before investigating the mech-
anism’s performance for two diﬀerent body-attachment
methods and presenting the results of a motion-tracking
experiment, the device’s inverse kinematics and Jacobian
matrix development procedures were revisited.
The performance study results indicate that the
body-interfacing arrangement that orients the manipu-
lator’s x-y plane parallel to the body’s sagittal plane is
superior in terms of average value and variability for
manipulability, dexterity, and rotational sensitivity
indices. As can be expected, the manipulator’s perform-
ance is optimal when conﬁgured at its initial ‘home’
orientation and degrades as the end-eﬀector moves
away from this state.
For the experimental study, a prototype manipula-
tor’s end-eﬀector was controlled to track the motions
experienced by a human hip joint during normal gait
cycles. In summary, the general agreement between
input and output signals depicted in the resulting ﬁg-
ures suggests that application of this 3-RRR design as a
hip exoskeleton is feasible. Furthermore, this applica-
tion poses a motion assistance solution with total kine-
matic compliance for multi-DOF body joints. Future
work includes singularity, dynamic, and workspace
analyses, design and analysis of the complete exoskel-
eton system with bodily interfacing details considered,
and development of an eﬀective closed-loop control
algorithm for the 3-RRR manipulator.
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Appendix C.   
 
Initial Mechanical and Software Designs for the 
Prototype Motion-Capture Exoskeleton 
Initial Mechanical Design 
The initial design for the prototype motion capture (MoCap) exoskeleton had the 
ankle module attached to the back side of the shank orthotic, as shown in Figure C.1. 
However, after the initial system construction was complete, several preliminary MoCap 
tests revealed a flaw with the ankle exoskeleton module functionality: large plantarflexion 
and dorsiflexion motions of the ankle only registered very small angular displacements at 
the exoskeleton module’s potentiometers. As illustrated in the callouts of Figure C.1, the 
reason for this insensitivity is that large and plantarflexion/dorsiflexion rotations would 
move the prismatic joint’s carriage along a path very nearly tangent to the prismatic 
track, thus imposing large translations of the prismatic joint but very little rotation in any 
sensed joint. 
Neutral
 
Figure C.1. Illustration of the small orientation change in the SAE corresponding 
to the ankle’s full plantarflexion/dorsiflexion range for the prototype 
MoCap exoskeleton’s initial mechanical design 
Note: The plantarflexion image has blue-colored highlights and the dorsiflexion image has red-
colored highlights.  
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One solution to this problem is to include sensing capability on the prismatic joint 
(e.g., replace the passive slider with a linear potentiometer or linear encoder). However, 
the somewhat arbitrary orientation of the Simplified Agile Eye’s (SAE’s) base component 
for this construction also made it difficult to determine accurate kinematic parameters 
(i.e., the SAE base frame orientation with respect to the shank frame). Therefore, the 
ankle exoskeleton was instead removed and reinstalled on the outside face of the shank 
orthotic, as shown in the final mechanical design of Chapter 5 and Subsection 6.1.1. Not 
only did this adjustment provide a more easily-measured SAE base orientation with 
respect to the lower component of the knee brace, which is used to define the shank 
frame, but it also proved to make the ankle exoskeleton more sensitive to ankle motions 
in subsequent test trials. 
Initial Software Design 
The software uploaded to the prototype system’s Arduino microcontroller unit 
(MCU) was initially a version of the open-source SD-card datalogger code developed by 
Tom Igoe [214]. This code was modified to match the electrical design associated with 
the MoCap exoskeleton, as detailed in Subsection 6.1.2. Figure C.2 shows a logic 
diagram of the modified code. However, a shortcoming associated with this program is 
its use of hard-coded delays to establish the potentiometer data sampling rate; because 
this method does not consider the MCU clock cycles required to execute sampling and 
other program tasks, the actual sampling rate is not precisely that specified by the delay. 
Even if the total system clock cycles between each delay command is determined and 
accounted for, which is not the case in this program, any unexpected interrupt routines 
or delays caused by hardware results in an inconsistent data sampling rate. This 
inconsistent sample rate was observed during preliminary system trials, in which the 
time between samples (i.e., as determined via the system clock) was nonuniformly 
greater than the desired period. To address the inconsistent sampling rate, the initial 
MCU program was replaced by the code described in Subsection 6.1.3. 
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Figure C.2. Logic diagram of initial MCU program used for logging data from the 
MoCap exoskeleton’s potentiometers 
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Setup and Calibration Procedures for the Qualisys 
and Xsens Systems prior to Experimentation 
Qualisys System Setup 
Per the Qualisys Track Manager (QTM) user manual [215], the setup procedure 
for the Qualisys system started with placing the Oqus cameras within the 
experimentation room surrounding an empty area on the floor that would be the motion 
capture (MoCap) workspace; this designated the spatial region in which all motion tests 
had to be performed. As described in Subsection 6.2.1, one experiment was conducted 
using five cameras and another with eight cameras. The MCU of one camera, assigned 
as the ‘master camera’, was then connected to a PC with the QTM software installed via 
an RS232 host cable. Considering this master camera as first in the series of cameras, 
data cables were then connected between each successive camera. The first and fifth 
cameras were connected to electrical outlets, and power cables were connected to 
adjacent cameras to supply power to the whole camera system. Taken from the QTM 
user manual, Figure D.1 shows a diagram of an appropriate camera connection scheme. 
Camera #1
Camera #2
Camera #3
Camera #4
Camera #8
Camera #7
Camera #6
Camera #5
Data Cable
4-camera 
Power Supply
3x Hybrid Cables:
Power & Data
3x Hybrid Cables:
Power & Data
Host Cable
4-camera 
Power Supply  
Figure D.1. Oqus camera cable-connection setup for the Qualisys system [215] 
207 
Once the Qualisys system’s camera-cable connections were made, the QTM 
software was launched on the connected PC. The program’s first prompt inquires the 
user about opening a new Qualisys project (i.e., folder and setting option files) or loading 
an existing one; for the initial experiment conducted during this study, a new project was 
created with default settings, and for the main experiment, a new project was created 
with the same settings as established for the initial project. After the project was 
specified, the QTM main window opened automatically. In order to identify and connect 
the Oqus cameras with the QTM software, the ‘Connection’ menu was accessed from 
the ‘Input Devices’ and ‘Camera System’ branches of the ‘Project Options’ window, 
which was opened from the main window’s ‘Tools’ dropdown list. The ‘Locate System’ 
button was then pressed and the RS232 serial connection method for searching was 
selected. After doing this, the QTM software was able to obtain and display the data 
captured for each camera. Figure D.2 shows a screenshot of the ‘Connection’ menu 
after locating the 8-camera system during the main experiment. 
 
Figure D.2. The QTM ‘Connection’ menu with 8 cameras located 
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The next setup activity for the Qualisys system was the camera aperture and 
focus adjustments. Following the camera connection process, it was possible to switch 
the cameras to video mode in QTM and observe the video images obtained from each 
camera. This was done by selecting the capture button from the QTM main window and 
selecting ‘Stop on button only’ for the ‘Capture period’ option. Since the camera 
calibration procedure was not yet completed, the software provided a message 
indicating that calibration was necessary before any MoCap data could be saved; this 
message was acknowledged and closed. At this point, the video images from each 
camera became visible from the QTM main window. In order to appropriately adjust 
each camera’s aperture and focus, retroreflective markers were placed or held within the 
intended measurement volume. The lens of each camera was then accessed by turning 
the strobe part of the camera counter-clockwise. Subsequently, the aperture and focus 
dials on each camera were adjusted until the markers were as small and sharp as 
possible within their observation windows in QTM. After each camera’s aperture and 
focus were appropriately set, the strobe part of the camera was closed to conceal the 
lens from infrared strobing interference originating from its own camera unit. Figure D.3 
shows an Oqus camera with strobe part opened to reveal the aperture and focus dials 
as well as an example screenshot of properly-detected retroreflective markers in the 
field-of-view of three cameras in QTM. 
Strobe Part
Aperture and 
Focus Dials
 
Figure D.3. Opened Oqus camera revealing aperture and focus dials (left) and 
video images from three cameras in the QTM main window (right) 
[215]  
The next stage of setup for the Qualisys system involved calibrating and 
finalizing the camera position and orientation arrangement. The goal of this calibration 
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procedure is for the processing software to determine the spatial position and orientation 
of each camera so that detected marker positions can be properly interpreted. First, an 
L-shaped reference object was placed on the experimentation room floor. This object 
creates the cartesian global-reference frame for the Qualisys data and consists of two 
perpendicular axis lines, identified by two markers for the y-axis and three markers for 
the x-axis (the z-axis is determined by the cross-product of the other two axes. If fewer 
than two of the cameras could detect all the reference frame markers, it was necessary 
to adjust the position and/or orientation of the cameras until this requirement was met; 
otherwise, the calibration processes would be unable to develop the data’s reference 
frame and, ultimately, the calibration would fail.  
Next, the Qualisys calibration wand was assembled by screwing the wand head 
to a handle shaft. On the wand head are two markers attached at a fixed distance from 
each other. Within the QTM software, the wand head marker distance, accurate to a 
tenth of a millimeter, was entered into the ‘Calibration’ menu. This was accessed from 
the ‘Input Devices’ and ‘Camera System’ branches of the ‘Project Options’ window. As 
shown in the screenshot of Figure D.4, this step ensured that the software could 
appropriately process the calibration data and generate accurate MoCap data during 
subsequent record sessions. The calibrate button was then selected from the QTM main 
window, and an appropriate calibration session time was designated in a resulting 
prompt window. A 2-minute calibration session was used here. 
Lastly, while the QTM software was recording the calibration session, the 
calibration wand was moved throughout the intended measurement volume, with efforts 
to orient the wand parallel to all three of the reference axes at the various positions 
covered and to focus data point collection at locations where markers would move 
during MoCap record sessions. After the calibration session was complete, a calibration 
quality report was generated and shown in the QTM software, either indicating success 
or prompting the user to redo the calibration session. Since calibration determines 
camera positions and orientations, the process must be repeated if any camera moves 
after the calibration is completed. Once the camera arrangement was finalized and 
calibrated, masks could be applied to any of the camera’s views that included erroneous 
marker detections (e.g., from another camera’s strobe lights or reflections from shiny 
surfaces in the experimentation room). 
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Figure D.4. The QTM ‘Calibration’ menu displaying the settings used to calibrate 
the Oqus cameras  
The final aspects of the Qualisys system setup involved establishing the data 
sampling rate, choosing the data export settings, and attaching the markers to the 
targeted MoCap subject. The first step was accomplished by opening the ‘Camera 
System’ menu under the ‘Input Devices’ branch of the ‘Project Options’ window. Shown 
in the screenshot of Figure D.5, the marker capture frequency can be selected from a 
set of standard values within this menu; as mentioned in Subsection 6.2.1, a sampling 
frequency of 100Hz was used for the experiments. Next, the ‘TSV Export’ menu was 
opened via the ‘Processing’ branch of the same ‘Project Options’ window. The most 
important settings to note are that 3D data was exported (i.e., cartesian coordinates of 
each detected marker), time data was exported for every frame to help verify the 
sampling frequency, and unidentified trajectories (discussed in more detail in Appendix 
E) were excluded from export because they were unnecessary during data processing. 
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Figure D.6 shows a screenshot of the complete export setting used for the Qualisys 
system. Finally, the markers, which are made of polystyrene covered with retro-reflective 
tape, were attached the MoCap subject using marker-specific double-adhesive tape. A 
description of marker attachments for the main experiment is included in Subsection 
6.2.1. Overall, for a user having little experience with Qualisys motion capture, the total 
system setup time was between one and two hours for each day of experiments. 
 
Figure D.5. The QTM ‘Camera System’ menu with the desired sampling 
frequency and other settings established 
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Figure D.6. The QTM ‘TSV Export’ menu with appropriate data export selections 
Xsens System Setup 
After launching the Xsens MT Manage program on the experimentation PC, the 
Awinda station (i.e., the wireless receiver) was connected to the PC via USB cable. 
Next, the MTw sensors were turned on by pressing the only button on their plastic 
housing; synchronized LED flashes on each sensor indicated that the sensors were 
properly synchronized with each other. The ‘Scan for Devices’ button in the MT Manager 
software was then selected; if successful, the Awinda receiver station would be listed in 
the ‘Device List’ section of MT Manager after the scan. After that, the ‘Wireless 
Configuration’ button was pressed, which opened a new window. In that window, the 
desired sampling rate (i.e., 100Hz) was selected from a dropdown menu adjacent to the 
detected Awinda station. Next, the ‘Enable Wireless Master’ button was pressed, which 
caused each MTw sensor to connect with the wireless receiver and be displayed in the 
‘MTw’s’ area of the window. The ‘Start Measurement on Wireless Master’ button was 
then pressed and ‘Wireless Configuration’ window was closed. Figure D.7 shows a 
screenshot of the MT Manager main window with ‘Scan for Devices’ and ‘Wireless 
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Configuration’ buttons highlighted, and Figure D.8 shows a screenshot of the ‘Wireless 
Configuration’ window after four MTw’s were connected. 
 Scan for Devices  Button  Wireless Configuration  Button
 
Figure D.7. The Xsens MT Manager main window with ‘Scan for Devices’ and 
‘Wireless Configuration’ buttons highlighted 
 
Figure D.8. The ‘Wireless Configuration’ window used to connect MTw IMU 
sensors to the receiver station and establish the sampling frequency 
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Desired data export settings were selected by accessing the ‘ASCII Exporter’ 
menu under the ‘Exporters’ branch of the ‘Preferences’ window, which was opened via 
the main window’s ‘Tools’ dropdown list. The only essential data for the present study 
were the IMUs’ orientations, which were exported as rotation matrix elements. Figure 
D.9 shows the complete export preferences used during the experiments. Comma-
separated values file format was chosen for its ease of import into the Matlab workspace 
and consistency with the exoskeleton prototype’s data storage. Finally, the Xsens setup 
was completed by attaching the hook-fastener face of each MTw to the exoskeleton’s 
loop-fastener straps per the scheme illustrated in Figure 6.9 of Subsection 6.2.1. Overall, 
the Xsens system’s setup time took about 5–10 minutes for an inexperienced user. 
 
Figure D.9. The ‘Preferences’ window with export settings for the Xsens system 
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Qualisys Data Processing Details and Evidence of 
Xsens Data Distortion 
Qualisys Data Processing 
After completing each motion capture trial within the Qualisys Track Manager 
(QTM) program, the resulting record files were consecutively opened for preliminary data 
processing. Because the system uses passive markers, each marker trajectory was 
initially unidentified within the program. Thus, each marker trajectory was manually 
identified and labelled for each movement trial; Figure E.1 shows an example 
screenshot of this process, with the identified and labelled marker trajectories in the top-
right area, unidentified trajectories in the area below that, and a visualization of the 
captured data in the central window area. If any marker data was occluded (i.e., 
positional data missing for one or more time period), it was also necessary to combine 
data fragments into the same identified trajectory group; ideally, each marker trajectory 
would be filled to 100%, meaning that the marker’s 3D position was successfully 
measured or interpolated for the entire motion capture session. Finally, any erroneously 
detected marker trajectories (e.g., originating from the infrared strobes of a camera 
within the field-of-view of another camera) were moved to the ‘Discarded Trajectories’ 
bin in the lower-right area of the QTM window. 
Note that several Qualisys MoCap files had to be discarded because data 
associated with critical movement periods were missing. For the hip-flexion/extension 
trials, one stand-to-sit/sit-to-stand trial, one walking-gait trial, two left-turn-walking trials, 
one stair-descent trial, one jumping trial, and all lunge and kneeling trials, trajectory data 
for at least one of the redundant markers was lost for some period during the record 
session, but the data was ultimately usable. However, for one walking trial, all running 
trials, and one jumping trial, more than two marker positions within at least one segment 
group were lost during action intended for study, so the Qualisys data for these trials 
were unusable. The most plausible reason for this loss of data was occlusion caused by 
the subject being unable to hold their arms above the pelvis markers during the 
movements, especially for the extended mobility tests. 
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Figure E.1. Qualisys MoCap file illustrating the marker trajectory identification 
process 
After identifying each marker trajectory and confirming that the trajectories were 
all sufficiently filled to justify further processing, each QTM MoCap file was exported into 
tab-separated values file format. TSV was chosen for data export format because it 
included a header row with identified marker trajectory labels. However, the trajectory 
timelines could not be sorted alphabetically by marker label in the export settings, so 
ordering was done afterwards using the custom sort feature in Microsoft Excel to 
facilitate batch processing within Matlab. Once sorted in Excel, the Qualisys data for 
each trial was saved as comma-separated values (CSV) for consistency with the data 
obtained from Xsens and the exoskeleton; it was then imported into the Matlab 
workspace using a Matlab script. 
The first processing action performed on the Qualisys data following Matlab 
import was low-pass filtering the 3D position data of each marker using a two-way, 
fourth-order Butterworth filter with 40Hz cut-off frequency; these filter parameters were 
chosen to match those used on marker position data obtained in a similar study of lower-
limb walking- and running-gait motions using Qualisys motion capture in [216]. 
Subsequently, the 3D positional data of the marker clusters on each limb segment were 
converted into segment orientation data (i.e., in the form of a rotation matrix) using the 
strategy outlined in [211]. That is, for each limb segment’s marker cluster, one marker’s 
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position was chosen as the origin for that segment’s orientation frame. Next, the 
normalized vector from that origin marker position to another marker’s position was 
taken as one of the three axes in the segment’s frame. After that, the frame axis normal 
to the plane of the marker cluster was determined by the normalized cross-product of the 
first established axis and the vector from the origin position to a third marker’s position. 
Finally, the limb segment’s final frame axis was determined by the cross-product of the 
first two axes. Overall, this orientation-frame development process required three marker 
positions for each limb segment and guaranteed the mutual orthogonality of the frame 
axes. Figure E.2 illustrates the marker attachment scheme used for the experiment with 
labels for each marker; the figure also visualizes the limb segment orientation frames 
and the specific equations used to develop them from the Qualisys data. As implied by 
the axis-development equations, the position data associated with redundant markers 
P3, T4, S1, and F4 were ultimately left unused. 
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Figure E.2. Marker attachment scheme and processing equations used to 
develop lower-limb segment frames from the Qualisys marker 3D 
position data 
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With a time-trajectory of lower-limb segment orientations derived for the pelvis, 
thigh, shank, and foot, joint angle trajectories were obtained by representing the inferior 
segment’s orientation with respect to that of the superior segment and then performing 
inverse kinematics on the resulting rotation matrix. First, however, it was necessary to 
define a limb posture that would correspond to zero-angle values for each joint DOF. As 
there is no biomechanical standard for what is considered a zero-value joint angle, a 
common practice is to measure joint angles relative to a neutral-standing posture. Thus, 
for each movement trial, a sample set corresponding to neutral-standing posture was 
identified, and the orientation frames for each limb segment in this posture were saved. 
Note that the same time-synchronized sample was used to formulate the neutral-
standing orientations for the exoskeleton-based measurements. The relative orientations 
between superior and inferior limb segments surrounding each joint were then 
determined with respect to the zeroed-angle orientation as follows: 
  
T
SP SP( ) ( ) ( ) ( ) ( )
P P Ref P Ref
T Ref T Ref Tt t t t = t t = tR R R R R  (E.1) 
  
T
SP SP( ) ( ) ( ) ( ) ( )
T T Ref T Ref
S Ref S Ref St t t t = t t = tR R R R R  (E.2) 
  
T
SP SP( ) ( ) ( ) ( ) ( )
S S Ref S Ref
F Ref F Ref Ft t t t = t t = tR R R R R  (E.3) 
where ‘P’, ‘T’, ‘S’, and ‘F’ respectively denote the pelvis, thigh, shank, and foot, and tSP 
designates the sample time associated with standing posture. Variable t denotes time 
and ‘Ref’ indicates the Qualisys lab-room reference frame established during camera 
calibration, as described in Appendix D. Hereafter, the time-dependence of each 
orientation is implied. Also, the rotation matrices on the right side of each Equation 
(E.1)–(E.3) are obtained from the frame axes derived in Figure E.2 as: 
  P P Pˆ ˆ ˆ=
Ref
P x y zR ,  T T Tˆ ˆ ˆ=
Ref
T x y zR ,  S S Sˆ ˆ ˆ=
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S x y zR ,
 ˆ ˆ ˆ=RefF F F Fx y zR , and  
T
=B AA BR R  
(E.4) 
Note that a right-side superscript ‘T’ denotes the matrix transpose operation, not to be 
confused with a left-side superscript or subscript ‘T’ that denotes ‘thigh’. Finally, the joint 
angles are obtained using inverse kinematics: 
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(E.7) 
where 
A
B ijr  denotes the i
th-row, jth-column element of the A
BR  rotation matrix. Note that 
the angles provided by Equations (E.5)–(E.7) assume the conventional Tait-Bryan roll-
pitch-yaw order of rotations. Note that the axis directions used here are consistent with 
those in Chapter 5 in relation to the human body; Table E.1 outlines the correspondence 
between Equation (E.5)–(E.7) angles and the anatomical motions of the human leg. 
Table E.1. Correlation between Qualysis marker-derived joint rotations and 
anatomical motions for the human right-side lower limb 
 Hip Knee Ankle 
Model Joint Rotation: ,z Hip  ,y Hip  ,x Hip  ,x Knee  ,z Ankle  ,y Ankle  ,x Ankle  
Anatomical Motion: Int. Rot. Abd. Ext. Flex. Add. Pro. Pla. 
        
Model Joint Rotation: ,z Hip  ,y Hip  ,x Hip  ,x Knee  ,z Ankle  ,y Ankle  ,x Ankle  
Anatomical Motion: Ext. Rot. Add. Flex. Ext. Abd. Sup. Dor. 
Note: The anatomical motion abbreviations are clarified in the List of Acronyms. 
After the biological joint angles were computed from the Qualisys data, a fourth-
order two-way low-pass Butterworth filter with 10Hz cut-off frequency was applied to the 
Qualisys-derived angle trajectories to remove any noise from the developed signals. The 
properties of the filter were selected based on those recommended in [217] for running 
gait motion studies with Qualisys optical MoCap system; they are also consistent with 
the filter used on the exoskeleton-captured data. Finally, it was necessary to identify the 
synchronization time (i.e., corresponding to an initial peak in knee flexion). In Matlab, this 
was accomplished by applying the ‘findpeaks’ function to the knee flexion angle for each 
processed motion trial, with a minimum peak-height of interest set to 80 degrees. The 
first local maximum in the knee flexion trajectory that met this requirement was taken as 
the synchronization identifier, and the sample time corresponding to this point was saved 
for each MoCap data set. Later, the same identifier would be located in the data sets 
obtained from the other MoCap systems to synchronize the sample times (i.e., sample 
time t = 0 is set at the synchronization point). 
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Xsens Data Processing Attempts and Evidence of Distortion 
Dissimilar to the exoskeleton MoCap results, the Xsens data did not demonstrate 
a close convergence of detected lower-limb joint motions with the processed Qualisys 
results. The subsections below outline preliminary processing steps for the Xsens data, 
three approaches taken in attempts to extract sensical results from the collected Xsens 
data, and then an explanation of the discovered root problem. First, however, it is 
important to discuss a critical aspect of the data processing procedure for this 
experimental study. In theory, for the three motion capture systems to measure the 
same motions at each joint of the lower limb, the frame attached to the joint’s superior 
segment (i.e., the reference frame for that joint’s orientation) must have the same 
physical alignment with the user’s body for each MoCap system. 
For the Qualisys and exoskeleton systems, this alignment was achieved by 
placing the Qualisys marker clusters on the same (or parallel) orthotic surfaces as the 
base linkages of the exoskeleton modules. Therefore, within the limits of measurement 
uncertainties, the segment frames for these systems would share a common axis normal 
to that orthotic surface and any rotation within that surface could be eliminated by 
placing the markers along lines parallel to exoskeleton-attachment edges. As a result, 
frame alignment was rather straightforward between the Qualisys and exoskeleton 
systems. However, per the Xsens MTw attachment method (i.e., hook-and-loop 
fastener) and the effort to distance the sensors from possible sources of magnetic 
interference, the MTw’s were attached to orthotic straps that did not share a common or 
parallel plane with the Qualisys marker attachments. Thus, the main task associated 
with the Xsens data processing was to achieve frame alignment with the other MoCap 
systems at each limb segment superior to a joint. In turn, the inferior segment frame 
alignment would be handled by the zeroing constant-offset rotation associated with 
standing posture. 
As mentioned in Subsection 6.2.1, the Xsens system was prone to missing data 
packets. To complicate matters, the data from the four MTw sensors were exported 
independently of each other and experienced missing data at different sampling 
instances. Ultimately, the missing data was dealt with in three stages: beginning of data, 
within a sample set, and end of data. To start, differences in first-sample start time 
between the sensors were computed for each record session, if applicable, to determine 
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a common start time for the set of sensors. Once a common start time was identified for 
each trial, any sensor data exported before this time was removed from the data set (i.e., 
if one or more sensor experienced dropped data packets at the beginning of a record 
session). 
Next, each sensor’s data set was scanned for times between samples exceeding 
the sampling rate, which would indicate missing data packets within the sample set. 
Whenever these missing sections of data were detected, they were filled with not a 
number (NaN) values. Ideally, a more sophisticated interpolation procedure would have 
been used to fill the missing data with best approximations for their actual values; 
however, this process would have ultimately been ineffectual given the unforeseen 
problems with the Xsens data.  
Lastly, if any sensor dropped packets at the end of a record session, effectively 
finishing sooner than the other sensors, the data from other sensors exceeding the 
earliest finish time were truncated to ensure each sensor had a common end time for a 
given record session. In the end, this preprocessing procedure ensured that the four 
sensors had equal-length and time-synchronized data sets for each record session, 
which greatly simplified further processing procedures. The inter-system synchronization 
identifier was also located within the Xsens data at this point using the same method as 
described for the Qualisys results. Although the Xsens frames did not initially align with 
biological frames, the synchronizing knee action could still be identified as a spike in the 
knee angles derived from the raw Xsens data for the thigh and shank. 
Xsens Frame Alignment Processing: Approach #1 
The first approach for processing the Xsens data involved applying constant 
frame rotations to each measured MTw sensor frame. As mentioned in Appendix D, the 
data exported from the MTw sensors had the form of rotation matrix elements. These 
rotation matrices corresponded to the coordinate frames attached to the sensor, which 
are given in the Xsens user manual [218] and illustrated on the left side of Figure E.3. By 
approximating an appropriate set of constant rotations to apply to the MTw sensor 
frames, the resulting frames would approximately match the orientations of Qualisys 
frames developed at each limb segment. Figure E.3 illustrates the raw frame orientations 
upon data export, the proposed correction rotations by which to post-multiply the raw 
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frames for each limb segment, and the resulting reoriented MTw frames that 
approximately match the Qualisys limb segment frames. 
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Figure E.3. Illustration of raw MTw frame conventions and first method for 
attempted alignment between Xsens and Qualisys frames 
After completing the reorientation procedure for the MTw frames, the results 
were checked against those of the Qualisys and exoskeleton systems for preliminary 
verification. As shown in the example results of Figure E.4, which correspond to one 
walking gait cycle, all three systems tend to track the same trajectory trend at each joint 
for the sagittal plane motions (i.e., flexion/extension angles on the right side of the 
figure). However, the Xsens-detected motions in the other two planes do not tend to 
follow the same trend as the those measured with the other two systems. At this point in 
the data processing progression, the discrepancy of Xsens results was assumed to be 
caused by insufficient alignment of the MTw frames with the Qualisys frames. Thus, a 
more involved approach to achieve frame alignment was attempted, as outlined in the 
next subsection. Note that the Qualisys and Xsens results in Figure E.4 include 3-DOF 
rotations at the knee, which arise in general due to inexact frame alignments between 
thigh and shank sensors; the exoskeleton system is incapable of detecting these 
misalignment motions due to its single-DOF sensing at that joint. Moreover, note that the 
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line breaks visible in the Xsens data of the figure is the result of the dropped data-
packets issue. 
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Figure E.4. Preliminary comparision of exoskeleton, Qualisys, and Xsens 
MoCap results from one cycle of normal walking gait 
Xsens Frame Alignment Processing: Approach #2 
The second approach to align the Xsens MTw frames with the Qualisys system 
frames was intended to fine-tune the alignment achieved by the first approach. As 
shown in Figure E.5, there were two types of constant but unknown rotations that related 
the Xsens frames with the Qualisys frames in theory: one constant rotation between the 
two systems’ reference frames and another between each MTw frame and 
corresponding Qualisys limb segment frame (i.e., one constant rotation for each of the 
pelvis, thigh, shank, and foot). This holds true if the MTw sensors and Qualisys markers 
remain rigid in their attachment to the MoCap subject, and if magnetic disturbances do 
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not interfere with the MTw sensors. In such a case, for any given synchronized sample 
instant, the following relationship should exist: 
 
measured unknown measured unknown
(Qualisys) constant (Xsens) constant
Ref Ref Ref Seg
Seg Ref Seg Seg
Q Q X X
Q X X QR R R R  
(E.8) 
where a ‘Ref’ subscript denotes the system reference frame and ‘Seg’ subscript denotes 
the frame attached to a generalized lower-limb segment. Now, according to the Xsens 
user manual [218], the reference frame for each MTw is vertically upwards and magnetic 
north for the z- and x-axes, respectively; recall that the Qualisys reference frame was 
developed using the L-shaped reference piece, which produced a vertically upwards 
oriented z-axis as well, assuming the experimentation room floor is well leveled. Thus, 
the Ref
Ref
Q
X R  rotation matrix from Equation (E.8) should only consist of a rotation about the 
z-axis and possibly a small tilt rotation from the vertical. Consequentially, an exhaustive 
search based on these constraints is exponentially less computationally expensive than 
a truly exhaustive search involving 360 degrees for three independent rotations between 
the two reference frames. 
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Figure E.5. Illustration of the Qualisys and Xsens system frames and the 
unknown, but constant, rotations between them 
Per this realization, the Ref
Ref
X
Q R  rotation of Equation (E.8) was isolated: 
 T T
unknown measured unknown measured
constant (Qualisys) constant (Xsens)
Seg Ref Ref Ref
Seg Seg Ref Seg
X Q Q X
Q Q X XR R R R  
(E.9) 
Next, two different samples within the Xsens data set were selected that corresponded 
to two different bodily postures of the MoCap subject and two different rotation matrices 
for each of Ref
Seg
Q
Q R  and 
Ref
Seg
X
X R , taken from the Qualisys and Xsens data, respectively. With 
225 
these matrices established, a search for the correct constant Ref
Ref
Q
X R  matrix was 
conducted in MATLAB; the criterion for success in this search was the production of two 
identical Seg
Seg
X
Q R  matrices from Equation (E.9) for a given 
Ref
Ref
Q
X R  guess and either pairing of 
Ref
Seg
Q
Q R  and 
Ref
Seg
X
X R  (i.e., for the two different postures considered). Knowing that the z-axes 
of the two systems’ reference frames were parallel or nearly parallel, the search for 
Ref
Ref
Q
X R  was based on a 0–360 degree sweep in z-axes rotation with 0.1 degree 
incrementations, along with –1 degree to +1 degree search in both x- and y-axis 
rotations using a 0.5 degree incrementation. Figure E.6 shows the differences in roll-
pitch-yaw rotation angles extracted from the two Seg
Seg
X
Q R  matrices for each considered 
Ref
Ref
Q
X R  matrix associated with one session of the hip flexion/extension movement study. 
As seen in the plot, there was no Ref
Ref
Q
X R  identified that would cause the two postures’ 
Seg
Seg
X
Q R  matrices to be equal, because there is no point at which the roll-pitch-yaw angle 
differences are all zero. Results from other MoCap sessions produced the same lack of 
a correct solution. This provides evidence that one or both conditions for Equation (E.9) 
to be true were not achieved. These conditions are sensor-subject attachment rigidity 
and absence of magnetic interference. Note that the lines of Figure E.6 seem to have 
variable thicknesses, but this impression is the result of angle difference fluctuations due 
to the various levels of angle sweeps performed in the search code. 
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Figure E.6. Seg
Seg
X
Q R  angle differences between two subject postures versus 
Ref
Ref
Q
X R
search condition for the Qualisys and Xsens systems 
Note: A point at which all lines intersect with the horizontal zero line would indicate an 
appropriate solution. 
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Xsens Frame Alignment Processing: Approach #3 
The final approach for processing the Xsens MoCap data focused on the known 
motion restrictions that occurred at the knee joint. When the experiment’s subject wore 
the exoskeleton system, the hinging knee brace component mechanically constrained 
the knee joint motions to a single plane. Therefore, the shank MTw sensor frame should 
experience the same motion restriction with respect to the thigh MTw sensor frame and 
only rotate in some oblique plane within the thigh-frame space. Upon identifying this 
plane, alignment of all limb segment frames would only involve searching for the 
appropriate rotation in that plane; at the pelvis, this holds true because the standing 
posture calibration procedure could be carried out on the pelvis frame with respect to the 
thigh frame instead of vice versa.  
However, this plan for Xsens frame alignment was never completed because, 
upon visualizing the shank MTw’s motion with respect to that of the thigh, the root 
problem associated with the Xsens data was uncovered. Figure E.7 shows the trajectory 
of a [1 1 1] vector in shank sensor’s coordinate frame with respect to the thigh sensor’s 
frame (i.e., when the origins of the two frames are coincident). The corresponding 
subject movements are the knee-flexion synchronizing action of several motion capture 
trials, which are clarified in the figure. If the Xsens data was accurate, the entire shank 
frame would rotate within a single plane of the thigh frame, so any point within the shank 
frame would also move parallel to that plane; the corresponding results obtained from 
the Qualisys data, as shown in the lower row of Figure E.7, illustrates this expected 
planar movement behavior. However, the Xsens results from the figure depict non-
planar motions that tend to distort with varying intensity at different angles within the 
knee flexion/extension movement. Note that the trajectory color turns from blue to red as 
the knee flexion and re-extension action progresses (i.e., blue indicates the beginning of 
the action and red indicates the end). 
The distortion from planar movements observed from the Xsens data in Figure 
E.7 is characteristic of magnetic interference on the MTw sensors, likely originating from 
the various ferromagnetic components of the exoskeleton or experimentation room. The 
increase and decrease in distortion at different angles of the knee can be explained by 
the corresponding fluctuation in distance between the shank and thigh sensors with 
magnetic components attached to the opposing limb segment or beneath the lab-room 
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floor. In fact, the presence of magnetic interference explains the failures of the previous 
two Xsens data-processing approaches as well. For Approach #2, a correct solution 
could only be found if the MTw sensors all had a consistent reference frame. However, 
in the presence of magnetic interference, the sensors cannot accurately detect magnetic 
north, causing inconsistent and time-fluctuating reference frames that would require a 
variable Ref
Ref
Q
X R  rotation matrix and, thereby, disqualify that strategy. In the results of 
Approach #1, the motions captured by the Xsens data followed a trend consistent with 
the Qualisys results for sagittal plane motions, but not for the motions in coronal or 
transverse planes. This is because the original z-axis of each MTw sensor was placed 
within the sagittal plane (see the left side of Figure E.3), and this axis does not depend 
on magnetometer data (i.e., it is developed with reference to the gravitational field [218]). 
However, the x-axis and, consequentially, the y-axis of each MTw is based on the 
accurate detection of magnetic north, which is prevented by magnetic interference. 
Therefore, the unaffected z-axis allowed accurate tracking of sagittal plane motions, but 
the corrupted x- and y-axes caused nonsensical results for coronal and transverse plane 
motions. 
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Figure E.7. Trajectory of a point in the shank frame with respect to the thigh 
frame from Xsens data (top) and Qualisys data (bottom) during knee 
flexing and extending action for various MoCap trials 
Ultimately, despite the efforts to eliminate magnetic interference to the MTw 
sensors (i.e., placing them as far as possible from metallic components within the limits 
of their hook-and-loop-based attachment method), the above evidence strongly indicates 
the presence of magnetic interference in data obtained from the Xsens system. As a 
result, the motions detected by this system do not track those measured by the Qualisys 
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reference system to the same high-level of accuracy that is possible when magnetic 
interferences are not present in the experimental setting or apparatus. Therefore, the 
Xsens data is excluded from the presentation of final results in Chapter 6 and Appendix 
F. If it was imperative to the experiment that uncorrupted Xsens data be obtained, the 
exoskeleton system should have been rebuilt with minimal ferromagnetic materials and 
magnetic shielding for unavoidable instances, and then the experiment would be redone 
in a ferromagnetic-free environment. However, the Qualisys system was intended as the 
main reference system for the MoCap results due to its status as the gold standard in 
MoCap technology. Thus, the absence of Xsens data in the final results does not affect 
the overarching goal of the experiment. Moreover, comparative studies between the 
Xsens and Qualisys systems have been performed in prior research studies [212], [213], 
which show that the Xsens system can produce joint-angle measurements within 2–5 
degrees root mean square error of the Qualisys system, depending on the limb segment 
analyzed and movement performed and in controlled experimental settings. 
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Appendix F.  
 
Experimental Result Plots for Protocolary 
Movements Excluded from the Thesis Body 
Figures F.1–F.9 provide the joint angle trajectory plots, angular error box plots, 
and, where available, photograph sequences for the movements from the experimental 
protocol that were not included in Chapter 6. Some noteworthy characteristics in the 
plots include the observable increases in error when the hip is flexed to a great extent in 
the hip flexion/extension, standing-to-sitting/sitting-to-standing, squatting, walking lunge, 
and left-leg-kneeling trials (see Figures F.1, F.7–F.9). The hip exoskeleton’s approach 
towards a singular configuration is the primary cause (see Subsection 6.2.4). The 
bending-at-the-waist trial does not display such a localized error spike, likely because it 
involves a lesser magnitude of peak hip flexion.  
Next, the left turning, descending stairs, standing-to-sitting, and left-leg kneeling 
results all display various ankle measurement errors that are notably larger than 
average. Considering the former two trials, a possible cause for these errors is the foot 
orthotic moving with respect to the subject’s foot, especially at the heel. This would have 
a greater impact on the Qualisys measurement accuracy than that of the exoskeleton, 
because the exoskeleton’s attachment to the foot orthotic involves a passive joint in the 
sagittal plane of the foot and its rotations do not affect the exoskeleton’s measurements. 
Although the orthotic was meant to be attached rigidly to the body segment without 
interfering with the ankle joint’s movements, the limited surface area of the foot made 
this task difficult in practice. Evidence supporting this possibility is that the error tends to 
be greatest during periods of large dorsiflexion, for which the articular and ground 
reaction forces would act to move the heel away from the foot orthotic. The Qualisys foot 
measurements for the descending-stairs trial may have also been degraded by 
occlusions caused by the frame of the portable stairs and subsequent data interpolation 
by the Qualisys Track Manager (QTM) software. As for the left-leg-kneeling trial, the 
erroneous spike in the Qualisys’ ankle adduction/abduction measurement just prior to 
the 28-second mark is likely caused by missing data and inappropriate interpolation by 
the QTM software. 
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Finally, in the right-leg-kneeling trial of Figure F.9, the Qualisys system detects 
an extended hip angle (i.e., positive value) for most of the movement’s duration whereas 
the exoskeleton measures a flexed hip angle (i.e., negative value). However, considering 
the joint trajectories within the 10–12 second span of that trial, which includes the third 
and fourth images in the figure’s photo sequence, it appears that the correct state of the 
hip joint is flexed. That is, the knee seems to be in front of the hip joint in those photos, 
thus suggesting that the Qualisys measurements in that period may be erroneous. 
Although this reasoning is qualitative in nature, it draws into question the accuracy of the 
Qualisys measurements for the hip extension/flexion DOF during that movement trial as 
well. 
Given the discussion above and in Subsection 6.2.4, the reported exoskeleton 
system errors may be inflated for trials in which Qualisys inaccuracy is probable. Aside 
from some examples of erroneous measurements, the experimental proceedings 
revealed other shortcomings in the optical MoCap technology. First, the limitations in 
measurement workspace were apparent and even affected several of the studied 
motions (e.g., this is the reason for only single cycles of gait and stair movements were 
analyzed). Next, the optical system’s susceptibility to occlusion also influenced the 
subject’s movement behaviours. To help prevent occlusion of the pelvis markers, the 
subject had to maintain a crossed-arm posture during MoCap sessions; this affected 
subject balance, especially during extended mobility tests. As mentioned in Appendix E, 
subject inability to maintain this posture during running and subsequent occlusion is the 
probable cause for the incomplete pelvis marker trajectories for all running trials. Stair 
traversal movements were also performed in a somewhat unnatural fashion in efforts to 
prevent occlusion caused by portable stair frame (i.e., the subject placed his right heel 
much closer to the edge of the top stair than he would in a typical nonexperimental 
setting). Finally, the Qualisys system involved by far the longest and most complex 
setup. These practical ramifications elucidate the well-documented disadvantages of 
optical MoCap systems, as discussed in Subsection 2.1.1. 
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Figure F.1. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for two cycles of hip
  extension/flexion (left) and knee flexion/extension (right)
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Figure F.2. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for two cycles of ankle
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Figure F.3. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for one cycle of walking with a left
  turn (left) and walking with a right turn (right)
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Figure F.4. Joint trajectories and box plots of angular errors in the
  exoskeleton’s measurements for two cycles of leftward lateral
  walking (left) and rightward lateral walking (right)
Note: No photo sequence is available for these movements because the experimentation-room
video camera temporarily shut off. The lateral walking movement involved maintaining a relatively
straight-legged posture while alternatingly adducting and abducting at the hip (i.e., bringing the
ankles together and then moving them apart, respectively) to achieve sideways movement; feet
did not cross each other during the movement.
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Figure F.5. Joint trajectories and box plots of angular errors in the
  exoskeleton’s measurements for two cycles of bending at the waist
  (left) and ten seconds of standing still (right)
Note: No photo sequence is available for these movements because the experimentation-room
video camera temporarily shut off. The bending-at-the-waist movement involved maintaining a
relatively straight-legged posture while alternatingly flexing and extending at the hip (i.e., hinging
so to bring the torso towards the floor and then back to a neutral-standing posture, respectively).
Also, notice the greatly reduced angular range in the standing-still trial’s plots relative to other
trials’ result plots.
Time (s) Time (s)
H
ip
 A
ng
le
s 
(d
eg
)
-80
-60
-40
-20
0
20
Int./Ext. Ro
t.
Abd./Add.
Ext./Flex.
Kn
ee
 A
ng
le
 (d
eg
)
-50
0
50
100
Flex./Ext.
3 4 5 6
An
kl
e 
An
gl
es
 (d
eg
)
-40
-20
0
20
40
Add./Abd. Pro./Sup.
Pla./Dor.
Exoskeleton
Qualisys
H
ip
 A
ng
le
s Ro
t.
Ab
d.
Ex
t.
H
ip
 A
ng
le
s 
(d
eg
)
-60
-40
-20
0
20
I nt.
/Ext. R
ot .
Abd./Ad d .
Ext./Flex.
Kn
ee
 A
ng
le
 (d
eg
)
-50
0
50
100
Fle
x./
Ex
t.
1 2 3 4 5
An
kl
e 
An
gl
es
 (d
eg
)
-40
-30
-20
-10
0
10
Add. /Abd.
Pro./Sup.
Pla./Dor.
Exoskeleton
Qualisys
H
ip
 A
ng
le
s Ro
t.
Ab
d.
Ex
t.
Angular Error (deg) Angular Error (deg)
An
kl
e 
An
gl
es
Ad
d.
Pr
o.
Pl
a.
-10 -8 -6 -4 -2 0 2 4 6
An
kl
e 
An
gl
es
Ad
d.
Pr
o.
Pl
a.
-15 -10 -5 0 5 10
Kn
ee
 A
ng
le
Fl
ex
.
Kn
ee
 A
ng
le
Fl
ex
.
1. 2. 3. 4. 5. 6. 1. 2. 3. 4. 5. 6.
236
Figure F.6. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for one cycle of ascending two
  stairs (left) and descending two stairs (right)
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Figure F.7. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for two cycles of sitting down and
  standing up (left) and squatting (right)
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Figure F.8. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for one cycle of fast walking (left)
  and lunge walking (right)
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Figure F.9. Photo sequence, joint trajectories, and box plots of angular errors in
  the exoskeleton’s measurements for one cycle of left-leg kneeling
  (left) and right-leg kneeling (right)
